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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org

The number of integrals in this report is [ 241 ]. This is test number [ 121 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.1 (64 bit) on windows 10.
2. Rubi 4.16.1 in Mathematica 12 on windows 10.
3. Maple 2020 (64 bit) on windows 10.
4. Maxima 5.43 on Linux. (via sagemath 8.9)
5. Fricas 1.3.6 on Linux (via sagemath 9.0)
6. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.
7. Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.
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System solved Failed
Rubi %99.59 (240 ) | % 0.41(1)
Mathematica | % 93.36 (225) | % 6.64 (16)
Maple % 89.63 (216 ) | % 10.37 ( 25)
Maxima % 39.42 (95) | % 60.58 (146 )
Fricas % 60.17 (145) | % 39.83 (96 )
Sympy %1.24 (3) | %98.76 (238)
Giac %278 (67) | %722 (174)
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The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

grade

description

A

Integral was solved and antiderivative is optimal in quality and leaf size.

B

Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C

Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 99.59 0. 0. 0.41
Mathematica 41.49 12.03 39.83 6.64
Maple 44.81 44.81 0. 10.37
Maxima 15.77 23.65 0. 60.58
Fricas 48.96 11.2 0. 39.83
Sympy 1.24 0. 0. 98.76
Giac 24.07 3.73 0. 72.2
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

mA
EB

C
mF

Rubi Mathematica Maple FriCAS Giac/Xcas Maxima Sympy

The figure below compares the CAS systems for each grade level.

>
5 Q
3 E
o %)
100 -
80 3
m ©
EL
X
(1] ©
L 8 =
o[, § . 5 =
28 g 2 @
= = b= L
= = = i
- © — —
40 . 8 IE
@ @ EIRE 8
E |l o E = i
" © £ 2 EQ
20 - = © 2 © oo
i & 2 “zg | eEgm,  _ES
[ = g Eo 4§ 8§3cEs §
- n x 7 Xl SE=SLh0O 14
0 A i B — c 1 =

1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.
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System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.35 211.5 0.96 153. 1.
Mathematica 9.02 25113.2 50.45 171. 1.16
Maple 0.87 14801.1 29.56 287. 1.8
Maxima 2.81 919.81 5.72 328. 3.
Fricas 10.24 1446.99 7.87 1006. 7.46
Sympy 0. 0. 0. 0. 0.
Giac 1.43 293.34 1.63 149. 1.47

1.4 list of integrals that has no closed form an-
tiderivative

{221}, 222, 023, 224}, 225} 226 227, 228, 29| 236}

1.5 list of integrals solved by CAS but has no

known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed

verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it easier to do
further investigation to determine why it was not possible to verify the result produced.

Rubi {}
Mathematica (1441 (147,(148,(149,1511 152} (153} {158} (159,163} 164,

[165}[166},[167,[169, 170} 171} 172} 173} 174}, [175}[T76, 177, [178, [179} [180} [181}, 182} 183} [200}
202} 206207, 209} 210, P11} 212} 213}, 214, 215, 216} 217, 220}, 230, 240}, B4 1}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.



13

1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an I grade. The time used by failed
integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 30 such integrals out of total 705, or about 4
percent. This pecrentage can be higher or lower depending on the specific input test file.

Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.
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from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for
this purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used

#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in-:

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35%len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/

POST PROCESSOR SCRIPT

=
- =
Test files from Maple script E Program that

Albert Rich Rubi generates the
wet e = Latexepor

using input

from the
| Python script to run rubi-in-sympy : result tables

— Giac ~@
SageMath/Python

. .
scr!pttot?st SageMath —» Fricas
Maxima, Fricas,

oe : s
— Maxima —'—>
|
\J

q

One record (line) per one integral result. The line is CSV P ed. It ins 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) ngh level overview of the CAS
integer. Leaf size of result. . . .

integer. Leaf size of the optimal antiderivative. lndependent mtegratlon test
number. CPU time used to solve this integral. 0 if failed. build system

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. Mone s 018"
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

LNV AEWNR
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: (12538 5)0) 7)) 9 0} 3 2 53,4 5[ 17 1) 19,20} 21, 2 23,2 2 26, 27
18,20, 50,5132 53,3, 55,30, 57, 55, 50, [0, 11,2 13, [, 15,0, 7, 15, 19,50, 53, 5, 53,5
55156, 57 (58} [59} (60} (61} (62} (63} (64} (65}, 661671, (68, 693 [70} (71} 72} [73} [74} [75} [76}[77, [78, [79, 180}, BT,
[82}83}[84}[85}[86}[87}[88}[89}[90} 191} 92} 93} [94} 95, 961,97 [98} [99} [L0} [L0T} [102} 103} 104} 105} 106}
[107,[108}[109, 110}, 111} 112, 113, 114} [T15}, 116,117, 118, [119,[120}121} 122} [123|[124} 125 126] 127,
[128|[129}[130}, 131} [132}[133} 134} [135}[136}[137, 138} 139} [140} 141} 142} 143|144} [145][146,[147] 148,
149,150, 151} 152} 153} [154} [155}[156}[157} 158} [159} [160} [161}, 162, 163} [164} 165,166,167, 168] 169
170,171} 172,173, [174}[175} 176, [177,[178}[179} [180} 181} [182} [183} 184} [185] [186},[187, 188, [189] 190,
[191}[192} 193} [194} [195}[196}, 197, [198} 199} 200} [201}, 202} 203} [204} 205} 206}, [207, [208} 209} [210J 211},
212,213} [214} 215, 216} [218} 219, 220} [221} 222 [223] [224] [225] [226| [227] 228} 229, [230} 231} [232] 233]
234,235,236} [237] [238] 239} 240} [241] }

B grade: { }
C grade: { }

F grade: {217}

2.1.2 Mathematica

A grade: { [1}[2)[3| 4} 5,8} [0} [10} [11]} [19} [13} [14} [15} [19} [20} [24} [25] [26} [29] |30} [32} [33), 34} 35}, [36}, [4T]

[ 3} 4 45}, 46} (50, 51} (52} 53, 5, 57, 58, 59, 160, 61}, 65, 66, 67 68, 69, 72, 73, 74 75, 76, 79, B0,
[T} 52} 53, [} (43}, 146, 150, 154} 155} 156 [5.7, (60} 161} 162 (164 168} T84} 185}, T80, 187, 188189,
[T90, 101} 19, (194} 196, 199} 20T} 203} 204, 208, 218, 221} 222} 223, 224, 225, 226, 227, 228, 220 253,
230,257, 238,239}

B grade: (510)7) 21,22 23, 2551} 57 59 ) [ 193 195 97 200} 207 208 10} T} B2
213,214} [215][216} [220} 230} [240}[241] }

C grade: { [7[18,[27) 38} [47, 48} 49, 55,56} (62} 63, [64} [70} [71} [77 [78} {85} [86} {87} [B8} [89} [0} 91} 92}
(93,94 9% 96, 07, 08} 09} 100} 10T} 102} 103} 104} 105, 06,107, (08} [09} 110} LT} L1} [L 13} 114
115,116} 117,118} [119}[120} 121} 122} 123} 124} 125} 126} [127, 128, 129} [130} 143} 147, 148, [149] 151],
(52} 53} 158, 159} 163} 165, (166, (167, (169} (770} (71} (.72} .73} 74, 175} 176} 177 (178, (179} (80} 18T,
(182} (183},1198, 205,206} (207,217, (219 }

F grade: {131} 132 [133}[134} 135} 136} [137}[138} 139} [T40} [141} [142} [231} 232, [234} 235}
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2.1.3 Maple

A grade: {[T}[2}[3] (4} (5} [61 7} 8} [9 [L0} [11} [12} [13} [14} [15][16}[17] 18} [19} [20} [21} [22] [23] [24] [25}, [26], 28,
(29,30, BT, B2, B3, [34}[35 [36}[37) (39} 40, 41, 4, 5} {76, 51, (50} 8, 69, 8, 87 88, 91} 92, 93, 04, 05,
196,07, 08, 09, (100} 10T} 102} (103, 104 108} {09, {110} LT} {12, (T3, (115} 116, 117, [[19} {20} T2} 123,

18

123} [124] [125 126} 127, [128, 129} [130} [143) [144} 145} [146] [149}[189} [201} [203} [204} [207] [208] 217] 218,

219} [221] 222] [023] [224] [225] 226 227} [228] 229} [236] }

B grade: {12} (43| 47 48][49}[50} 52, 53) 54} 55} 56} 67} 58} 59 [61} 62} 63} 64} 65661 (67 [70} [71} (72}
[73,[74,[75}[76}[77,[78, 79,80} 81} [82} 83} 84} [B5 89} [90} 105 106} 107} [T14} 118, 147, [148, [150} 151}
52, [153] 154} 155} [156}[157) [158} [159} 160} (161} 162} 163 [164}[165] 166} [167} [168| 169, 170}, [71] T72,

173} [174} [[75, 176} [177, [178, [179} [180} (181} [182} (183 [184} [185} (186} [187] [188} [190} 191} 192} 193] 194}

[195}[196} 197 [198} 199} 200} [202} [205] [206} 209} [210} 211} 212} [213] 214} [215] 216, [220] }

C grade: { }
F grade: (27,58 [[31)[[32)[35) (34 [35) 136, 373 38 139 140, 141, (142,50, 5T, 52 253
[234],[235] 237, [238][239] [240} [241] }

21.4 Maxima

(986,788, D1}

K=k

[123}[126,[127] 128 129 130

242581} B2} 33|34} [45] 52}

[L15}[116,[117}, 120} 121} 122

C grade: { }

F grade: {...

[48, [49}[50} 51} 53| 54} [55} (56} (57} [58} [60} [61} (62} 63} 64 656G, (67, 68}

[59) 70} 7T, [72) 73, 74, [75) 76, 77 78, 79,50 81, 2, 53} 84 85}, 104} 105} 109} [ 10} L 1T} 118} 24} 131
132, [133} [134} 135} 136} 137} (138, 139} [T40} [[41} 142} [T43} [[44} 145} 146, 147}, 48, 149, 151, (52 153,

M54} [155] 157, [158} [159} [160} (161} 163|164} [L65} 166} 167 [168} [169} 70} 171} [172} [173][174} T75] 176

[I77,[178| [179, 180} [181} 182, 183} [184} [185] [186} 187} [188} [189}[190} 191} [192} [193] [194} 195} 196] 197,

[198}[199} [200} 201} [202} [203] 204} [205} [206} 207} [208| [209] [210} [211} [212] 213} [214} 215} [216} 217] 218,

[219}[220} 230} [231} [232] [233] [234} [235] [237 238} [239} [240} 241] }

21.5 FriCAS

A grade: { [ 2B0B7BIBT
150} 51 57 53 54 35, 56,27 58, 50 0, .1 2 B, e E S, 6 7

E
E
EE
@H

N
ERE

ES[EglES
RIS
Sl
EEE

@@@ll@l@ll@lll@@@tll@ll@l-
[102} [T03| 130} [143} 147} [148} [149} [L50} 151} (152} 154} (155} [L56} (157} [L58)} 160} [L61} 162} [163} [164] 165

[166} 167 [168| 169} 170} 171} I72, 173|175} 178} [179} 184} [185] [187] [188 189} 236] }

B grade: { [5,22/236162

[[91} 192} 193, 194} [95] 196, 197

C grade: { }

.....|105[,|114L|118|,|122|,|153|,|159|,|174L|180|,|186|,|190|,

F grade: ([76,1)87)90,01) 02| 03,57 08| 99, (100} 10 106} 107 108} 100 (110} 111} A2 T3
[115,[116} 117,119} [120} 121} 123|124} 125} 126|127, (128} 129, 131} 132} 133} 134} [135} 136, 137] 138,

139} [140} 141} 142} [144} [145] 146} [176] 177 [I81} 182} [183)[198}[199} [200} [201} [202} [203] [204} 205] 206,

[207][208) [209} 210} [211] 212} [213] 214} [215] [216} [217 [218)| [219} [220} 221} [222 223} [224] [22.5] [226] 227,

[228]229] [230} 231} [232) [233] [234] [235] [237} [238} [239] 240} [241] }

21.6 Sympy
A grade: {}

B grade: { }



C grade: { }

F grade: (2,078,010 01 12 131
[28,[29,[30}31} 32} [33}[34}[35} 36
@@@l@l..l.@ll@ll@-.ll@@@@I’Ell
[82,[83}184} 85186} [87}[88} 189}, 90 91}, [92}[93} 94} 95}, [96} 97, [98}[99} [L00} [101} 102} [L03} 104} 105} 106,
mm|109|,|110|,|111|,|112|,|113|,|114|,mu_ml,|ﬁ7|,|118|,|119LM|121|,|122|,mu24melﬁ7L
[128,[129}[130}, 131} [132}[133} [134} [135}[136},[137, [138} 139} [140} 141} 142} 143} 144} [145} 146, [147] 148,
[149}[150} 15T}, 152} [153} 154} 155, [156} 157} [158} 159} 160} 161} 162} 163} 164} 165} [166} 167, 168 169,
170,171} 172,173,174} [T75, 176,177, (178,179,180} 181} 182, 183} 184} [185] [186}[187, 188, [189] 190,
[191} 192} [193} [194} [195} [196} 197, [198}[199} 200} 201} 202} [203} [204} 205} [206}, [207, [208, [209, [210f 211}
212,213} [214} 215, 216} [217} 218} [219}[220} 222 223} [225}[226}, 227, [228},[229} 230}, [231} 232} [233] 234
[235][237] 238} 239} [240} [241] }

gm

=
ERE
EE
HEES
SEE
HEE
EE
EE
s

O

E

EEE
FE
&
Bkl
ERIS

2.1.7 Giac

Agradei{@@@ 26}28)
L} 113} L8, [T} [120} [125} (126} [[27] (180} (190} (192 22T} 222

mmmmmmmm}

B grade: () 2755) 91} 193} 197, 103 195} 157}
C grade: { }

F grade: (121315617 18,19, 50,5 523 57) 5, 5057, 58 5960} 6 52, 63 6,6
(6646768} (69} [70} [71}[72} [73} [74} [75} 76, [77} 78} [79} 180} [81}, 82} [83} [84} 85}, 86}, 87, {88} {89} [0} 91}, 02}

53, 04,55, 06,7, 08,9 100,101, 102} 103} 107 103, 106y 107 108, 109, 1 0, LT 1) 112 1 1 115,
116}, 117 121} 122} 123 124} 128, 129} 130} 131} 132} 133} 134} 135|136} 137, 138} 139, 140, 141] 142,
[143)[144} [145] [146|[147, [148} [149}[150} 151} [152} 153} [154}, 155} [156} [157, [158, 159,160, 161} [162] 163
[164}[165,[166}[167,[168} 169} 170, 171} 172,173} 174} 175, 176} 177,178} [179}[180}, 181} 182, [183] 184}
[185}[186] [187} [188, [198} [199} 200} [201} 202} [203} 204} 205} [206} 207, [208} 209} 210} 211} 212, [213] 214}
[215][216](217,[218}[219] (220} [230},[2311 232}, [233} [234], [235][237 238 [239} [240} [241] }

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — ———— .
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 196 196 165 186 451 452 0 271

normalized size | 1 1. 0.84 0.95 2.3 2.31 0. 1.38
time (sec) N/A 0.302 2.003 0.033 1.032 1171 0. 1.519
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 140 140 146 161 324 404 0 244
normalized size | 1 1. 1.04 1.15 2.31 2.89 0. 1.74
time (sec) N/A 0.199 1.152 0.028 1.038 1.135 0. 1.446
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Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 97 97 122 136 274 359 0 217

normalized size | 1 1. 1.26 14 2.82 3.7 0. 2.24
time (sec) N/A 0.118 0.738 0.025  1.029 1.164 0. 1.52
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 47 47 45 58 77 144 0 69

normalized size | 1 1. 0.96 1.23 1.64 3.06 0. 1.47
time (sec) N/A 0.065 0.034 0.021 1.014  1.077 0. 1.434
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F B

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 55 55 72 76 128 259 0 147
normalized size | 1 1. 1.31 1.38 2.33 4.71 0. 2.67
time (sec) N/A 0.063 0.291 0.02 1.07 1.076 0. 1.361
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A B A F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 56 56 169 90 207 217 0 109
normalized size | 1 1. 3.02 1.61 3.7 3.88 0. 1.95
time (sec) N/A 0.164 0.286 0.079  1.599  1.096 0. 1.384
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B A F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 71 71 53 67 235 204 0 81

normalized size | 1 1. 0.75 0.94 3.31 2.87 0. 1.14
time (sec) N/A 0.236 0.057 0.091 1.633  1.034 0. 1.342
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 102 102 171 89 290 313 0 103
normalized size | 1 1. 1.68 0.87 2.84 3.07 0. 1.01
time (sec) N/A 0.329 0.62 0.1 1.78 1.027 0. 1.366
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 133 133 227 111 397 424 0 126
normalized size | 1 1. 1.71 0.83 2.98 3.19 0. 0.95
time (sec) N/A 0.427 0.616 0109  1.602  1.054 0. 1.365
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 164 164 283 133 452 535 0 149
normalized size | 1 1. 1.73 0.81 2.76 3.26 0. 0.91
time (sec) N/A 0.543 0.886 0119  1.635 1.05 0. 1.652
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 188 188 189 211 481 498 0 298
normalized size | 1 1. 1.01 1.12 2.56 2.65 0. 1.59
time (sec) N/A 0.237 2.219 0.035 1.01 1.219 0. 1.429
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 132 132 165 186 451 448 0 271
normalized size | 1 1. 1.25 1.41 3.42 3.39 0. 2.05
time (sec) N/A 0.151 1.834 0.028 1.02 1.188 0. 1.361
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 68 68 61 93 127 189 0 93

normalized size | 1 1. 0.9 1.37 1.87 2.78 0. 1.37
time (sec) N/A 0.074 0.04 0.023 1.035  1.066 0. 1.475
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 97 97 122 136 274 359 0 217
normalized size | 1 1. 1.26 1.4 2.82 3.7 0. 2.24
time (sec) N/A 0.114 0.791 0.025  1.019 1.147 0. 1.345
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 77 77 101 98 144 298 0 149
normalized size | 1 1. 1.31 1.27 1.87 3.87 0. 1.94
time (sec) N/A 0.147 0.44 0.023 1.018  1.109 0. 1.392
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A B A F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 78 78 240 137 370 313 0 158

normalized size | 1 1. 3.08 1.76 4.74 4.01 0. 2.03
time (sec) N/A 0.209 2.369 0.083 1.553  1.097 0. 1.35
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Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 88 88 177 90 370 379 0 113
normalized size | 1 1. 2.01 1.02 4.2 4.31 0. 1.28
time (sec) N/A 0.361 1.17 0.087  1.533  1.125 0. 1.346
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 102 102 53 89 381 312 0 104
normalized size | 1 1. 0.52 0.87 3.74 3.06 0. 1.02
time (sec) N/A 0.452 0.085 0.104 1.587  1.073 0. 1.441
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 133 133 227 111 517 424 0 126
normalized size | 1 1. 1.71 0.83 3.89 3.19 0. 0.95
time (sec) N/A 0.579 0.611 0.114 1.563  1.046 0. 1.377
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 164 164 283 133 544 535 0 149
normalized size | 1 1. 1.73 0.81 3.32 3.26 0. 0.91
time (sec) N/A 0.733 0.88 0.128 1.664  1.115 0. 1.509
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 136 153 384 207 814 601 0 217
normalized size | 1 1.12 2.82 1.52 5.99 4.42 0. 1.6
time (sec) N/A 0.402 3.019 0.105 1.591 1.15 0. 1.466
Problem 22, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 102 102 448 159 558 541 0 190
normalized size | 1 1. 4.39 1.56 547 5.3 0. 1.86
time (sec) N/A 0.309 6.016 0.088 1.543  1.132 0. 1.328
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 85 85 216 90 362 425 0 113
normalized size | 1 1. 2.54 1.06 4.26 5. 0. 1.33
time (sec) N/A 0.331 1.092 0.086 1.581  1.076 0. 1.338
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 67 67 67 65 230 225 0 85
normalized size | 1 1. 1. 0.97 3.43 3.36 0. 1.27
time (sec) N/A 0.228 0.052 0.08 1.559  1.044 0. 1.236
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 61 61 113 59 161 212 0 76
normalized size | 1 1. 1.85 0.97 2.64 3.48 0. 1.25
time (sec) N/A 0.145 0.314 0.08 1.548  1.025 0. 1.424
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 69 69 135 87 138 180 0 115
normalized size | 1 1. 1.96 1.26 2. 2.61 0. 1.67
time (sec) N/A 0.114 0.543 0.056  1.516  1.042 0. 1.343
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 46 46 39 0 62 188 0 135
normalized size | 1 1. 0.85 0. 1.35 4.09 0. 2.93
time (sec) N/A 0.071 0.05 180. 1.525  1.058 0. 1.411
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 98 98 257 130 198 374 0 157
normalized size | 1 1. 2.62 1.33 2.02 3.82 0. 1.6
time (sec) N/A 0.145 1.314 0.065  1.546  1.034 0. 1.478
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 166 166 315 153 225 424 0 174
normalized size | 1 1. 1.9 0.92 1.36 2.55 0. 1.05
time (sec) N/A 0.211 1.257 0.071 1.529  1.085 0. 1.433
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 210 210 383 175 251 598 0 193
normalized size | 1 1. 1.82 0.83 1.2 2.85 0. 0.92
time (sec) N/A 0.286 1.235 0.074  1.5556  1.104 0. 1.406
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Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 162 162 557 179 759 721 0 219
normalized size | 1 1. 3.44 1.1 4.69 4.45 0. 1.35
time (sec) N/A 0.443 5.623 0.099 1.586 1.19 0. 1.549
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 148 148 231 110 535 601 0 144
normalized size | 1 1. 1.56 0.74 3.61 4.06 0. 0.97
time (sec) N/A 0.606 1.175 0.103 1.596  1.132 0. 1.456
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 96 96 90 87 374 340 0 113
normalized size | 1 1. 0.94 0.91 3.9 3.54 0. 1.18
time (sec) N/A 0.421 0.079 0.102 1.646  1.024 0. 1.481
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 96 96 171 87 285 338 0 113
normalized size | 1 1. 1.78 0.91 2.97 3.52 0. 1.18
time (sec) N/A 0.304 0.461 0.091 1.572  1.002 0. 1.376
Problem 35, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 88 88 169 79 215 313 0 101
normalized size | 1 1. 1.92 0.9 2.44 3.56 0. 1.15
time (sec) N/A 0.202 0.457 0.086 1.574  0.995 0. 1.377
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 126 126 197 109 165 284 0 144
normalized size | 1 1. 1.56 0.87 1.31 2.25 0. 1.14
time (sec) N/A 0.193 0.929 0.061 1.553  1.039 0. 1.332
Problem 37, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 100 100 257 131 197 374 0 165
normalized size | 1 1. 2.57 1.31 1.97 3.74 0. 1.65
time (sec) N/A 0.143 0.917 0.063 1.546 1.08 0. 1.392
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Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 67 67 39 0 76 290 0 184
normalized size | 1 1. 0.58 0. 1.13 4.33 0. 2.75
time (sec) N/A 0.081 0.074 180. 1.575  1.119 0. 1.456
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 129 129 362 174 252 581 0 203
normalized size | 1 1. 2.81 1.35 1.95 4.5 0. 1.57
time (sec) N/A 0.173 1.371 0.069 1.564  1.062 0. 1.5611
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 210 210 441 197 277 687 0 220
normalized size | 1 1. 2.1 0.94 1.32 3.27 0. 1.05
time (sec) N/A 0.236 1.729 0.075 1.5649  1.163 0. 1.44
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 252 252 499 219 306 799 0 242
normalized size | 1 1. 1.98 0.87 1.21 3.17 0. 0.96
time (sec) N/A 0.3 2.216 0.076 1.606 1.16 0. 1.3
Problem 42, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 175 175 121 391 0 960 0 0
normalized size | 1 1. 0.69 2.23 0. 549 0. 0.
time (sec) N/A 0.176 1.012 0.319 0. 1.262 0. 0.
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 140 140 111 302 0 882 0 0
normalized size | 1 1. 0.79 2.16 0. 6.3 0. 0.
time (sec) N/A 0.168 1.206 0.291 0. 1.21 0. 0.
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-1) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 105 105 97 142 0 792 0 0
normalized size | 1 1. 0.92 1.35 0. 7.54 0. 0.
time (sec) N/A 0.158 0.772 0.263 0. 1.172 0. 0.
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Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 66 66 70 115 198 620 0 0
normalized size | 1 1. 1.06 1.74 3. 9.39 0. 0.
time (sec) N/A 0.109 0.32 0.212 1.713  1.146 0. 0.
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 69 69 90 116 0 680 0 0
normalized size | 1 1. 1.3 1.68 0. 9.86 0. 0.
time (sec) N/A 0.148 0.58 0.251 0. 1.465 0. 0.
Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 104 104 78 214 0 872 0 0
normalized size | 1 1. 0.75 2.06 0. 8.38 0. 0.
time (sec) N/A 0.157 0.241 0.289 0. 1.449 0. 0.
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 139 139 78 311 0 1056 0 0
normalized size | 1 1. 0.56 2.24 0. 7.6 0. 0.
time (sec) N/A 0.167 0.26 0.329 0. 1.566 0. 0.
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 174 174 78 402 0 1245 0 0
normalized size | 1 1. 0.45 2.31 0. 7.16 0. 0.
time (sec) N/A 0.177 0.25 0.37 0. 1.646 0. 0.
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 177 177 122 392 0 990 0 0
normalized size | 1 1. 0.69 2.21 0. 5.59 0. 0.
time (sec) N/A 0.184 0.959 0.272 0. 1.275 0. 0.
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-1) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 142 142 112 232 0 900 0 0
normalized size | 1 1. 0.79 1.63 0. 6.34 0. 0.
time (sec) N/A 0.17 0.842 0.247 0. 1.196 0. 0.
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Problem 52 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 101 101 96 212 1347 792 0 0
normalized size | 1 1. 0.95 21 13.34 7.84 0. 0.
time (sec) N/A 0.123 0.67 0.222 1912 1173 0. 0.
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 70 70 93 194 0 689 0 0
normalized size | 1 1. 1.33 2.77 0. 9.84 0. 0.
time (sec) N/A 0.156 0.577 0.191 0. 1.409 0. 0.
Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 102 102 113 215 0 888 0 0
normalized size | 1 1. 1.11 211 0. 8.71 0. 0.
time (sec) N/A 0.162 0.653 0.255 0. 1.517 0. 0.
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 137 137 102 304 0 1083 0 0
normalized size | 1 1. 0.74 2.22 0. 7.91 0. 0.
time (sec) N/A 0.178 0.77 0.276 0. 1.577 0. 0.
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 172 172 102 401 0 1283 0 0
normalized size | 1 1. 0.59 2.33 0. 7.46 0. 0.
time (sec) N/A 0.187 1.327 0.314 0. 1.625 0. 0.
Problem 57 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 212 212 134 483 0 1098 0 0
normalized size | 1 1. 0.63 2.28 0. 518 0. 0.
time (sec) N/A 0.191 1.214 0.28 0. 1.307 0. 0.
Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 177 177 124 323 0 1019 0 0
normalized size | 1 1. 0.7 1.82 0. 5.76 0. 0.
time (sec) N/A 0.174 0.921 0.26 0. 1.237 0. 0.
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Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 132 132 110 303 1885 887 0 0
normalized size | 1 1. 0.83 2.3 14.28 6.72 0. 0.
time (sec) N/A 0.141 0.803 0.229  2.032  1.245 0. 0.
Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 103 103 96 120 0 724 0 0
normalized size | 1 1. 0.93 1.17 0. 7.03 0. 0.
time (sec) N/A 0.172 0.68 0.227 0. 1.471 0. 0.
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) B F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 74 74 102 351 0 844 0 0
normalized size | 1 1. 1.38 4.74 0. 11.41 0. 0.
time (sec) N/A 0.168 4.226 0.24 0. 1.491 0. 0.
Problem 62 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) B F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 104 104 196 306 0 1106 0 0
normalized size | 1 1. 1.88 2.94 0. 10.63 0. 0.
time (sec) N/A 0.177 5.409 0.27 0. 1.55 0. 0.
Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) B F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 140 140 361 395 0 1310 0 0
normalized size | 1 1. 2.58 2.82 0. 9.36 0. 0.
time (sec) N/A 0.184 7.938 0.295 0. 1.611 0. 0.
Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) A F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 172 172 205 492 0 1512 0 0
normalized size | 1 1. 1.19 2.86 0. 8.79 0. 0.
time (sec) N/A 0.198 3.477 0.357 0. 1.67 0. 0.
Problem 65 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 185 185 153 544 0 1420 0 0
normalized size | 1 1. 0.83 2.94 0. 7.68 0. 0.
time (sec) N/A 0.276 1.424 0.321 0. 5.261 0. 0.
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Problem 66 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 152 152 166 372 0 1342 0 0
normalized size | 1 1. 1.09 2.45 0. 8.83 0 0
time (sec) N/A 0.228 1.316 0.299 0. 4.499 0 0
Problem 67, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 119 119 124 330 0 1138 0 0
normalized size | 1 1. 1.04 2.77 0. 9.56 0 0
time (sec) N/A 0.188 0.475 0.277 0. 2.759 0 0
Problem 68 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 87 87 82 144 0 787 0 0
normalized size | 1 1. 0.94 1.66 0. 9.05 0 0
time (sec) N/A 0.138 0.276 0.219 0. 2119 0 0
Problem 69 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 121 121 101 194 0 1143 0 0
normalized size | 1 1. 0.83 1.6 0. 9.45 0 0
time (sec) N/A 0.192 0.553 0.267 0. 2.359 0 0
Problem 70 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 161 161 5586 377 0 1395 0 0
normalized size | 1 1. 34.7 2.34 0. 8.66 0 0
time (sec) N/A 0.235 23.791 0.303 0. 2.321 0 0
Problem 71 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 196 196 5602 545 0 1627 0 0
normalized size | 1 1. 28.58 2.78 0. 8.3 0 0
time (sec) N/A 0.284 23.501 0.359 0. 2.623 0 0
Problem 72 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 203 203 196 552 0 1616 0 0
normalized size | 1 1. 0.97 2.72 0. 7.96 0. 0.
time (sec) N/A 0.286 1.53 0.28 0. 10.802 0. 0.
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Problem 73 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 169 169 132 376 0 1405 0 0
normalized size | 1 1. 0.78 2.22 0. 8.31 0. 0.
time (sec) N/A 0.24 1.739 0.257 0. 5.021 0. 0.
Problem 74 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 119 134 128 369 0 1389 0 0
normalized size | 1 113 1.08 3.1 0. 11.67 0 0
time (sec) N/A 0.192 1.068 0.189 0. 3.802 0 0
Problem 75 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 113 130 130 371 0 1347 0 0
normalized size | 1 1.15 1.15 3.28 0. 11.92 0 0
time (sec) N/A 0.166 0.993 0.181 0. 4.327 0 0
Problem 76 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F(-2) F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 177 177 154 377 0 0 0 0
normalized size | 1 1. 0.87 213 0. 0. 0 0
time (sec) N/A 0.244 1.174 0.254 0. 0. 0 0
Problem 77 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 214 214 5622 387 0 1478 0 0
normalized size | 1 1. 26.27 1.81 0. 6.91 0. 0.
time (sec) N/A 0.278 23.793 0.293 0. 2.008 0. 0.
Problem 78 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F A F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 249 249 5639 725 0 1867 0 0
normalized size | 1 1. 22.65 291 0. 7.5 0. 0.
time (sec) N/A 0.34 23.795 0.362 0. 2.18 0. 0.
Problem 79 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 260 260 180 726 0 1879 0 0
normalized size | 1 1. 0.69 2.79 0. 7.23 0. 0.
time (sec) N/A 0.341 3.485 0.308 0. 14.54 0. 0.
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Problem 80 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 229 229 164 550 0 1673 0 0
normalized size | 1 1. 0.72 2.4 0. 7.31 0. 0.
time (sec) N/A 0.296 2.599 0.272 0. 11.877 0. 0.
Problem 81 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 191 191 136 553 0 1643 0 0
normalized size | 1 1. 0.71 2.9 0. 8.6 0. 0.
time (sec) N/A 0.252 1.537 0.252 0. 9.106 0. 0.
Problem 82 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 189 189 136 545 0 1655 0 0
normalized size | 1 1. 0.72 2.88 0. 8.76 0. 0.
time (sec) N/A 0.23 1.482 0.194 0. 6.558 0. 0.
Problem 83 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 148 181 134 543 0 1605 0 0
normalized size | 1 1.22 0.91 3.67 0. 10.84 0. 0.
time (sec) N/A 0.192 1.458 0.179 0. 3.964 0. 0.
Problem 84 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F(-2) F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 230 230 158 545 0 0 0 0
normalized size | 1 1. 0.69 2.37 0. 0. 0. 0.
time (sec) N/A 0.306 1.443 0.265 0. 0. 0. 0.
Problem 85, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-2) F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 269 269 5660 725 0 0 0 0
normalized size | 1 1. 21.04 2.7 0. 0. 0. 0.
time (sec) N/A 0.335 24.052 0.326 0. 0. 0. 0.
Problem 86 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 185 185 149 194 1740 1135 0 0
normalized size | 1 1. 0.81 1.05 9.41 6.14 0. 0.
time (sec) N/A 0.372 5.818 0.356 2141  1.696 0. 0.
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Problem 87, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 139 139 162 184 959 1052 0 0
normalized size | 1 1. 1.17 1.32 6.9 7.57 0. 0.
time (sec) N/A 0.273 2.16 0.309  1.882 1.69 0. 0.
Problem 88 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 93 93 99 164 328 887 0 0
normalized size | 1 1. 1.06 1.76 3.53 9.54 0. 0.
time (sec) N/A 0.178 1.226 0.297 1.796  1.657 0. 0.
Problem 89 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B A B F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 48 48 102 127 53 506 0 0
normalized size | 1 1. 2.12 2.65 11 10.54 0. 0.
time (sec) N/A 0.084 0.573 0.308  1.838 1.62 0. 0.
Problem 90 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B A F F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 51 51 86 97 88 0 0 0
normalized size | 1 1. 1.69 1.9 1.73 0. 0. 0.
time (sec) N/A 0.086 0.878 0.276 1.52 0. 0. 0.
Problem 91 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B F F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 96 96 107 164 539 0 0 0
normalized size | 1 1. 1.11 1.71 5.61 0. 0. 0.
time (sec) N/A 0.179 1.001 0.293 1.803 0. 0. 0.
Problem 92, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B F F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 142 142 152 226 1584 0 0 0
normalized size | 1 1. 1.07 1.59 11.15 0. 0. 0.
time (sec) N/A 0.271 1.231 0.303 2415 0. 0. 0.
Problem 93 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B F F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 188 188 198 288 3299 0 0 0
normalized size | 1 1. 1.05 1.53 17.55 0. 0. 0.
time (sec) N/A 0.366 1.784 0.306  11.007 0. 0. 0.




33

Problem 94 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 190 190 157 187 1831 1154 0 0
normalized size | 1 1. 0.83 0.98 9.64 6.07 0. 0.
time (sec) N/A 0.364 1.253 0.29 2173  1.697 0. 0.
Problem 95 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 103 103 159 171 644 873 0 0
normalized size | 1 1. 1.54 1.66 6.25 8.48 0. 0.
time (sec) N/A 0.11 1.371 0.276  1.824  1.688 0. 0.
Problem 96 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 93 93 128 151 328 884 0 0
normalized size | 1 1. 1.38 1.62 3.53 9.51 0. 0.
time (sec) N/A 0.169 0.727 0.309 1.781 1.66 0. 0.
Problem 97 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A F F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 104 104 105 149 81 0 0 0
normalized size | 1 1. 1.01 1.43 0.78 0. 0. 0.
time (sec) N/A 0.103 1.185 0.262  1.846 0. 0. 0.
Problem 98 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A F F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 100 100 115 163 128 0 0 0
normalized size | 1 1. 1.15 1.63 1.28 0. 0. 0.
time (sec) N/A 0.186 0.671 0.268  1.535 0. 0. 0.
Problem 99 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B F F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 146 146 153 227 2411 0 0 0
normalized size | 1 1. 1.05 1.55 16.51 0. 0. 0.
time (sec) N/A 0.283 1.21 0.265  2.512 0. 0. 0.
Problem 100 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B F F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 196 196 199 289 4698 0 0 0
normalized size | 1 1. 1.02 1.47 23.97 0. 0. 0.
time (sec) N/A 0.382 2.096 0.275  11.301 0. 0. 0.
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Problem 101 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 153 153 164 191 2186 987 0 0
normalized size | 1 1. 1.07 1.25 14.29 6.45 0. 0.
time (sec) N/A 0.12 1.492 0.299 2432 1.742 0. 0.
Problem 102 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 190 190 149 199 1831 1152 0 0
normalized size | 1 1. 0.78 1.05 9.64 6.06 0. 0.
time (sec) N/A 0.363 1.166 0.281 2.19 1.727 0. 0.
Problem 103 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 139 139 164 179 959 1049 0 0
normalized size | 1 1. 1.18 1.29 6.9 7.55 0. 0.
time (sec) N/A 0.263 1.259 0.307 1843 1.641 0. 0.
Problem 104 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) F F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 152 152 292 183 0 0 0 0
normalized size | 1 1. 1.92 1.2 0. 0. 0. 0.
time (sec) N/A 0.114 6.767 0.319 0. 0. 0. 0.
Problem 105 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-2) B F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 96 96 111 237 0 1062 0 0
normalized size | 1 1. 1.16 247 0. 11.06 0. 0.
time (sec) N/A 0.179 1.22 0.27 0. 1.412 0. 0.
Problem 106 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B A F F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 100 100 155 229 188 0 0 0
normalized size | 1 1. 1.55 2.29 1.88 0. 0. 0.
time (sec) N/A 0.181 1.37 0.266 1.514 0. 0. 0.
Problem 107 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B B F F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 148 148 202 281 5046 0 0 0
normalized size | 1 1. 1.36 1.9 34.09 0. 0. 0.
time (sec) N/A 0.278 2.615 0.277  11.149 0. 0. 0.
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Problem 108 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B F F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 194 194 285 353 8281 0 0 0
normalized size | 1 1. 1.47 1.82 42.69 0. 0. 0.
time (sec) N/A 0.376 5.435 0.282  76.433 0. 0. 0.
Problem 109 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-1) F F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 244 244 299 415 0 0 0 0
normalized size | 1 1. 1.23 1.7 0. 0. 0. 0.
time (sec) N/A 0.474 5.949 0.292 0. 0. 0. 0.
Problem 110 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) F F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 204 204 153 189 0 0 0 0
normalized size | 1 1. 0.75 0.93 0. 0. 0. 0.
time (sec) N/A 0.124 15.341 0.309 0. 0. 0. 0.
Problem 111 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) F F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 151 151 181 169 0 0 0 0
normalized size | 1 1. 1.2 1.12 0. 0. 0. 0.
time (sec) N/A 0.113 3.886 0.3 0. 0. 0. 0.
Problem 112 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A F F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 102 102 103 93 81 0 0 0
normalized size | 1 1. 1.01 0.91 0.79 0. 0. 0.
time (sec) N/A 0.107 9.154 0.287  1.811 0. 0. 0.
Problem 113 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A F F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 49 49 127 75 46 0 0 92
normalized size | 1 1. 2.59 1.53 0.94 0. 0. 1.88
time (sec) N/A 0.084 0.911 0.302 1.576 0. 0. 1.796
Problem 114 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B A B F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 46 46 104 100 53 682 0 0
normalized size | 1 1. 2.26 2.17 1.15 14.83 0. 0.
time (sec) N/A 0.09 1.069 0.26 1.772  1.876 0. 0.
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Problem 115 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B F F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 168 217 143 167 1104 0 0 0
normalized size | 1 1.29 0.85 0.99 6.57 0. 0. 0.
time (sec) N/A 0.137 8.145 0.294 1.941 0. 0. 0.
Problem 116 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B F F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 274 274 194 229 2978 0 0 0
normalized size | 1 1. 0.71 0.84 10.87 0. 0. 0.
time (sec) N/A 0.161 1.879 0.303 2.55 0. 0. 0.
Problem 117 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B F F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 215 215 204 276 3231 0 0 0
normalized size | 1 1. 0.95 1.28 15.03 0. 0. 0.
time (sec) N/A 0.145 2.082 0.276  2.719 0. 0. 0.
Problem 118 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 96 96 116 236 0 1098 0 185
normalized size | 1 1. 1.21 2.46 0. 11.44 0. 1.93
time (sec) N/A 0.193 0.731 0.27 0. 1.353 0. 3.058
Problem 119 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A F F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 98 98 114 106 95 0 0 170
normalized size | 1 1. 1.16 1.08 0.97 0. 0. 1.73
time (sec) N/A 0.196 1.113 0.256 1.493 0. 0. 2.348
Problem 120 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B F F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 94 94 106 119 533 0 0 158
normalized size | 1 1. 1.13 1.27 5.67 0. 0. 1.68
time (sec) N/A 0.189 0.561 0.291 1.789 0. 0. 1.9
Problem 121 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B F F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 215 215 141 161 1104 0 0 0
normalized size | 1 1. 0.66 0.75 513 0. 0. 0.
time (sec) N/A 0.146 1.384 0.3 1.916 0. 0. 0.
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Problem 122 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B B F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 101 101 121 175 656 1242 0 0
normalized size | 1 1. 1.2 1.73 6.5 12.3 0. 0.
time (sec) N/A 0.121 1.478 0.264 1.837  2.438 0. 0.
Problem 123 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B F F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 347 347 275 291 5767 0 0 0
normalized size | 1 1. 0.79 0.84 16.62 0. 0. 0.
time (sec) N/A 0.184 2.553 0.273  11.272 0. 0. 0.
Problem 124 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) F F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 220 220 157 335 0 0 0 0
normalized size | 1 1. 0.71 1.52 0. 0. 0. 0.
time (sec) N/A 0.144 2.395 0.26 0. 0. 0. 0.
Problem 125 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A F F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 98 98 154 144 138 0 0 170
normalized size | 1 1. 1.57 1.47 1.41 0. 0. 1.73
time (sec) N/A 0.187 1.52 0.252 1.511 0. 0. 7.161
Problem 126 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B F F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 144 144 152 152 2411 0 0 316
normalized size | 1 1. 1.06 1.06 16.74 0. 0. 2.19
time (sec) N/A 0.288 0.839 0.253 2.546 0. 0. 4.428
Problem 127 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B F F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 140 140 151 152 1573 0 0 215
normalized size | 1 1. 1.08 1.09 11.24 0. 0. 1.54
time (sec) N/A 0.282 0.641 0.291 2.434 0. 0. 2.403
Problem 128 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B F F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 270 270 195 223 2978 0 0 0
normalized size | 1 1. 0.72 0.83 11.03 0. 0. 0.
time (sec) N/A 0.154 1.605 0.298  2.602 0. 0. 0.
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Problem 129 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B F F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 345 345 275 286 5767 0 0 0
normalized size | 1 1. 0.8 0.83 16.72 0. 0. 0.
time (sec) N/A 0.181 2.263 0.268  11.514 0. 0. 0.
Problem 130 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 151 151 149 237 1871 1446 0 0
normalized size | 1 1. 0.99 1.57 12.39 9.58 0. 0.
time (sec) N/A 0.131 2.105 0.276 2487  3.188 0. 0.
Problem 131 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 92 92 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.094 1.042 0.407 0. 0. 0. 0.
Problem 132 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 109 109 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.122 0.429 0.392 0. 0. 0. 0.
Problem 133 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 101 101 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.1 3.217 0.427 0. 0. 0. 0.
Problem 134 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 101 101 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.099 1.443 0.389 0. 0. 0. 0.
Problem 135 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 99 99 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.075 1.577 0.391 0. 0. 0. 0.
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Problem 136 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 99 99 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.1 0.97 0.396 0. 0. 0. 0.
Problem 137 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 101 101 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.1 1.574 0.287 0. 0. 0. 0.
Problem 138 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F(1)
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 172 172 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.145 8.511 0.282 0. 0. 0. 0.
Problem 139 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F(1)
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 119 119 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.162 11.806 0.302 0. 0. 0. 0.
Problem 140 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F(-1)
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 68 68 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.083 0.147 0.302 0. 0. 0. 0.
Problem 141 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F(-1)
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 139 139 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.112 1.369 0.295 0. 0. 0. 0.
Problem 142 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F(1)
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 205 205 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.168 1.653 0.264 0. 0. 0. 0.
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Problem 143 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 91 91 133 141 0 782 0 0
normalized size | 1 1. 1.46 1.55 0. 8.59 0. 0.
time (sec) N/A 0.082 0.706 0.227 0. 1.584 0. 0.
Problem 144 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 231 231 814 295 0 0 0 0
normalized size | 1 1. 3.52 1.28 0. 0. 0. 0.
time (sec) N/A 0.257 17.997 0.398 0. 0. 0. 0.
Problem 145 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 225 225 180 285 0 0 0 0
normalized size | 1 1. 0.8 1.27 0. 0. 0. 0.
time (sec) N/A 0.211 8.52 0.414 0. 0. 0. 0.
Problem 146 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 319 319 193 327 0 0 0 0
normalized size | 1 1. 0.61 1.03 0. . 0. 0.
time (sec) N/A 0.37 5.374 0.351 0. 0. 0. 0.
Problem 147 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 271 271 589 546 0 1181 0 0
normalized size | 1 1. 217 2.01 0. 4.36 0. 0.
time (sec) N/A 0.173 14.618 0.413 0. 1.699 0. 0.
Problem 148 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 205 205 519 389 0 976 0 0
normalized size | 1 1. 2.53 1.9 0. 4.76 0. 0.
time (sec) N/A 0.141 14.566 0.307 0. 1.592 0. 0.
Problem 149 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-1) A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 144 144 444 248 0 819 0 0
normalized size | 1 1. 3.08 1.72 0. 5.69 0. 0.
time (sec) N/A 0.116 6.591 0.272 0. 1.301 0. 0.
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Problem 150 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 66 66 76 118 198 620 0 0
normalized size | 1 1. 1.15 1.79 3. 9.39 0. 0.
time (sec) N/A 0.087 0.316 0.214 1.678  1.155 0. 0.
Problem 151 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 105 105 2686 501 0 1704 0 0
normalized size | 1 1. 25.58 4.77 0. 16.23 0 0
time (sec) N/A 0.23 24.991 0.288 0. 2.954 0 0
Problem 152 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 219 219 2943 97143 0 3494 0 0
normalized size | 1 1. 13.44 443.58 0. 15.95 0. 0.
time (sec) N/A 0.222 28.425 1.534 0. 13.778 0. 0.
Problem 153 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 287 287 3106 330372 0 5542 0 0
normalized size | 1 1. 10.82 1151.12 0. 19.31 0. 0.
time (sec) N/A 0.307 24137 14.995 0. 27.238 0. 0.
Problem 154 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 241 241 219 539 0 1230 0 0
normalized size | 1 1. 0.91 2.24 0. 51 0. 0.
time (sec) N/A 0.2 3.869 0.316 0. 1.345 0. 0.
Problem 155 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 176 176 145 382 0 1006 0 0
normalized size | 1 1. 0.82 2.17 0. 5.72 0. 0.
time (sec) N/A 0.144 1.336 0.271 0. 1.217 0. 0.
Problem 156 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 105 105 102 237 1347 819 0 0
normalized size | 1 1. 0.97 2.26 12.83 7.8 0. 0.
time (sec) N/A 0.15 0.562 0.229 1.903  1.204 0. 0.
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Problem 157 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 110 110 135 864 0 1804 0 0
normalized size | 1 1. 1.23 7.85 0. 16.4 0. 0.
time (sec) N/A 0.241 0.478 0.217 0. 8.844 0. 0.
Problem 158 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 229 229 2886 62283 0 4466 0 0
normalized size | 1 1. 12.6 271.98 0. 19.5 0. 0.
time (sec) N/A 0.249 24.763 1.636 0. 30.339 0. 0.
Problem 159 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 310 310 3190 234091 0 6322 0 0
normalized size | 1 1. 10.29 755.13 0. 20.39 0. 0.
time (sec) N/A 0.342 24.581 10.07 0. 79.148 0. 0.
Problem 160 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 336 336 286 677 0 1513 0 0
normalized size | 1 1. 0.85 2.01 0. 4.5 0. 0.
time (sec) N/A 0.209 6.189 0.343 0. 1.095 0. 0.
Problem 161 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 258 258 191 504 0 1233 0 0
normalized size | 1 1. 0.74 1.95 0. 4.78 0 0
time (sec) N/A 0.177 2.684 0.283 0. 1.103 0 0
Problem 162 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B A F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 142 142 128 341 1885 976 0 0
normalized size | 1 1. 0.9 2.4 13.27 6.87 0 0
time (sec) N/A 0.232 0.922 0.241 1.97 1.025 0 0
Problem 163 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F A F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 203 203 343 1487 0 2773 0 0
normalized size | 1 1. 1.69 7.33 0. 13.66 0. 0.
time (sec) N/A 0.232 6.489 0.237 0. 19.611 0. 0.
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Problem 164 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 329 329 280 46082 0 4579 0 0
normalized size | 1 1. 0.85 140.07 0. 13.92 0. 0.
time (sec) N/A 0.337 3.725 0.848 0. 89.091 0. 0.

Problem 165 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac

grade A A C B F(-1) A F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 536 536 3368 209489 0 7337 0 0
normalized size | 1 1. 6.28 390.84 0. 13.69 0. 0.
time (sec) N/A 0.492 25.668 6.465 0. 172.515 0. 0.

Problem 166 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac

grade A A C B F(-2) A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 258 258 787 907 0 1553 0 0
normalized size | 1 1. 3.05 3.52 0. 6.02 0. 0.
time (sec) N/A 0.207 8.115 0.307 0. 72.664 0. 0.

Problem 167 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac

grade A A C B F(-2) A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 183 183 295 358 0 1246 0 0
normalized size | 1 1. 1.61 1.96 0. 6.81 0. 0.
time (sec) N/A 0.158 2.468 0.24 0. 16.946 0. 0.
Problem 168 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 91 91 92 194 0 824 0 0
normalized size | 1 1. 1.01 213 0. 9.05 0. 0.
time (sec) N/A 0.11 0.287 0.217 0. 5.146 0. 0.

Problem 169 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac

grade A A C B F A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 166 166 431238 662 0 2695 0 0
normalized size | 1 1. 2597.82 3.99 0. 16.23 0. 0.
time (sec) N/A 0.372 38.708 0.249 0. 100.191 0. 0.

Problem 170 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac

grade A A C B F A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 416 416 472069 117715 0 6564 0 0
normalized size | 1 1. 1134.78 282.97 0. 15.78 0. 0.

time (sec) N/A 0.422 35.861 2.335 0. 96.091 0. 0.
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Problem 171 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 653 653 652560 402966 0 10966 0 0
normalized size | 1 1. 999.33 617.1 0. 16.79 0. 0.
time (sec) N/A 0.646 38.679 20.612 0. 132.514 0. 0.
Problem 172 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 324 324 856 957 0 1740 0 0
normalized size | 1 1. 2.64 2.95 0. 5.37 0. 0.
time (sec) N/A 0.237 6.507 0.268 0. 66.132 0. 0.
Problem 173 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 290 290 16163 756 0 1578 0 0
normalized size | 1 1. 55.73 2.61 0. 5.44 0. 0.
time (sec) N/A 0.217 27.706 0.19 0. 29.978 0. 0.
Problem 174 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 127 127 10115 554 0 1416 0 0
normalized size | 1 1. 79.65 4.36 0. 11.15 0. 0.
time (sec) N/A 0.183 26.611 0.174 0. 7.86 0. 0.
Problem 175 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 394 394 377837 2076 0 5720 0 0
normalized size | 1 1. 958.98 5.27 0. 14.52 0. 0.
time (sec) N/A 0.335 35.08 0.294 0. 54.434 0. 0.
Problem 176 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 560 560 581056 164796 0 0 0 0
normalized size | 1 1. 1037.6 294.28 0. 0. 0. 0.
time (sec) N/A 0.511 37.741 3.779 0. 0. 0. 0.
Problem 177 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F(1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 802 802 774154 480553 0 0 0 0
normalized size | 1 1. 965.28 599.19 0. 0. 0. 0.
time (sec) N/A 0.797 40.873 28.445 0. 0. 0. 0.
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Problem 178 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) A F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 480 480 21204 1444 0 2188 0 0
normalized size | 1 1. 4418 3.01 0. 4.56 0. 0.
time (sec) N/A 0.316 29.311 0.278 0. 14517 0. 0.
Problem 179 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) A F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 468 468 16259 1133 0 1967 0 0
normalized size | 1 1. 34.74 2.42 0. 4.2 0. 0.
time (sec) N/A 0.295 27.949 0.208 0. 65.139 0. 0.
Problem 180 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 164 164 10177 824 0 1754 0 0
normalized size | 1 1. 62.05 5.02 0. 10.7 0. 0.
time (sec) N/A 0.265 26.881 0.185 0. 16.705 0. 0.
Problem 181 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 592 592 484869 3860 0 0 0 0
normalized size | 1 1. 819.04 6.52 0 0 0 0
time (sec) N/A 0.457 36.987 0.29 0 0 0 0
Problem 182 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F(1) F(D)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 756 756 686248 197500 0 0 0 0
normalized size | 1 1. 907.74 261.24 0 0 0.

time (sec) N/A 0.634 39.996 5.676 0 0 0 0
Problem 183 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F(1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 999 999 891356 556423 0 0 0 0
normalized size | 1 1. 892.25 556.98 0 0 0 0
time (sec) N/A 0.914 43.595 37.042 0 0 0 0
Problem 184 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 123 123 240 1563 0 2034 0 0
normalized size | 1 1. 1.95 12.71 0. 16.54 0. 0.
time (sec) N/A 0.339 18.159 0.42 0. 1.403 0. 0.
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Problem 185 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac

grade A A A B F(-2) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 61 61 102 189 0 502 0 0
normalized size | 1 1. 1.67 3.1 0. 8.23 0. 0.
time (sec) N/A 0.097 0.214 0.318 0. 0.798 0. 0.

Problem 186 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac

grade A A A B F(-2) B F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 111 111 135 377 0 1262 0 0
normalized size | 1 1. 1.22 3.4 0. 11.37 0. 0.
time (sec) N/A 0.357 0.956 0.338 0. 0.92 0. 0.

Problem 187 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac

grade A A A B F(-2) A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 141 141 184 494 0 2190 0 0
normalized size | 1 1. 1.3 3.5 0. 15.53 0. 0.
time (sec) N/A 0.369 14.504 0.33 0. 1.892 0. 0.

Problem 188 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac

grade A A A B F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 141 141 171 424 0 2290 0 0
normalized size | 1 1. 1.21 3.01 0. 16.24 0. 0.
time (sec) N/A 0.339 0.343 0.332 0. 3.868 0. 0.

Problem 189 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac

grade A A A A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 67 67 68 113 0 540 0 142
normalized size | 1 1. 1.01 1.69 0. 8.06 0. 212
time (sec) N/A 0.126 0.151 0.066 0. 0.593 0. 1.477

Problem 190 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac

grade A A A B F(-2) B F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 123 123 155 328 0 1226 0 282
normalized size | 1 1. 1.26 2.67 0. 9.97 0. 2.29
time (sec) N/A 0.247 0.643 0.086 0. 0.602 0. 1.46

Problem 191 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac

grade A A A B F(-2) B F B

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 204 204 267 1063 0 2479 0 644
normalized size | 1 1. 1.31 5.21 0. 12.15 0. 3.16

time (sec) N/A 0.51 1.311 0.091 0. 0.747 0. 1.552
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Problem 192 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 133 133 136 462 0 1426 0 332
normalized size | 1 1. 1.02 3.47 0. 10.72 0. 2.5
time (sec) N/A 0.285 0.643 0.085 0. 0.621 0. 1.46
Problem 193 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F(-2) B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 237 237 493 1593 0 2946 0 926
normalized size | 1 1. 2.08 6.72 0. 12.43 0. 3.91
time (sec) N/A 0.796 2.019 0.098 0. 0.821 0. 1.579
Problem 194 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 377 377 438 3293 0 5010 0 1692
normalized size | 1 1. 1.16 8.73 0. 13.29 0. 4.49
time (sec) N/A 1.999 3.322 0.113 0. 1.109 0. 1.632
Problem 195 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F(-2) B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 254 254 517 2031 0 3343 0 1150
normalized size | 1 1. 2.04 8. 0. 13.16 0. 4.53
time (sec) N/A 1.132 2.252 0.111 0. 0.928 0. 1.565
Problem 196 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 412 412 459 4330 0 5782 0 2213
normalized size | 1 1. 1.11 10.51 0. 14.03 0. 5.37
time (sec) N/A 1.062 3.805 0.167 0. 1.273 0. 1.79
Problem 197 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F(-2) B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 622 622 1285 8573 0 9385 0 4470
normalized size | 1 1. 2.07 13.78 0. 15.09 0. 7.19
time (sec) N/A 1.769 6.842 0.159 0. 1.999 0. 2.036
Problem 198 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 320 320 913 1372 0 0 0 0
normalized size | 1 1. 2.85 4.29 0. 0. 0. 0.
time (sec) N/A 0.283 17.81 0.38 0. 0. 0. 0.
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Problem 199 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 220 220 229 443 0 0 0 0
normalized size | 1 1. 1.04 2.01 0. 0. 0. 0.
time (sec) N/A 0.244 4.205 0.335 0. 0. 0. 0.
Problem 200 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 380 380 6093 2337 0 0 0 0
normalized size | 1 1. 16.03 6.15 0. 0. 0. 0.
time (sec) N/A 0.433 24.346 0.424 0. 0. 0. 0.
Problem 201 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 326 326 233 581 0 0 0 0
normalized size | 1 1. 0.71 1.78 0. 0. 0. 0.
time (sec) N/A 0.361 5.627 0.305 0. 0. 0. 0.
Problem 202 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 442 442 7168 3285 0 0 0 0
normalized size | 1 1. 16.22 7.43 0. 0. 0. 0.
time (sec) N/A 0.629 25.286 0.687 0. 0. 0. 0.
Problem 203 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 208 208 147 215 0 0 0 0
normalized size | 1 1. 0.71 1.03 0. 0. 0. 0.
time (sec) N/A 0.117 2.483 0.325 0. 0. 0. 0.
Problem 204 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 216 216 254 318 0 0 0 0
normalized size | 1 1. 1.18 1.47 0. 0. 0. 0.
time (sec) N/A 0.238 9.955 0.31 0. 0. 0. 0.
Problem 205 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 376 376 1491 2009 0 0 0 0
normalized size | 1 1. 3.97 5.34 0. 0. 0. 0.
time (sec) N/A 0.428 14.561 0.327 0. 0. 0. 0.
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Problem 206 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 495 495 2083 5712 0 0 0 0
normalized size | 1 1. 4.21 11.54 0. 0. 0. 0.
time (sec) N/A 0.778 17.104 0.368 0. 0. 0. 0.
Problem 207 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 389 389 39925 543 0 0 0 0
normalized size | 1 1. 102.63 1.4 0. 0. 0. 0.
time (sec) N/A 0.447 32.517 0.434 0. 0. 0. 0.
Problem 208 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 198 198 336 352 0 0 0 0
normalized size | 1 1. 1.7 1.78 0. 0. 0. 0.
time (sec) N/A 0.106 5.191 0.376 0. 0. 0. 0.
Problem 209 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 598 598 1678 2847 0 0 0 0
normalized size | 1 1. 2.81 4.76 0. 0. 0. 0.
time (sec) N/A 0.902 9.258 0.484 0. 0. 0. 0.
Problem 210 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 899 899 1960 15728 0 0 0 0
normalized size | 1 1. 2.18 17.49 0. 0. 0. 0.
time (sec) N/A 2.258 6.719 0.621 0. 0. 0. 0.
Problem 211 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 744 744 1720 4298 0 0 0 0
normalized size | 1 1. 2.31 5.78 0. 0. 0. 0.
time (sec) N/A 1.106 9.454 0.442 0. 0. 0. 0.
Problem 212 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 919 919 1930 13060 0 0 0 0
normalized size | 1 1. 2.1 14.21 0. 0. 0. 0.
time (sec) N/A 2.132 6.635 0.536 0. 0. 0. 0.
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Problem 213 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1122 1122 2355 39418 0 0 0 0
normalized size | 1 1. 2.1 3513 0. 0. 0. 0.
time (sec) N/A 3.163 7.319 1.249 0. 0. 0. 0.
Problem 214 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 891 891 1996 15912 0 0 0 0
normalized size | 1 1. 2.24 17.86 0. 0. 0. 0.
time (sec) N/A 2.009 6.695 0.607 0. 0. 0. 0.
Problem 215 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1150 1150 2314 32283 0 0 0 0
normalized size | 1 1. 2.01 28.07 0. 0. 0. 0.
time (sec) N/A 3.435 7.167 1.121 0. 0. 0. 0.
Problem 216 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1428 1428 2949 75468 0 0 0 0
normalized size | 1 1. 2.07 52.85 0. 0. 0. 0.
time (sec) N/A 5.438 8.174 2.485 0. 0. 0. 0.
Problem 217 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A F C A F F(-1) F(1) F
verified N/A N/A NO TBD TBD TBD TBD TBD
size 652 0 49385 491 0 0 0 0
normalized size | 1 0. 75.74 0.75 0. 0. 0. 0.
time (sec) N/A 0.093 32.658 0.386 0. 0. 0. 0.
Problem 218 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 198 198 325 352 0 0 0 0
normalized size | 1 1. 1.64 1.78 0. 0. 0. 0.
time (sec) N/A 0.111 5.25 0.372 0. 0. 0. 0.
Problem 219 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 398 398 249 292 0 0 0 0
normalized size | 1 1. 0.63 0.73 0. 0. 0. 0.
time (sec) N/A 0.437 1.983 0.372 0. 0. 0. 0.
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Problem 220 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 622 763 1731 3451 0 0 0 0
normalized size | 1 1.23 2.78 5.55 0. 0. 0. 0.
time (sec) N/A 1.316 9.535 0.463 0. 0. 0. 0.
Problem 221 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 88 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.191 2.16 0.257 0. 0. 0. 0.
Problem 222 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A F(-1) F(1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 31 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.092 46.951 0.143 0. 0. 0. 0.
Problem 223 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A F(-1) F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 31 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.091 77.687 0.18 0. 0. 0. 0.
Problem 224 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 88 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.22 2171 0.227 0. 0. 0. 0.
Problem 225 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A F(-1) F(1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 31 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.097 47.852 0.16 0. 0. 0. 0.
Problem 226 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A F(-1) F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 31 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.096 82.067 0.172 0. 0. 0. 0.
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Problem 227 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A F(-1) F(1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 88 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.218 57.332 0.143 0. 0. 0. 0.
Problem 228 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A F(-1) F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 31 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.097 92.543 0.158 0. 0. 0. 0.
Problem 229 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A F(-1) F(1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 31 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.097 132.591 0.168 0. 0. 0. 0.
Problem 230 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 106 106 2425 0 0 0 0 0
normalized size | 1 1. 22.88 0. 0. 0. 0. 0.
time (sec) N/A 0.189 14.44 0.349 0. 0. 0. 0.
Problem 231 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F(-1) F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 275 275 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.437 2.398 0.173 0. 0. 0. 0.
Problem 232 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 205 205 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.249 1. 0.161 0. 0. 0. 0.
Problem 233 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 156 156 124 0 0 0 0 0
normalized size | 1 1. 0.79 0. 0. 0. 0. 0.
time (sec) N/A 0.146 0.202 0.148 0. 0. 0. 0.
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Problem 234 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 208 208 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.271 1.205 0.15 0. 0. 0. 0.
Problem 235 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F(-1) F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 248 248 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.451 1.797 0.161 0. 0. 0. 0.
Problem 236 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 55 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.116 2.421 0.251 0. 0. 0. 0.
Problem 237 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 296 296 278 0 0 0 0 0
normalized size | 1 1. 0.94 0. 0. 0. 0. 0.
time (sec) N/A 0.515 1.052 0.163 0. 0. 0. 0.
Problem 238 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 211 211 200 0 0 0 0 0
normalized size | 1 1. 0.95 0. 0. 0. 0. 0.
time (sec) N/A 0.242 0.493 0.15 0. 0. 0. 0.
Problem 239 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 156 156 125 0 0 0 0 0
normalized size | 1 1. 0.8 0. 0. 0. 0. 0.
time (sec) N/A 0.144 0.222 0.133 0. 0. 0. 0.
Problem 240 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 206 206 5411 0 0 0 0 0
normalized size | 1 1. 26.27 0. 0. 0. 0. 0.
time (sec) N/A 0.402 25.592 0.147 0. 0. 0. 0.
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Problem 241 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F(-1) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 322 322 10678 0 0 0 0 0
normalized size | 1 1. 33.16 0. 0. 0. 0. 0.
time (sec) N/A 0.559 32.853 0.154 0. 0. 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

the integrand. Finally the ratio

number of rules

integrand size

is given. The larger this ratio is, the harder

the integral was to solve. In this test, problem number [31] had the largest ratio of [ 0.5769

]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand N
# grade steps unique antideri“zative leaf size atogrand Teaf se
used rules leaf size
1 A 15 9 1. 26 0.346
2 A 11 8 1. 26 0.308
3 A 5 3 1. 26 0.115
4 A 4 3 1. 26 0.115
5 A 4 3 1. 24 0.125
6 A 8 6 1. 26 0.231
7 A 9 6 1. 26 0.231
3 A 12 7 1. 26 0.269
9 A 15 7 1. 26 0.269
10 A 18 7 1. 26 0.269
11 A 13 8 1. 26 0.308
12 A 6 3 1. 26 0.115
13 A 5 3 1. 26 0.115
14 A 5 3 1. 26 0.115
15 A 9 8 1. 24 0.333
16 A 15 11 1. 26 0.423
17 A 13 9 1. 26 0.346
18 A 15 9 1. 26 0.346
19 A 19 9 1. 26 0.346
20 A 23 9 1. 26 0.346
21 A 26 14 112 26 0.538
22 A 21 13 1. 26 0.5
23 A 13 9 1. 26 0.346
24 A 9 6 1. 26 0.231
25 A 7 5 1. 24 0.208
26 A 4 3 1. 26 0.115
27 A 4 3 1. 26 0.115
Continued on next page




Table 2.1 — continued from previous page

number of numjber of no‘rma,.lize.d integrand ——
# grade steps unique antldem‘zatlve leaf size togrand leaf size
used rules leaf size

28 A 5 3 1. 26 0.115
29 A 13 8 1. 26 0.308
30 A 17 9 1. 26 0.346
31 A 29 15 1. 26 0.577
32 A 20 13 1. 26 0.5
33 A 15 9 1. 26 0.346
34 A 12 7 1. 26 0.269
35 A 9 6 1. 24 0.25
36 A 12 8 1. 26 0.308
37 A 5 3 1. 26 0.115
38 A 5 3 1. 26 0.115
39 A 6 3 1. 26 0.115
40 A 14 8 1. 26 0.308
41 A 18 9 1. 26 0.346
42 A 5 4 1. 28 0.143
43 A 5 4 1. 28 0.143
44 A 5 4 1. 28 0.143
45 A 4 4 1. 26 0.154
46 A 4 4 1. 28 0.143
47 A 5 4 1. 28 0.143
48 A 6 4 1. 28 0.143
49 A 7 4 1. 28 0.143
50 A 6 5 1. 28 0.179
51 A 6 5 1. 28 0.179
52 A 5 5 1. 26 0.192
53 A 4 4 1. 28 0.143
54 A 5 5 1. 28 0.179
55 A 6 5 1. 28 0.179
56 A 7 5 1. 28 0.179
57 A 5 4 1. 28 0.143
58 A 5 4 1. 28 0.143
59 A 5 4 1. 26 0.154
60 A 5 4 1. 28 0.143
61 A 5 4 1. 28 0.143
62 A 5 4 1. 28 0.143
63 A 5 4 1. 28 0.143
64 A 5 4 1. 28 0.143
65 A 8 6 1. 28 0.214
66 A 7 6 1. 28 0.214
67 A 6 5 1. 28 0.179
68 A 5 4 1. 26 0.154
69 A 6 5 1. 28 0.179
70 A 7 6 1. 28 0.214
71 A 8 6 1. 28 0.214

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma,.lize.d integrand ——
# grade steps unique antldem‘zatlve leaf size togrand leaf size
used rules leaf size

72 A 8 6 1. 28 0.214
73 A 7 6 1. 28 0.214
74 A 7 6 1.13 28 0.214
75 A 6 5 1.15 26 0.192
76 A 7 6 1. 28 0.214
77 A 8 6 1. 28 0.214
78 A 9 6 1. 28 0.214
79 A 9 7 1. 28 0.25
30 A 8 7 1. 28 0.25
81 A 7 6 1. 28 0.214
82 A 7 6 1. 28 0.214
83 A 7 6 1.22 26 0.231
84/ A 8 7 1. 28 0.25
85 A 9 7 1. 28 0.25
86 A 5 3 1. 30 0.1
37 A 4 3 1. 30 0.1
38 A 3 3 1. 30 0.1
39 A 2 2 1. 30 0.067
90 A 2 2 1. 30 0.067
91 A 3 3 1. 30 0.1
92 A 4 3 1. 30 0.1
93 A 5 3 1. 30 0.1
94 A 5 4 1. 30 0.133
95 A 3 3 1. 30 0.1
96 A 3 3 1. 30 0.1
97 A 3 2 1. 30 0.067
98 A 3 3 1. 30 0.1
99 A 4 4 1. 30 0.133
100 A 5 4 1. 30 0.133
101 A 4 3 1. 30 0.1
102 A 5 4 1. 30 0.133
103 A 4 3 1. 30 0.1
104 A 3 2 1. 30 0.067
105 A 3 3 1. 30 0.1
106 A 3 3 1. 30 0.1
107 A 4 4 1. 30 0.133
108 A 5 4 1. 30 0.133
109 A 6 4 1. 30 0.133
110 A 3 2 1. 30 0.067
111 A 3 2 1. 30 0.067
112 A 3 2 1. 30 0.067
113 A 2 2 1. 30 0.067
114 A 2 2 1. 30 0.067
115 A 3 2 1.2 30 0.067

Continued on next page
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Table 2.1 — continued from previous page

number of num?Der of no_rmaflize.d integrand number of rules
o grade | steps umique | anudemvative |y | egrand s
used rules leaf size

116 A 3 2 1. 30 0.067
117 A 3 2 1. 30 0.067
118 A 3 3 1. 30 0.1
119 A 3 3 1. 30 0.1
120 A 3 3 1. 30 0.1
121 A 3 2 1. 30 0.067
122 A 3 3 1. 30 0.1
123 A 3 2 1. 30 0.067
124 A 3 2 1. 30 0.067
125 A 3 3 1. 30 0.1
126 A 4 4 1. 30 0.133
127 A 4 3 1. 30 0.1
128 A 3 2 1. 30 0.067
129 A 3 2 1. 30 0.067
130 A 4 3 1. 30 0.1
131 A 2 2 1. 24 0.083
132 A 3 3 1. 26 0.115
133 A 3 3 1. 26 0.115
134 A 3 3 1. 26 0.115
135 A 3 3 1. 24 0.125
136 A 3 3 1. 26 0.115
137 A 3 3 1. 26 0.115
138 A 4 3 1. 28 0.107
139 A 3 3 1. 28 0.107
140 A 2 2 1. 28 0.071
141 A 4 4 1. 28 0.143
142 A 5 5 1. 28 0.179
143 A 6 5 1. 27 0.185
144 A 3 3 1. 27 0.111
145 A 3 3 1. 27 0.111
146 A 5 5 1. 27 0.185
147 A 5 4 1. 27 0.148
148 A 5 4 1. 27 0.148
149 A 5 4 1. 27 0.148
150 A 4 4 1. 25 0.16
151 A 5 5 1. 27 0.185
152 A 7 6 1. 27 0.222
153 A 8 7 1. 27 0.259
154 A 6 5 1. 27 0.185
155 A 5 5 1. 27 0.185
156 A 5 5 1. 25 0.2
157 A 5 5 1. 27 0.185
158 A 7 6 1. 27 0.222
159 A 8 6 1. 27 0.222

Continued on next page

57



Table 2.1 — continued from previous page

number of numjber of no‘rma,.lize.d integrand ——
# grade steps unique antldem‘zatlve leaf size togrand leaf size
used rules leaf size

160 A 5 4 1. 27 0.148
161 A 5 4 1. 27 0.148
162 A 6 5 1. 25 0.2
163 A 7 5 1. 27 0.185
164 A 10 6 1. 27 0.222
165 A 14 6 1. 27 0.222
166 A 9 5 1. 27 0.185
167 A 7 4 1. 27 0.148
168 A 5 4 1. 25 0.16
169 A 8 7 1. 27 0.259
170 A 12 6 1. 27 0.222
171 A 16 6 1. 27 0.222
172 A 10 5 1. 27 0.185
173 A 10 5 1. 27 0.185
174 A 6 5 1. 25 0.2
175 A 12 6 1. 27 0.222
176 A 15 6 1. 27 0.222
177 A 19 6 1. 27 0.222
178 A 14 5 1. 27 0.185
179 A 14 5 1. 27 0.185
180 A 7 5 1. 25 0.2
181 A 16 6 1. 27 0.222
182 A 19 6 1. 27 0.222
183 A 23 6 1. 27 0.222
184 A 5 5 1. 29 0.172
185 A 2 2 1. 29 0.069
186 A 5 5 1. 29 0.172
187 A 5 4 1. 29 0.138
188 A 5 4 1. 29 0.138
189 A 4 4 1. 23 0.174
190 A 5 5 1. 23 0.217
191 A 6 6 1. 23 0.261
192 A 5 5 1. 25 0.2
193 A 6 6 1. 25 0.24
194 A 7 7 1. 25 0.28
195 A 6 6 1. 25 0.24
196 A 7 7 1. 25 0.28
197 A 8 8 1. 25 0.32
198 A 5 5 1. 25 0.2
199 A 3 3 1. 27 0.111
200 A 6 6 1. 25 0.24
201 A 5 5 1. 27 0.185
202 A 7 7 1. 25 0.28
203 A 3 3 1. 25 0.12

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma,.lize.d integrand ——
# grade steps unique antldem‘zatlve leaf size togrand leaf size
used rules leaf size

204 A 3 3 1. 27 0.111
205 A 6 6 1. 25 0.24
206 A 7 7 1. 25 0.28
207 A 3 3 1. 29 0.103
208 A 1 1 1. 29 0.034
209 A 5 5 1. 29 0.172
210 A 7 7 1. 29 0.241
211 A 6 6 1. 29 0.207
212 A 7 7 1. 29 0.241
213 A 8 8 1. 29 0.276
214 A 7 7 1. 29 0.241
215 A 8 8 1. 29 0.276
216 A 9 8 1. 29 0.276
217 F 0 0 N/A 0 N/A
218 A 1 1 1. 29 0.034
219 A 3 3 1. 29 0.103
220 A 6 6 1.23 29 0.207
221 A 0 0 0. 0 0.
222 A 0 0 0. 0 0.
223 A 0 0 0. 0 0.
224 A 0 0 0. 0 0.
225 A 0 0 0. 0 0.
226 A 0 0 0. 0 0.
227 A 0 0 0. 0 0.
228 A 0 0 0. 0 0.
229 A 0 0 0. 0 0.
230 A 4 4 1. 27 0.148
231 A 8 6 1. 27 0.222
232 A 7 5 1. 27 0.185
233 A 6 4 1. 25 0.16
234 A 7 5 1. 27 0.185
235 A 8 6 1. 27 0.222
236 A 0 0 0. 0 0.
237 A 8 6 1. 27 0.222
238 A 7 5 1. 27 0.185
239 A 6 4 1. 25 0.16
240 A 7 5 1. 27 0.185
241 A 10 5 1. 27 0.185
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Chapter 3

Listing of integrals

3.1 f(a + asec(e + fx))*(c — csec(e + fx))° dx

Optimal. Leaf size=196

3a2c5 tan’(e + fx) s S tand(e + fx)  a?Stan(e + fx) 1942 tanh ' (sin(e + fx))  a?c tan®(e + fx)secd(e

5f 3f 7 16f 6f

[Out] a~2*c”5*x — (19*a~2*xc~5*ArcTanh[Sin[e + f*x]])/(16xf) - (a~2*c"5*Tan[e + f*
x])/f + (17*a"2+c"5*xSec[e + fxx]*Tan[e + f*xx])/(16*f) + (a"2*c”5xSecl[e + f*
x]"3*Tan[e + f*xx])/(8%f) + (a"2*xc™bxTan[e + fxx]73)/(3*f) - (3*a~2*c”5*Sec[

e + fxx]*Tan[e + f*x]~3)/(4xf) - (a~2xc 5*Secl[e + fxx] 3*Tan[e + f*x]~3)/(6

*f) + (3*a”"2*xc " 5*xTanl[e + f*x]~5)/(5%f)

Rubi [A] time = 0.302005, antiderivative size = 196, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 15, number of rules used = 9, integrand size = 26, e e e

= 0.346, Rules used = {3904, 3886, 3473, 8, 2611, 3770, 2607, 30, 3768}

integrand size

3a2c% tan®(e + fx) . S tand(e + fx)  a?cCtan(e + fx) 19425 tanh ' (sin(e + fx))  a?c tan®(e + fx)sec3(e

5f 3f f lof 6f

Antiderivative was successfully verified.

[In] Int[(a + ax*Secle + fx*x]) " 2x%(c - c*Secl[e + f*x])~5,x]

[Out] a"2*c™5*x - (19*a~2xc”5*xArcTanh[Sin[e + f*x]])/(16*xf) - (a~2*c 5*xTan[e + f*
x])/f + (17*a"2*c"5xSec[e + fxx]*Tan[e + f*xx])/(16%f) + (a~2*c~5xSecl[e + f*
x]"3*Tan[e + f*x])/(8+f) + (a"2*c 5*xTanl[e + fxx]~3)/(3*f) - (3*a~2*xc” 5*Sec[

e + f*x]*Tan[e + f*x]~3)/(4xf) - (a"2*c”5*Secle + f*x] 3*Tan[e + f*x]~3)/(6

*f) + (3xa~2*xc”b*Tanl[e + f*x]~5)/(5*f)

Rule 3904

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (f_.)*x(x_)]*(
d_.) + (c))"(n_.), x_Symbol] :> Dist[(-(a*c))"m, Int[Cot[e + fxx]~(2+*m)=*(c
+ d*Cscle + f*x])~(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] & Eq
Qlbxc + axd, 0] && EqQ[a"2 - 72, 0] && IntegerQ[m] && RationalQ[n] && ! (I
ntegerQ[n] &% GtQ[m - n, 0])

Rule 3886

Int[(cot[(c_.) + (d_.)*(x_)]*(e_.)) " (m_)*(cscl(c_.) + (d_.)*(x_)]1*(b_.) + (
a_)) (n_), x_Symbol] :> Int[ExpandIntegrand[(exCot[c + d*x])"m, (a + b*Csc[
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c + d*x])°n, x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O]

Rule 3473

Int[((b_.)*tan[(c_.) + (d_)*(x_)1)"(n_), x_Symbol] :> Simp[(b*(bxTan[c + d
*x])"(n - 1))/(d*(n - 1)), x] - Dist[b”2, Int[(b*Tan[c + d*x])"(n - 2), x],
x] /; FreeQ[{b, c, 4}, x] && GtQ[n, 1]

Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]

Rule 2611

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_.)*x((b_.)*tanl[(e_.) + (£_.)*(x_)1)"(
n_), x_Symbol] :> Simp[(bx(a*Secl[e + f*x]) m*(bxTan[e + fxx])~(n - 1))/ (£*(
m+n-1)), x] - Dist[(b™2%x(n - 1))/(m + n - 1), Int[(a*Sec[e + f*x]) m*(b
xTan[e + fxx])~(n - 2), x], x] /; FreeQl{a, b, e, f, m}, x] && GtQ[n, 1] &&
NeQ[m + n - 1, 0] &% IntegersQ[2*m, 2#n]

Rule 3770

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Rule 2607

Int[sec[(e_.) + (f_D)*&x )1 " (m )*((b_.)*tan[(e_.) + (f_D)*(x)1)"(n_.), xS
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*(1 + x~2)"(m/2 - 1), x], x, Tan[e + f
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[0, n, m - 1])

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 3768

Int[(cscl(c_.) + (d_)*(x_)]*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
Jx(b*Csclc + d*x])"(n - 1))/(d*x(n - 1)), x] + Dist[(b™2x(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &%
IntegerQ[2*n]

Rubi steps
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f(a +asec(e + fx))?(c — csec(e + fx))°dx = (azcz) f(c —csec(e + fx))® tan*(e + fx)dx
= (azcz) f (03 tan*(e + fx) — 3c®sec(e + fx) tan(e + fx) + 3¢® sec?(e
= (a2c5) ftan4(e + fx)dx — (a205) fsec3(e + fx) tan*(e + fx)dx - (

a*cPtan’(e + fx)  3a2c®sec(e + fx)tand(e + fx)  a*c®sec?(e + f:

I af i 6

_a2c5 tan(e + fx)  9a%c®sec(e + fx)tan(e + fx) N a%c® sec3(e + f3

f 8f 8f

9425 tanh ' (sine + fx))  a%c tan(e + £x) . 17a%c® sec(e
8f f

1942¢ tanh ™' (sin(e + fx))  a2c® tan(e + fx) . 17a%¢° sec(

16f f

= a?c°x

= a?cx —

Mathematica [A] time = 2.00263, size = 165, normalized size = 0.84

a*c® sec®(e + fx) (—210 sin(e + fx) —120sin(2(e + fx)) + 865 sin(3(e + fx)) — 768 sin(4(e + fx)) + 435 sin(5(e + fa

Antiderivative was successfully verified.

[In] Integratel[(a + a*Sec[e + f*x])~2x(c - c*Secl[e + f*x])~5,x]

[Out] (a"2*c~5*Sec[e + f*xx] 6%x(1200*e + 1200*f*x — 4560*ArcTanh[Sin[e + f*x]]*Cos
[e + £*x]76 + 1800*(e + f*xx)*Cos[2*(e + f*x)] + 720*exCos[4*(e + f*x)] + 72
O*xf*xx*Cos[4*(e + fxx)] + 120*e*Cos[6*(e + f*xx)] + 120%f*x*Cos[6*(e + f*x)]

- 210xSin[e + f*x] - 120*Sin[2*(e + f*x)] + 865*Sin[3*(e + f*x)] - 768*Sin[

4x(e + f*xx)] + 435+%Sin[b*(e + f*x)] - 88xSin[6*(e + f*x)]))/(3840%f)

Maple [A] time = 0.033, size = 186, normalized size = 1.

11c°a? (sec (fx + e))3 tan (fx + e) 29 c°a® sec (fx + e) tan (fx + e) 19c%? In (sec (fx + e) + tan (fx + e))
24f i 16 f 16 f

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+ax*sec(f*x+e)) 2% (c-c*sec(f*x+e))”5,x)

[Out] -11/24*a"2*xc 5*xsec(f*x+e) "3*xtan(f*x+e) /f+29/16*a~2xc 5*sec (f*x+e) *tan(f*x+e
)/f-19/16/f*c"5*a"2*x1n(sec(f*x+e)+tan(f*x+e))-11/15*%a"2*c " bxtan(f*x+e)/f-13
/15/f*c”b*a”~2*xtan (f*x+e) *sec (f*x+e) "2+a~2*c b*xx+1/f*a~2xc " 5*e+3/5/f*c~5*a"2

xtan (fxx+e)*sec (f*x+e) "4-1/6/f*xc"b*xa"2*tan (f*x+e) *sec (f*x+e) "5

Maxima [A] time = 1.03172, size = 451, normalized size = 2.3

96 (3 tan( x + 6)5 +10 tan (fx + 6)3 +15 tan (fx + e))a2c5 - 800 (tan (fx + 8)3 +3 tan (fx + e))a2c5 +480 (fJ
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2x(c-c*sec(f*x+e))~5,x, algorithm="maxima"

[Out] 1/480%(96x*(3*tan(f*x + e)~5 + 10*tan(f*x + e)~3 + 15xtan(f*x + e))*a~2*c”5
- 800*(tan(f*x + e)73 + 3*tan(f*x + e))*a”2%c”b + 480*(f*x + e)*a”2xc”5 + 5
*a"2xc”"B* (2% (15*sin(f*x + e)75 - 40*sin(f*x + )73 + 33*sin(f*x + e))/(sin(

fxx + e)76 - 3xsin(f*x + e)74 + 3*sin(f*x + e)72 - 1) - 1b6*xlog(sin(f*x + e)

+ 1) + 15*xlog(sin(f*x + e) - 1)) + 30%a”2xc”5*x(2x(3*sin(f*x + e)~3 - bxsin

(fxx + e))/(sin(f*x + e)74 - 2*sin(f*x + e)72 + 1) - 3*xlog(sin(f*x + e) + 1

) + 3*log(sin(f*x + e) - 1)) - 600*%a™2%c b (2*sin(f*x + e)/(sin(f*x + )72

- 1) - log(sin(f*x + e) + 1) + log(sin(f*x + e) - 1)) - 1440%a~2*c”5xlog(se
c(fxx + e) + tan(f*x + e)) + 480*a~2xc bxtan(f*x + e))/f

Fricas [A] time = 1.17058, size = 452, normalized size = 2.31

480 a%cfx cos (fx + 6)6 — 285a2¢% cos (fx + e)é log (sin (fx +e) +1) + 285 a%5 cos (fx + 6)6 log (—sin (fx +e) +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2x(c-c*sec(f*x+e))~5,x, algorithm="fricas")

[Out] 1/480%(480*a~2xc bxfxx*cos(f*x + e)”6 - 28b*a”2*c b*cos(f*x + e) 6*log(sin(
fxx + e) + 1) + 28b*a"2xc”bxcos(f*x + e) 6*log(-sin(f*xx + e) + 1) - 2x(176%
a~2xc”b*xcos(f*x + e)”5 - 435%a"2+c”5*cos(f*x + e)"4 + 208*a~2*c 5*cos(f*x +

e) "3 + 110*a”2*xc bxcos(f*x + e)”2 - 144*a~2*xc bxcos(f*x + e) + 40*a”2*c”5)
*sin(f*x + e))/(fxcos(f*x + e)76)

Sympy [F] time = 0., size = 0, normalized size = 0.
—a?c® (f(—l) dx + f35ec(e+fx)dx+ f—sec2 (e+fx)dx+ f—5S€C3 (e+fx)dx+ f5S€C4 (e+fx)dx+ fse(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atakxsec(f*x+e))**2*(c-c*xsec(f*x+e))**5,x)

[Out] -a*x*2xc*xb*(Integral(-1, x) + Integral(3x*sec(e + f*x), x) + Integral(-sec(e
+ f*x)**2, x) + Integral(-5*sec(e + f*x)**3, x) + Integral(b*sec(e + fx*x)*

x4, x) + Integral(sec(e + f*x)**5, x) + Integral(-3*sec(e + f*x)**x6, x) + I
ntegral (sec(e + f*x)**7, x))

Giac [A] time = 1.51932, size = 271, normalized size = 1.38

95 1 1 11
2(525a fo tan(z fx+s e) -
+

240 (fx + e)a2c5 - 285a%c° log (|tan (%fx + %e) + 1|) +285a%c® log (|tan (% fx+ %e) - 1|)

240 f

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((ata*sec(f*x+e)) 2*(c-cxsec(f*x+e))”5,x, algorithm="giac")

[Out] 1/240%(240*(f*x + e)*a”2xc”5 - 285xa~2xc b*log(abs(tan(1/2*xfxx + 1/2%e) + 1
)) + 28b*a”2xc”bxlog(abs(tan(l/2xf*x + 1/2xe) - 1)) + 2x(525*%a~2*c”~5*tan(1/
2xf*x + 1/2xe)”11 - 3135*a~2*c 5*xtan(1/2*f*x + 1/2%e)”9 + 1746%a”2xc 5*tan(
1/2xfxx + 1/2%e)”7 - 366*a~2*xc” bxtan(1/2xf*x + 1/2%e)”5 - 95*%a~2xc 5xtan(1/
2xfxx + 1/2%e)”3 + 4b*xa~2xc bxtan(1/2xf*x + 1/2%e))/(tan(1/2*xf*xx + 1/2%e)”2

- 1)76)/f
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3.2 f(a + asec(e + fx))*(c — csec(e + fx))* dx
Optimal. Leaf size=140

a?c* tan®(e + fx) . 2t tan’(e + fx)  a?c*tan(e + fx)  3a’c* tanh T\ (sin(e + fx))  a2c*tan®(e + fx)sec(e + fx)

5f 3f f af 2f

[Out] a~2*c™4*x - (3*a~2*c”4xArcTanh[Sinl[e + f*x]])/(4*f) - (a"2*c”4*Tanl[e + f*x]
)/f + (3*a"2+c"4*Secle + f*xx]*Tan[e + f*x])/(4*f) + (a"2*c 4*xTan[e + f*x]~3

)/ (3%f) - (a"2*c”4x*Secle + f*xx]*Tan[e + f*x]73)/(2*f) + (a"2*c"4*xTan[e + f*
x]75) / (6%f)

Rubi [A] time = 0.198988, antiderivative size = 140, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 8, integrand size = 26, number of rules

= 0.308, Rules used = {3904, 3886, 3473, 8, 2611, 3770, 2607, 30}

integrand size

2t tan®(e + fx)  a?cttan’(e+ fx)  a’cttan(e+ fx)  3a2c*tanh (sin(e + fx))  a?cttan®(e + fx)sec(e + fx)

5f 3f f Af 2f

Antiderivative was successfully verified.

[In] Int[(a + ax*Secle + f*x]) " 2x(c - c*Secle + f*xx])~4,x]

[Out] a"2*%c”4*x - (3*a"2xc 4xArcTanh[Sin[e + fx*xx]])/(4xf) - (a~2*c 4xTan[e + f*x]
)/f + (3*a~2%c"4xSecl[e + f*xx]*Tan[e + f*x])/(4xf) + (a"2*c"4*xTan[e + f*x]~3

)/ (3%f) - (a"2*c”4x*Secle + f*x]*Tan[e + £*x]73)/(2*f) + (a"2*c"4*xTan[e + f*
x]75)/(6%f)

Rule 3904

Int[(cscl(e_.) + (£_.)x(x_)]*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (f_.)*(x_)]1*(
d_.) + (c_))"(n_.), x_Symbol] :> Dist[(-(a*c))"m, Int[Cotl[e + f*xx]~(2*m)=*(c
+ d*Cscle + f*x])~(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && Eq
Qlbxc + axd, 0] && EqQ[a"2 - b"2, 0] && IntegerQ[m] && RationalQ[n] && !(I
ntegerQ[n] && GtQ[m - n, 0])

Rule 3886

Int[(cot[(c_.) + (d_.)*(x_)]*(e_.)) " (m_)*(cscl(c_.) + (d_.)*(x_)]1*(b_.) + (
a_)) (n_), x_Symbol] :> Int[ExpandIntegrand[(exCot[c + d*x])™m, (a + b*Csc[
c + d*x])°n, x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O]

Rule 3473

Int[((b_.)*tan[(c_.) + (d_)*(x_)1)"(n_), x_Symbol] :> Simp[(b*(bxTan[c + d
*x])"(n - 1))/(d*x(n - 1)), x] - Dist[b"2, Int[(b*Tan[c + d*x])"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2611

Int[((a_.)*sec[(e_.) + (£_)*(x_)1) " (m_.)*x((b_.)*tan[(e_.) + (£f_.)*x(x_)]1)"(
n_), x_Symbol] :> Simp[(b*(a*Sec[e + f*xx]) mx(bxTan[e + fxx]) " (n - 1))/ (£f*(
m+n-1)), x] - Dist[(b™2%(n - 1))/(m + n - 1), Int[(a*Sec[e + f*xx]) mx(b
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xTan[e + f*x])"(n - 2), x], x] /; FreeQ[{a, b, e, f, m}, x] && GtQ[n, 1] &&
NeQ[m + n - 1, 0] &% IntegersQ[2*m, 2#n]

Rule 3770

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, xI]

Rule 2607

Int[sec[(e_.) + (f_)*(x )] (m )*((b_.)*tan[(e_.) + (f_D)*x)])"(n_.), xS
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*(1 + x72)"(m/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[O, n, m - 1])

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rubi steps

f(u +asec(e + fx))?(c — csec(e + fx))*dx = (azcz) f(c —csec(e + fx))? tan*(e + fx)dx
= (azcz) f (c2 tan*(e + fx) — 2c% sec(e + fx) tan(e + fx) + 2 sec?(e +
= (a2c4) ftan4(e + fx)dx + (a2c4) fsecz(e + fx)tan*(e + fx)dx - (Z

:ﬁ&wﬁ@+f@_a%%%@+f@Mﬁ@+f@_@%ﬂJ}mﬂ&

3f 2f
_ a?c*tan(e + fx) N 3a2ctsec(e + fx)tan(e + fx)  a*c*tan’(e + f
f 4f 3f
b4 3a*ct tanh ™ (sin(e + fx)) a?c*tan(e + fx) . 3a%c* sec(e 4
= a?ctx — —
4f f

Mathematica [A] time = 1.15177, size = 146, normalized size = 1.04

a*ctsec®(e + fx) (40 sin(e + fx) + 60sin(2(e + fx)) — 220sin(3(e + fx)) + 150 sin(4(e + fx)) — 68 sin(5(e + fx)) +

Antiderivative was successfully verified.

[In] Integratel[(a + a*Sec[e + f*x])~2x(c - c*Secle + f*x])~4,x]

[Out] (a"2*c”4*Sec[e + fxx] " 5%(600%(e + f*x)*Cosl[e + f*x] - 720%ArcTanh[Sin[e + f
xx]]1*Cos[e + f*x]~5 + 300%exCos[3*(e + f*xx)] + 300%f*x*Cos[3*(e + f*x)] + 6
O*xexCos[5*(e + f*xx)] + 60*xf*x*Cos[bx(e + f*x)] + 40%Sin[e + f*x] + 60*Sin[2

x(e + f*x)] - 220%Sin[3*(e + f*x)] + 150*Sin[4*(e + f*x)] - 68*Sin[5*(e + f
*xx)1))/(960%f)

Maple [A] time = 0.028, size = 161, normalized size = 1.2

17c4a2tan(fx+e) c‘*tzztam(fx+e)(Sec(fx+e))2 504uzsec(fx+e)tan(fx+e) 3c4a21n(sec(fx+e)
- - +

15 f 15 f 4f 4f
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((ataxsec(f*xx+e)) 2x(c—c*sec(f*x+e)) 4,x)

[Out] -17/15%a~2*xc 4xtan(f*x+e)/f-1/15/f*xc 4*xa~2xtan (f*x+e)*xsec(f*x+e) ~2+5/4%a~2*
c"4xsec(fxx+e)*xtan(f*x+e)/f-3/4/f*xc " 4*a"2x1n(sec(f*x+e)+tan(f*x+e))+a”2*xc™4
*x+1/f*xa"2%c"4xe-1/2/fxc 4*xa"2xtan (fxx+e) *sec (f*xx+e) "3+1/5/f*c"4*a " 2xtan (fx*

x+e)*xsec(fxx+e) "4

Maxima [A] time = 1.03812, size = 324, normalized size = 2.31

8 (3 tan (fx + 6)5 +10 tan (fx + 3)3 +15 tan( x + e))azc4 - 40 (tan (fx + 6)3 +3 tan (fx + e))a2c4 +120 (fx + e)c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sec(f*x+e)) 2% (c-cxsec(f*x+e)) 4,x, algorithm="maxima")

[Out] 1/120%(8*(3*tan(f*x + e)~5 + 10*tan(f*x + e)”~3 + 1bxtan(f*x + e))*a"2*c”™4 -
40x(tan(f*x + e)73 + 3xtan(fxx + e))*a~2*c™4 + 120%(f*x + e)*a”2xc”™4 + 15%
a~2%c 4% (2% (3*sin(f*x + e)”3 - 5*sin(f*x + e))/(sin(f*x + e)”4 - 2*sin(f*x
+ e)72 + 1) - 3*xlog(sin(f*x + e) + 1) + 3*xlog(sin(f*x + e) - 1)) - 120%a”2x
c"4x(2xsin(f*x + e)/(sin(f*x + e)72 - 1) - log(sin(f*x + e) + 1) + log(sin(
fxx + e) - 1)) - 240%a"2xc”4xlog(sec(f*x + e) + tan(f*x + e)) - 120*a"2*c™4

xtan(f*x + e))/f

Fricas [A] time = 1.13531, size = 404, normalized size = 2.89

120 a%c* fx cos (fx + 6)5 — 45 a%c* cos (fx + 6)5 log (sin (fx + e) + 1) +45a?c* cos (fx + 6)5 log (— sin (fx + e) + 1) -
120 f cos (f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(fxx+e)) 2x(c-c*sec(f*x+e)) 4,x, algorithm="fricas")

[Out] 1/120%(120%a”2xc”4xf*x*cos(f*x + e)”5 - 4b*xa~2*c 4xcos(f*x + e) b*log(sin(f
*x + e) + 1) + 45xa”2xc”4*cos(f*x + e) bkxlog(-sin(f*x + e) + 1) - 2%(68xa~2
xc"4xcos(fxx + e)74 - Thka"2kc 4*cos(f*x + e)73 + 4*a"2*c"4xcos(f*x + e)72

+ 30%a"2xc"4xcos(f*x + e) - 12xa"2xc”4)*sin(f*x + e))/(f*cos(f*x + e)75)

Sympy [F] time = 0., size = 0, normalized size = 0.

a2c4(f1dx+f—2sec(e+fx)dx+f—secz(e+fx)dx+f4sec3(e+fx)dx+f—sec4(e+fx)dx+f—28ec5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))**2x(c-c*sec(f*x+e))**4,x)
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[Out] a**2xc**4x(Integral(l, x) + Integral(-2xsec(e + f*x), x) + Integral(-sec(e
+ f*x)*x2, x) + Integral(4x*sec(e + f*x)*x3, x) + Integral(-sec(e + f*x)*x*4,
x) + Integral(-2*sec(e + f*x)**5, x) + Integral(sec(e + f*x)**6, x))

Giac [A] time = 1.44588, size = 244, normalized size = 1.74

2 (105 a’ct tan(% fx+% e) -5.
+

60 (fx + e)a2c4 —45a%c*log (|tan (%fx + %e) + 1|) +45a%ctlog (|tan (%fx + %e) - 1|)

60 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2*(c-c*ksec(f*x+te)) 4,x, algorithm="giac")

[Out] 1/60%(60*(f*xx + e)*a”2*xc™4 - 45xa~2*xc"4*log(abs(tan(1/2*xfxx + 1/2%e) + 1))
+ 45xa”2xc"4*xlog(abs(tan(1/2xfxx + 1/2%e) - 1)) + 2*x(105%xa~2xc 4*xtan(1/2*fx*
X + 1/2xe)”9 - 530xa”~2xc 4xtan(1/2xf*x + 1/2*e)”7 + 328*a”2*xc 4xtan(1/2*xf*x

+ 1/2%e)”5 - 110*a"2xc 4xtan(1/2*xf*x + 1/2*%e)”3 + 15xa~2*xc 4xtan(1/2*xf*x +

1/2xe))/(tan(1/2*fxx + 1/2%e)”2 - 1)75)/f



70

3.3 f(a + asec(e + fx))*(c — csec(e + fx))° dx
Optimal. Leaf size=97

34263 tanh ™~ (sin(e + £x)) a*tan®(e + fx) (4c3 —3c3 sec(e + fx)) a® tan(e + fx) (803 - 3c3 sec(e + fx)) ) s
-~ + -~ + a?c3x
8f 12f 8f

[Out] a"2*c”3xx - (3*xa”"2xc”3*%ArcTanh[Sin[e + f*x]])/(8%f) - (a"2%(8%c”3 - 3%c”~3%S
ecle + f*xx])*Tanl[e + f*x])/(8*f) + (a"2%(4*xc”3 - 3*c”3*Sec[e + fxx])*Tan[e
+ f*xx]73)/(12%f)

Rubi [A] time = 0.117992, antiderivative size = 97, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 26, e -

0.115, Rules used = {3904, 3881, 3770}

integrand size

_3azc3 tanh ™ (sin(e + £x)) N a?tan®(e + fx) (4c3 —3c3 sec(e + fx)) ) a® tan(e + fx) (8c3 —3c3 sec(e + fx)) \ 20

8f 12f 8f

Antiderivative was successfully verified.

[In] Int[(a + ax*Secle + fx*x]) " 2x%(c - c*Secle + f*x])~3,x]

[Out] a~2*xc~3xx - (3*xa~2xc~3%ArcTanh[Sin[e + f*x]])/(8%f) - (a~2%(8%c~3 - 3%c~3%S
ecle + f*x])*Tanl[e + f*x])/(8%f) + (a~2%(4*c”3 - 3*xc~3*xSec[e + f*x])*Tan[e
+ f*xx]73)/(12%f)

Rule 3904

Int[(cscl(e_.) + (f_.)x(x_)]*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (f_.)*(x_)]1*(
d_.) + (c_))"(n_.), x_Symbol] :> Dist[(-(a*c))"m, Int[Cotl[e + f*xx]~(2*m)=*(c
+ d*Cscle + f*x])~(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && Eq
Qlbxc + axd, 0] && EqQ[a"2 - b72, 0] && IntegerQ[m] && RationalQ[n] && !(I
ntegerQ[n] &% GtQ[m - n, 0])

Rule 3881

Int[(cot[(c_.) + (d_.)*(x_)]*(e_.)) " (m_)*(cscl(c_.) + (d_.)*x(x_)I*x(b_.) + (
a_)), x_Symbol] :> -Simp[(ex(exCot[c + d*x])~(m - 1)*(a*m + bx(m - 1)*Csclc
+ d*x]))/(d*m*(m - 1)), x] - Dist[e”2/m, Int[(exCot[c + d*x])~(m - 2)*(a*m
+ bx(m - 1)*Csclc + d*x]), x], x] /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1
]

Rule 3770
Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps
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f(a +asec(e + fx))?(c — csec(e + fx))>dx = (azcz) f(c —csec(e + fx)) tan'(e + fx)dx
~ a? (4c3 —3c3sec(e + fx)) tand(e + fx) 1

(azcz) f(4c — 3csec(e +

12f 4
_ a? (803 —3c3sec(e + fx)) tan(e + fx) N a? (4:c3 - 3c3sec(e + fx)) t
8f 12f
_ 2oy a? (8c3 - 3c3sec(e + fx)) tan(e + fx) . a? (403 —3c3sec(e +
8f 12
_ 20— 3423 tanh_l(sin(e +f1) a? (8c3 — 33 sec(e + fx)) tan(e-
8f 8f

Mathematica [A] time = 0.737631, size = 122, normalized size = 1.26

a*c3 sect(e + fx) (—18 sin(e + fx) — 32sin(2(e + fx)) + 30sin(3(e + fx)) — 32sin(4(e + fx)) + 96(e + fx) cos(2(e +
192f

Antiderivative was successfully verified.

[In] Integratel[(a + ax*Secl[e + f*x])~2x(c - c*Secl[e + f*x])~3,x]

[Out] (a~2*c~3*Secle + fxx] " 4*x(72%e + 72*xfxx - 72xArcTanh[Sin[e + f*x]]*Cosl[e + f
*x] 74 + 96x(e + f*xx)*Cos[2%(e + f*x)] + 24*exCos[4*x(e + f*xx)] + 24*f*x*Cos[

4x(e + fxx)] - 18+Sin[e + f*x] - 32%Sin[2*(e + fxx)] + 30*Sin[3*(e + f*x)]

- 32+Sin[4*(e + f*x)]1))/(192%f)

Maple [A] time = 0.025, size = 136, normalized size = 1.4

5c2a? sec (fx+e)tan(fx+e) 3c3a21n(sec(fx+e)+tan(fx+e)) 4c3a2tan(fx+e) , 5 @
57 - T - 37 +a%c3x +

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*sec(f*x+e)) "2x(c-c*sec(f*xx+e))”3,x)

[Out] 5/8/f*c~3*a"2*xsec(f*x+e)*xtan(f*x+e)-3/8/f*xc 3*xa"2*x1n(sec(f*x+e)+tan(f*x+e))
-4/3/fxc”3%a"2xtan (fxx+e)+a~2*xc " 3xx+1/f*a"2*%c " 3*xe+1/3/f*xc " 3xa " 2xtan (f*xx+e) *
sec(f*xx+e)~2-1/4/f*c~3*%a"2*xtan(f*x+e) *sec(f*x+e) 3

Maxima [B] time = 1.0294, size = 274, normalized size = 2.82

2 (3 sin(fx+e)3—5 sin(fx+e))

sin(fx+e)4—2 sin(fx+e)2+1

16 (tan (fx + 6)3 +3 tan (fx + e))u2c3 +48 (fx + e)a2c3 +3a%c -3 log (sin (fx + e) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2*(c-c*ksec(f*x+e))”~3,x, algorithm="maxima"
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[Out] 1/48x(16x(tan(f*x + e)73 + 3xtan(f*x + e))*a~2%c”™3 + 48x(f*x + e)*a”2xc”3 +
3%a”2%c” 3% (2% (3*sin(f*x + e)73 - bksin(f*x + e))/(sin(f*x + e)”4 - 2*sin(f

*xx + e)72 + 1) - 3*xlog(sin(f*x + e) + 1) + 3*xlog(sin(f*x + e) - 1)) - 24xa”
2xc”3* (2*sin(f*x + e)/(sin(f*x + )72 - 1) - log(sin(f*x + e) + 1) + log(si
n(f*x + e) - 1)) - 48*%a”2xc”3*log(sec(f*x + e) + tan(f*x + e)) - 96%a~2%c~3
xtan(fxx + e))/f

Fricas [A] time = 1.16392, size = 359, normalized size = 3.7

48 a?c® fx cos (fx + 6)4 —942c3 cos (fx + 6)4 log (sin (fx + e) + 1) +9a%c3 cos (fx + 6)4 log (— sin (fx + e) + 1) -2 (E

48 f cos (fx + 6)4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2*(c-c*sec(f*x+e))”~3,x, algorithm="fricas")

[Out] 1/48x(48*a~2xc”3xf*x*cos(f*x + e)”4 - 9*a~2xc”3*cos(f*x + e) 4*log(sin(f*x
+ e) + 1) + 9%xa”2%c”3*cos(f*x + e) 4*xlog(-sin(f*x + e) + 1) - 2% (32%a"2%c”3
xcos(f*x + e)73 - 15%xa”2kxc”3*cos(f*x + e)72 - 8*%a”2*c"3*cos(f*x + e) + 6%a”
2xc”3)*sin(f*x + e))/(fxcos(f*x + e)~4)

Sympy [F] time = 0., size = 0, normalized size = 0.

—a?c® (f(—l) dx+fsec(e+fx)dx+f28ec2 (e+fx)dx+f—2:sec3 (e+fx)dx+f—sec4 (e+fx)dx+fsec5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*xx+e))**2x(c-c*sec(f*x+e))**3,x)

[Out] -ax*2*kcx*3%(Integral(-1, x) + Integral(sec(e + f*x), x) + Integral(2+*sec(e
+ f*x)**2, x) + Integral(-2*sec(e + f*x)**3, x) + Integral(-sec(e + f*x)*x4
, x) + Integral(sec(e + f*x)**x5, x))

Giac [A] time = 1.51961, size = 217, normalized size = 2.24

7
2 (33 a?c3 tan(% fx+% e) ~137 a2¢3 t:
+

24 (fx + e)a203 -9a%c3log (|tan (%fx + %e) + 1|) +9a%clog (|tan (%fx + %e) - 1|)

24 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2*x(c-c*sec(f*x+e))”3,x, algorithm="giac")

[Out] 1/24%(24x(f*x + e)*a”2xc™3 - 9*a~2xc”3xlog(abs(tan(l/2xf*x + 1/2xe) + 1)) +
9%a~2*xc"3*log(abs(tan(1/2*xf*x + 1/2%e) - 1)) + 2*(33*a”2xc”3*xtan(1/2*f*x +
1/2*%e)”7 — 137*a"2+c " 3*tan(1/2*xf*x + 1/2*e)”5 + T1*xa~2*c 3*xtan(1/2xf*x + 1
/2xe)”3 - 15%xa~2xc " 3*tan(1/2xf*x + 1/2xe))/(tan(1/2xf*x + 1/2xe)"2 - 1)74)/

f
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3.4 f(a + asec(e + fx))*(c — csec(e + fx))* dx
Optimal. Leaf size=47

a?c?x

a?c®tan’(e + fx)  a?c®tan(e + fx) s

3f f

[Out] a~2%c™2%x — (a~2%c™2xTanl[e + fx*x])/f + (a~2%c”2*xTan[e + f*x]~3)/(3%f)

Rubi [A] time = 0.0646025, antiderivative size = 47, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 3, integrand size = 26, n.umber—()fn,ﬂes =
integrand size
0.115, Rules used = {3904, 3473, 8}
202 tan3 22 ¢
a“ctan”(e + fx) _a‘c an(e + fx) 2y
3f f

Antiderivative was successfully verified.

[In] Int[(a + a*Sec[e + f*x]) 2%(c - c*Secle + f*x])"2,x]
[Out] a~2%c™2*x - (a~2*c™2xTanl[e + f*x])/f + (a"2xc”2*xTan[e + f*x]~3)/(3*f)

Rule 3904

Int[(cscl(e_.) + (£_.)*x(x_)]*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]x*(
d_.) + (c_))"(n_.), x_Symbol] :> Dist[(-(a*c))"m, Int[Cot[e + f*xx]~(2*m)=*(c
+ d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, ¢, d, e, f, n}, x] && Eq
Qlbxc + axd, 0] && EqQ[a"2 - b72, 0] && IntegerQ[m] && RationalQ[n] && !(I
ntegerQ[n] &% GtQ[m - n, 0])

Rule 3473

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(b*(bxTan[c + d
*x])"(n - 1))/(@d*x(n - 1)), x] - Dist[b"2, Int[(b*Tan[c + d*x])~"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps

f (a +asec(e+ f)c - eseo(e + fx)2 dx = (a2c?) f tant(e + fx)dx
_ ”ZCztaI;f”f Y _ (a2c2) f tan?(e + fx)dx
_ i tarjl[(e+ fx) .\ a?c? tar;‘;(e+ fx) .\ (a2c2) fl o
20, Ptan(e+ fx) e tan’(e + fx)

= a“ccx — 7 5f

Mathematica [A] time = 0.0339771, size = 45, normalized size = 0.96

22 (tan3(e + fx) N tan!(tan(e + fx)) _ tan(e +fx))
3f f f
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Antiderivative was successfully verified.

[In] Integratel[(a + a*Sec[e + f*x])~2x(c - c*Secle + f*x])~2,x]

[Out] a~2*c"2x(ArcTan[Tanle + f*x]]/f - Tanle + fxx]/f + Tanl[e + f*x]~3/(3%f))

Maple [A] time = 0.021, size = 58, normalized size = 1.2

(so(fx+))
1 —2(:2112tan(fx+e)_|.C2az(fx_i_€)_c2 2[_%_¥

f 3

tan (fx + e)]

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ataxsec(f*xx+e)) " 2x(c-c*sec(f*x+e))”2,x)

[Out] 1/fx(-2xc”2%a"2*tan(f*xx+e)+c 2%a 2% (f*xx+e)-c 2xa" 2% (-2/3-1/3*xsec(f*xx+e) ~2)*

tan(f*xx+e))

Maxima [A] time = 1.01444, size = 77, normalized size = 1.64

(tan( x + 6)3 +3 tan (fx + e))azcz +3 (fx + e)azc2 — 6a°c? tan (fx + e)

3f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2x(c-c*sec(f*x+e))”~2,x, algorithm="maxima"

[Out] 1/3*%((tan(f*x + e)73 + 3*xtan(f*x + e))*a"2*xc”2 + 3*x(f*x + e)*a~2*%c”2 - 6%*a”
2%c”2xtan(f*x + e))/f

Fricas [A] time = 1.07713, size = 144, normalized size = 3.06

3a%c?fx cos (fx + 6)3 - (4 a*c? cos (fx + e)z - azcz) sin (fx + e)

3fcos( x+e)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2x(c-c*sec(f*x+e))”~2,x, algorithm="fricas")

[Out] 1/3%(3*xa"2*xc 2xf*xxxcos(f*xx + e)”3 - (4*xa~2*xc ™ 2*xcos(f*x + e)”2 - a~2*%xc™2)*si
n(fxx + e))/(fxcos(f*x + e)~3)

Sympy [F] time = 0., size = 0, normalized size = 0.

a*c? (fl dx+f—28ec2 (e+fx) dx+fsec4 (e+fx)dx)
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((ata*sec(f*x+e))**2x(c-c*sec(f*x+e))**2,x)

[Out] a**2xc**2x(Integral(l, x) + Integral(-2*sec(e + f*xx)*x2, x) + Integral(sec(

e + fxx)**x4, x))

Giac [A] time = 1.43435, size = 69, normalized size = 1.47

a%c? tan (fx + 6)3 +3 (fx + e)a2c2 - 3a?c% tan (fx + e)

3f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2*(c-cxsec(f*x+e))”2,x, algorithm="giac")

[Out] 1/3x(a"2*c ™ 2*xtan(f*x + e)73 + 3x(f*x + e)*a~2%c™2 - 3*xa~2xc 2xtan(f*x + e))
/f
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3.5 f(a + asec(e + fx))*(c — csec(e + fx))dx
Optimal. Leaf size=55

a2ctanh™ (sin(e + fx)) _ ctan(e + fx) (a2 sec(e + fx) + 2a2)

2f 2f

+ acx

[Out] a"2*c*x + (a~2*cxArcTanh[Sin[e + f*x]]1)/(2*xf) - (c*x(2*¥a”"2 + a"2*Sec[e + f*x
1)*Tanl[e + fx*x])/(2%f)

Rubi [A] time = 0.0626252, antiderivative size = 55, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 24, e .

0.125, Rules used = {3904, 3881, 3770}

integrand size

2

a?ctanh ™ (sin(e + fx)) ctan(e+ fx) (az sec(e + fx) + 2a2)
- + a?cx

2f 2f

Antiderivative was successfully verified.

[In] Int[(a + a*Secl[e + fx*xx]) 2x(c - c*xSecle + fx*xx]),x]

[Out] a~2*c*x + (a~2*ckArcTanh[Sinl[e + f*x]]1)/(2*%f) - (c*x(2*%a”2 + a~2*Secl[e + f*x
1) *Tan[e + fx*x])/(2*f)

Rule 3904

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (f_.)*x(x_)1*(
d_.) + (c_))"(n_.), x_Symbol] :> Dist[(-(a*c))"m, Int[Cot[e + f*x]~(2*m)*(c
+ d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, ¢, d, e, f, n}, x] && Eq
Q[bxc + axd, 0] && EqQ[a"2 - b72, 0] && IntegerQ[m] && RationalQ[n] && !(I
ntegerQ[n] &% GtQ[m - n, 0])

Rule 3881

Int[(cot[(c_.) + (d_.)*x(x_)]*(e_.)) " (m_)*(cscl(c_.) + (d_.)*x(x_)I*x(b_.) + (
a_)), x_Symbol] :> -Simp[(ex(exCot[c + d*x])~(m - 1)*(a*m + b*(m - 1)*Csclc
+ d*x]))/(d*mx(m - 1)), x] - Dist[e”2/m, Int[(exCot[c + d*x]) (m - 2)*(a*m
+ bx(m - 1)*Cscl[c + d*x]), x], x] /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1
]

Rule 3770
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]1/d, x]

/; FreeQ[{c, d}, x]

Rubi steps
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f(a +asec(e + fx))?(c — csec(e + fx))dx = — ((ac) f(a + asec(e + fx)) tan?(e + fx) dx)

c (Zuz + a?sec(e + fx)) tan(e + fx) 1

=- + E(ac) f(Za + asec(e + fx))d:

2f
24 42
2 (Za +a sec(e;ffx)) tan(e + fx) N % (azc) fsec(e T fx)da
o, a?c tanh ' (sin(e + fx)) ¢ (25[2 + a? sec(e + fx)) tan(e + fx)
=a°cx + T; - 27

Mathematica [A] time = 0.291376, size = 72, normalized size = 1.31

a’csec?(e + fx) (— sin(e + fx) —sin(2(e + £x)) + (e + fx) cos(2(e + fx)) + cos®(e + fx) tanh ™ (sin(e + fx)) +e + f

2f

Antiderivative was successfully verified.

[In] Integrate[(a + a*Sec[e + f*x]) 2x(c - c*Secle + f*x]),x]

[Out] (a~2*c*Secle + f*x] 2x(e + f*xx + ArcTanh[Sin[e + f*x]]*Cos[e + f*xx]~2 + (e
+ fxx)*Cos[2*x(e + f*xx)] - Sinf[e + fx*x] - Sin[2%(e + fx*x)]))/(2%f)

Maple [A] time = 0.02, size = 76, normalized size = 1.4

uzcln(sec(fx+e)+tan(fx+e)) ,  ake a2ctan(fx+e) azcsec(fx+e)tan(fx+e)
+acx + - -

2f f f 2f

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*sec(f*x+e)) 2%(c-c*sec(f*x+e)),x)

[Out] 1/2/f*xa"2*xc*1ln(sec(f*xx+e)+tan(f*xx+e))+a~2kxckx+1/f*xa"2*xcke-1/f*xa"2*c*xtan (f*x
+e)-1/2/f*a"2*cxsec (f*x+e) xtan(f*xx+e)

Maxima [A] time = 1.07022, size = 128, normalized size = 2.33

2omlfxre) sin(fx+e) —log (sin (fx + e) + 1) + log (sin (fx + e) - 1)) +4a*clog (sec (fx + e) +tan (fx

4f

4 (fx + e)azc + azc(

sin(fx+e)2—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2%x(c-c*sec(f*x+e)),x, algorithm="maxima")
g g

[Out] 1/4*(4*x(f*x + e)*a”2*c + a~2xc*x(2*sin(f*x + e)/(sin(f*x + e)72 - 1) - log(s
in(f*x + e) + 1) + log(sin(f*x + e) - 1)) + 4xa"2*xcxlog(sec(f*x + e) + tan(
fxx + e)) - 4xa”2xcxtan(f*x + e))/f
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Fricas [B] time = 1.07603, size = 259, normalized size = 4.71

4a’cfxcos (fx + 3)2 + a®c cos (fx + 3)2 log (sin (fx + e) +1) — a?ccos (fx + e)zlog (— sin (fx + e) +1) - 2(2azccos
4 f cos (fx+e)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2*x(c-c*sec(f*x+e)),x, algorithm="fricas")

[Out] 1/4*(4*xa”~2*ckxfxx*kcos(f*x + e)”2 + a"2xc*cos(f*x + e) 2xlog(sin(f*x + e) + 1
) - a”2*xcxcos(f*x + e) 2*log(-sin(fxx + e) + 1) - 2x(2%a”2xc*cos(f*x + e) +
a~2xc)*sin(f*x + e))/(fxcos(f*x + e)72)

Sympy [F] time = 0., size = 0, normalized size = 0.

—a%c (f(—l) dx+f—sec (e+fx) dx+fsec2 (e+fx)dx+fsec3 (e+fx)dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ataxsec(fxx+e))**2*(c-c*sec(f*x+e)),x)

[Out] -ax*2*xcx(Integral(-1, x) + Integral(-sec(e + fxx), x) + Integral(sec(e + fx
x)*%2, x) + Integral(sec(e + f*x)**3, x))

Giac [B] time = 1.36062, size = 147, normalized size = 2.67

) 1,1\ ., 1, 1
a ctan(zfx+i e) -3a ctan(i fx+s e))

(tan(% fxts 3)2—1)2

2
2(fx+ e)azc + a%clog (|tan(%fx + %e) + 1|) —a%clog (ltan (%fx + %e) —1|) + (

2f
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2x(c-c*sec(f*x+e)),x, algorithm="giac")

[Out] 1/2%(2%(fxx + e)*a”2%c + a"2*c*log(abs(tan(l/2xf*x + 1/2%e) + 1)) - a2*cxl
og(abs(tan(1/2xf*xx + 1/2%e) - 1)) + 2x(a"2*c*xtan(1l/2*f*x + 1/2%xe)”3 - 3*a”2
xcxtan(1/2xf*xx + 1/2xe))/(tan(1/2*xf*x + 1/2*%e)"2 - 1)72)/f
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2
36 f (a+asec(e+fx)) dx

c—csec(e+fx)

Optimal. Leaf size=56

a?tanh'(sin(e + fx))  4a’tan(e+ fx)  a%x

cf e

[Out] (a"2*x)/c - (a"2*ArcTanh[Sin[e + f*x]])/(c*xf) - (4xa"2*Tan[e + fxx])/(c*xfx*(
1 - Secle + f*x]))

Rubi [A] time = 0.163921, antiderivative size = 56, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 26, e .

0.231, Rules used = {3903, 3777, 8, 3794, 3789, 3770}

integrand size

N tanh™ (sin(e + fx)) ~ 4a® tan(e + fx)  a’x

cf cf(1 —sec(e+ fx)) +7

Antiderivative was successfully verified.

[In] Int[(a + a*Secle + fx*x])"2/(c - cxSecle + fx*xx]),x]

[Out] (a"2*x)/c - (a"2xArcTanh[Sin[e + f*x]])/(cxf) - (4xa~2*xTan[e + fxx])/(ckxfx*(
1 - Secl[e + f*x]))

Rule 3903

Int[(cscl(e_.) + (£_D*x(x_)I*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1*(
d_.) + (c_))"(n_), x_Symbol] :> Dist[c”™n, Int[ExpandTrig[(1 + (dxcscle + fx
x])/c)"n, (a + b*cscl[e + f*x])"m, x], x], x] /; FreeQ[{a, b, c, d, e, f, n}
, x] &% EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && IGtQ[m, O] && ILtQ[n, O]
&% LtQ[m + n, 2]

Rule 3777

Int[(cscl(c_.) + (d_)*(x_)I*(b_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ dx*x]*(a + b*Cscl[c + d*x])"n)/(d*x(2*n + 1)), x] + Dist[1/(a"2%x(2*n + 1)),
Int[(a + b*Csclc + d*x])"(n + 1)*x(ax(2*xn + 1) - bx(n + 1)*Csclc + dx*x]), x]
, x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b~2, 0] && LeQ[n, -1] && Intege
rQ[2x*n]

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3794

Intlcscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x)1*(b_.) + (a_)), x_Symbo
1] :> -Simp[Cotl[e + f*x]/(fx(b + a*Csc[e + f*x])), x] /; FreeQ[{a, b, e, f}
, x] & EqQ[a"2 - b~2, 0]

Rule 3789

Intlcscl(e_.) + (f_.)*x(x_)1"2/(cscl(e_.) + (f_.)*(x)Ix(b_.) + (a_)), x_Sym
bol]l :> Dist[1/b, Int[Cscle + f*x], x], x] - Dist[a/b, Int[Cscle + fxx]/(a
+ bxCscle + f*x]), xJ, x] /; FreeQ[{a, b, e, f}, x]
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Rule 3770
Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]1/d, x]

/; FreeQ[{c, d}, x]

Rubi steps

a? 242 sec(e+ fx) a% sec?(e+ fx)
f (a + asec(e + fx))z dx = f 1-sec(e+fx) 1—sec(e+fx) 1-sec(e+fx)
c—csec(e + fx) -

Elzf 1 (le zf sec?(e+£x) dx (2ﬂ2)f sec(e+fx) dx
+

1-sec(e+fx) 1-sec(e+fx) 1-sec(e+fx)

c c c
3a2 tan(e + fx) a2 f -ldx a? f sec(e + fx) dx a> f 152221;1)
_cf(l—sec(e+fx)) - c - c c
_a’x a? tanh ' (sin(e + fx)) 442 tan(e + fx)
T cf _cf(l—sec(e+fx))

Mathematica [B] time = 0.285926, size = 169, normalized size = 3.02

a® csc ( ) Sln( (e+ fx)) ( cos (f ) (log (cos ( (e+ fx)) —sin (%(e + fx))) - log (sin (%(e + fx)) + cos (%(e + fx)))
cf (cos(

Antiderivative was successfully verified.

[In] Integratel[(a + ax*Sec[e + f*x])~2/(c - c*Secle + fx*x]),x]

[Out] (a"2xCscle/2]*(-(Cos[(f*x)/2]*(f*x + Log[Cos[(e + fxx)/2] - Sin[(e + fx*x)/2
11 - Logl[Cos[(e + f*x)/2] + Sin[(e + £*x)/2]]1)) + Cosle + (fxx)/2]*(f*x + L
oglCos[(e + f*x)/2] - Sin[(e + f*x)/2]] - Logl[Cos[(e + f*x)/2] + Sin[(e + £
*xx)/2]]) + 8xSin[(f*x)/2])*Sin[(e + £f*x)/2])/(cxf*x(-1 + Cosl[e + f*x]))

Maple [A] time = 0.079, size = 90, normalized size = 1.6

2

oo 02 ) (56 €) 1)

e a
fc fc 2 fc 7+§)_1)+4fctan(1/2fx+e/2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*sec(f*x+e)) 2/ (c—c*sec(f*x+e)) ,x)

[Out] 2/f*a"2/c*arctan(tan(1l/2xf*xx+1/2*xe))-1/f*a"2/cx1ln(tan(1/2*xf*xx+1/2%e)+1)+1/f
*a"2/cx1ln(tan(1/2xfxx+1/2%e)-1)+4/f*a"~2/c/tan(1/2xf*xx+1/2*e)

Maxima [B] time = 1.59887, size = 207, normalized size = 3.7

sin( x+e)
cos(fx+e)+1) + COS(fx+E)+1

¢ c sin( x+e) c c c sin(fx+e) c sin(fx+e)

2 arctan 1 sin( x+e) +1 o sin(fxﬂ’) _
) 5 cos(fr+e)+1 cos(fx+e)+1 cos( x+e)+l N 2a2(cos(fx+e)+1)
a —
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ataxsec(fx*x+e)) 2/ (c-c*sec(f*x+e)),x, algorithm="maxima"

[Out] (a"2x(2*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/c + (cos(f*x + e) + 1)/(c*s
in(f*x + e))) - a"2*(log(sin(f*x + e)/(cos(fxx + e) + 1) + 1)/c - log(sin(f

xx + e)/(cos(f*x + e) + 1) - 1)/c - (cos(f*x + e) + 1)/(cxsin(f*x + e))) +
2%a"2*(cos(f*x + e) + 1)/(cxsin(f*x + e)))/f

Fricas [A] time = 1.09638, size = 217, normalized size = 3.88

2a2fxsin(fx+e) —azlog(sin(fx+e) +1)sin(fx+e) +a210g(—sin(fx+e) +1)sin(fx+e) +8aZCos(fx+‘
2cfsin(fx+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2/ (c-c*xsec(f*x+e)),x, algorithm="fricas")

[Out] 1/2%(2*xa"2*f*xx*sin(f*x + e) - a"2*log(sin(f*x + e) + 1)*sin(f*x + e) + a™2x%
log(-sin(f*x + e) + 1)*sin(f*x + e) + 8*a"2xcos(f*x + e) + 8*%a~2)/(c*f*sin(
fxx + e))

Sympy [F] time = 0., size = 0, normalized size = 0.

5 2sec (e+fx) sec? (e+fx) 1
¢ (f sec (e+fx)—1 dx + f sec (e+fx)—1 dx + f sec (e+fx)—1 dx

c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ataxsec(fxx+e))**2/(c-c*sec(f*x+e)),x)

[Out] -a**2*x(Integral(2*sec(e + f*xx)/(sec(e + fxx) - 1), x) + Integral(sec(e + fx
x)**%2/(sec(e + f*x) - 1), x) + Integral(l/(sec(e + f*x) - 1), x))/c

Giac [A] time = 1.38402, size = 109, normalized size = 1.95

(fx+e)a2 a? log(|tan(%fx+% e)+1|) . a2 log(|tan(%fx+% e)—l|) N 402

c c c 1 1
ctan(2 fx+s e)

f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2/ (c-c*sec(f*x+e)),x, algorithm="giac")

[Out] ((f*x + e)*a”2/c - a"2*xlog(abs(tan(1/2xf*x + 1/2%e) + 1))/c + a"2*log(abs(t
an(1/2xf*x + 1/2xe) - 1))/c + 4*a~2/(cxtan(1/2xf*x + 1/2%e)))/f
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2
37 f (a+asec(e+fx)) dx

(c—csec(e+fx))?

Optimal. Leaf size=71

4a? tan(e + fx) 4a? tan(e + fx) a’x
T32f(1—secle + fx))  32f(—socle + fA))E | 2

[Out] (a”2*x)/c”2 - (4*xa~2xTan[e + f*x])/(Bxc™2xf*x(1 - Secl[e + f*x])"2) - (4*xa™2x%
Tan[e + f*x])/(3%c™2xf*x(1 - Sec[e + f*x]))

Rubi [A] time = 0.236315, antiderivative size = 71, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 6, integrand size = 26, e -

integrand size
0.231, Rules used = {3903, 3777, 3919, 3794, 3796, 3797}

4a? tan(e + fx) 4a? tan(e + fx) a’x
_3c2f(1 - sec(e + fx)) - 3c2f(1 - sec(e + fx))? " ra

Antiderivative was successfully verified.

[In] Int[(a + a*Secle + fxx])~2/(c - c*xSecl[e + fx*xx])~2,x]

[Out] (a”2*x)/c”2 - (4*xa~2+Tanle + f*x])/(Bxc™2xf*x(1 - Secle + f*x])"2) - (4*a™2x%
Tan[e + f*x])/(3%c”2xf*x(1 - Secle + f*x]))

Rule 3903

Int[(cscl(e_.) + (£_D*x(x_)I*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1*(
d_.) + (c_))"(n_), x_Symbol] :> Dist[c”™n, Int[ExpandTrig[(1 + (dxcscle + fx
x])/c)"n, (a + bxcscl[e + f*x])"m, x], x], x] /; FreeQ[{a, b, c, d, e, f, n}
, x] &% EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && IGtQ[m, O] && ILtQ[n, O]
&% LtQ[m + n, 2]

Rule 3777

Int[(cscl(c_.) + (d_D*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ dx*x]*(a + b*Cscl[c + d*x])"n)/(d*x(2*xn + 1)), x] + Dist[1/(a"2%x(2*n + 1)),
Int[(a + b*Csclc + d*x])"(n + 1)*x(ax(2*xn + 1) - bx(n + 1)*Csclc + dx*x]), x]
, x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b~2, 0] && LeQ[n, -1] && Intege
rQ[2#n]

Rule 3919

Int[(cscl(e_.) + (£_.)*(x_)1*(@d_.) + (c_))/(cscl(e_.) + (£_)*x(x_)I*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - a*d)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*xx]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3794

Int[cscl(e_.) + (f_.)*x(x_)1/(cscl(e_.) + (£_.)*x(x_)1*(b_.) + (a_)), x_Symbo
1] :> -Simp[Cot[e + f*x]/(f*(b + a*Cscle + f*x])), x] /; FreeQ[{a, b, e, £}
, x] &% EqQ[a”"2 - b72, 0]

Rule 3796
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Int[cscl(e_.) + (f_.)*(x_)]*(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)) " (m_), x_
Symbol] :> Simp[(b*Cot[e + f*xx]*(a + b*Cscle + f*x])"m)/(axf*x(2*m + 1)), x]
+ Dist[(m + 1)/(ax(2*m + 1)), Int[Cscle + fxx]*(a + b*Cscle + f*x]) " (m + 1
), x1, x] /; FreeQ[{a, b, e, f}, x] && EqQ[a~2 - b~2, 0] && LtQ[m, -27(-1)]
&& IntegerQ[2*m]

Rule 3797

Int[cscl(e_.) + (f_.)*x(x_)]1"2x(cscl(e_.) + (£_)*(x_)Ix(b_.) + (a_)) " (m_),
x_Symbol] :> -Simp[(Cot[e + f*x]*(a + b*Cscle + f*x])™m)/(f*(2*m + 1)), x]
+ Dist[m/(b*x(2*m + 1)), Int[Cscle + f*x]*(a + b*Cscl[e + f*x])"(m + 1), x],
x] /; FreeQ[{a, b, e, f}, x] && EqQ[a"2 - b~2, 0] && LtQ[m, -27(-1)]

Rubi steps
f a? n 242 sec(e+fx) " a2 sec?(e+ fx)
f (a + asec(e + fx))2 gy = (1-sec(e+fx)2 | (I-sec(e+fx))> = (1-sec(e+fx))?
(c—csecle + fx))2 c2

2 1 2 secz(e+fx) 2 sec(e+fx)
_ a f (1-sec(e+fx))2 dx f (1-sec(e+fx))2 dx + (2(5[ )f (1-sec(e+fx))2 dx

c? c? c2
2 f -3- sec(e+fx)

~ 4a® tan(e + fx) T-sec(e+ fx)
3c2f(1—secle+ f 02 3¢?
_ 112_x 4a® tan(e + fx) . (4”2) I%
2 3c2f(1 -sec(e + fx))? 3¢?
_aPx 4a® tan(e + fx) 44 tan(e + fx)
2 3c2f(1 - sec(e + fx))? - 3c2f(1 - sec(e + fx))

Mathematica [C] time = 0.0571273, size = 53, normalized size = 0.75

242 cot® (g + j;—x) Hypergeometric2F1 (—g, , —%, — tan® (2 fx))
3c2f

Antiderivative was successfully verified.

[In] Integratel[(a + a*Secl[e + f*x])~2/(c - c*Secl[e + f*x])~2,x]

[Out] (-2*a~2xCot[e/2 + (f*x)/2] 3*Hypergeometric2F1[-3/2, 1, -1/2, -Tanle/2 + (f
*x)/2]72]) / (3%c™2%f)

Maple [A] time = 0.091, size = 67, normalized size = 0.9

2

a? arctan (tan (1/2 fx+ e/Z)) 242 froe\\" a
2 - tan|— + = +2
fe? 3 fc? ( ( 2 2)) fcztan(l/fo+e/2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ataxsec(fxx+e)) 2/ (c-c*sec(f*x+e))”2,x)

[Out] 2/f*a"2/c 2*arctan(tan(1/2*f*xx+1/2%e))-2/3/f*a~2/c"2/tan(1/2xf*x+1/2%e) ~3+2
/f*xa~2/c”2/tan(1/2xf*xx+1/2%e)
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Maxima [B] time = 1.63322, size = 235, normalized size = 3.31

; 2 . 2 ) 2
12 arctan( sin(fr+e) ) [%ﬁe)2—1](cos(fx+e)+1)3 az{wﬂ](cos(fxwﬁl)g Zuz[LﬁL’)Z—l](cos(fxw)H)s
az cos(fx+€)+1 (cos(fx+e)+1) (cos(fx+e)+1) (COS(fX+€)+1)
¢ 2 sin(fx+e)3 c2 sin(fx+e)3 c2 sin(fx+e)3

6f
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(fxx+e)) 2/ (c-c*xsec(f*x+e))”2,x, algorithm="maxima")

[Out] 1/6*x(a"2*x(12*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/c”2 + (9*sin(f*x + e)~
2/(cos(f*x + e) + 1)72 - 1)x(cos(f*x + e) + 1)73/(c™2*sin(f*x + e)73)) - a”

2% (3xsin(f*x + e)72/(cos(f*x + e) + 1)72 + 1)*x(cos(f*x + e) + 1)73/(c”2*sin

(f*xx + e)73) + 2*a”2+(3xsin(f*x + e)"2/(cos(f*x + e) + 1)72 - 1)*(cos(f*x +

e) + 1)73/(c"2*xsin(f*x + e)~3))/f

Fricas [A] time =1.03363, size = 204, normalized size = 2.87

8a2cos(fx+e)2+4azcos( x+e)—4a2+3(a2fxcos(fx+e)—azfx)sin(fx+e)

3(c2fcos(fx+e) —czf)sin(fx+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2/ (c-c*sec(f*x+e))”~2,x, algorithm="fricas")

[Out] 1/3%(8*%a~2*xcos(f*x + e)”2 + 4xa~2xcos(f*x + e) - 4*xa”2 + 3x(a~2*fxx*xcos(f*x
+ e) - a"2*xfxx)*sin(f*x + e))/((c™2*xf*xcos(f*xx + e) - c™2%f)*sin(f*x + e))

Sympy [F] time = 0., size = 0, normalized size = 0.

5 2sec (e+ f x) sec? (e+ f x) 1
¢ (f sec? (e+fx)—2 sec (e+fx)+1 dx + f sec? (e+fx)—2 sec (e+fx)+1 dx + f sec? (e+fx)—2 sec (e+fx)+1 dx
c2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(fxx+e))**2/(c-c*sec(f*x+e))**2,x)

[Out] ax*2x(Integral(2*sec(e + f*x)/(sec(e + f*x)**x2 - 2xsec(e + fxx) + 1), x) +
Integral(sec(e + f*x)*x2/(sec(e + f*x)**2 - 2xsec(e + fxx) + 1), x) + Integ
ral(1/(sec(e + f*xx)**2 — 2xsec(e + f*xx) + 1), x))/c*x2

Giac [A] time = 1.34247, size = 81, normalized size = 1.14

2
2 1 1 2
3(fx+e)a2 Z(Sa tan(zfx+§ e) -a )
> +
c

2 1 1 )2
c tan(zfx+§ e)

3f
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2/(c-c*xsec(f*x+e))”~2,x, algorithm="giac")

[Out] 1/3%(3x(f*x + e)*a~2/c”2 + 2x(3*xa~2xtan(1/2xf*xx + 1/2%e)”2 - a~2)/(c"2xtan(
1/2+f*x + 1/2%e)"3))/f
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2
38 f (a+asec(e+fx)) dx

(c—csec(e+fx))3

Optimal. Leaf size=102

2342 tan(e + fx) 8a2 tan(e + fx) 4a® tan(e + fx) ax
_1503f(1 - sec(e + fx)) - 15c3 f(1 - sec(e + fx))? - 5¢3f(1 - sec(e + fx))3 * 3

[Out] (a"2*x)/c”3 - (4*xa~2xTanl[e + f*x])/(5xc™3*f*x(1 - Secl[e + f*x])73) - (8%a~2%
Tanle + f*x])/(15%c”3xf*x(1 - Secle + f*x])~2) - (23*a"2xTanl[e + f*x])/(15%c
~3xfx(1 - Secle + f*x]))

Rubi [A] time = 0.329081, antiderivative size = 102, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 7, integrand size = 26, e o e

= 0.269, Rules used = {3903, 3777, 3922, 3919, 3794, 3796, 3797}

integrand size

2342 tan(e + fx) 8a2 tan(e + fx) 4a® tan(e + fx) a’x
TI53f(1 —sec(e + fx)) 1563 (1 —sec(e + f))?  53f(—sece + fA)) | &

Antiderivative was successfully verified.

[In] Int[(a + ax*Secle + fx*x])"2/(c - c*Secle + f*x])~3,x]

[Out] (a"2*x)/c”3 - (4xa~2xTanl[e + f*x])/(6xc~3*f*x(1 - Sec[e + f*x])~3) - (8xa~2x
Tan[e + f*x])/(15%c~3*f*(1 - Secl[e + f*xx])~2) - (23*%a~2*Tanl[e + f*x])/(15%c
~3xfx(1 - Secle + f*x]))

Rule 3903

Int[(cscl(e_.) + (£_)*(x_)I*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£f_.)*x(x_)]1x*(
d_.) + (c))"(n_), x_Symbol] :> Dist[c™n, Int[ExpandTrig[(1 + (d*cscle + f*
x])/c)"n, (a + b*cscle + f*x])™m, x], x], x] /; FreeQl{a, b, ¢, d, e, f, n}
, x] &% EqQ[bxc + axd, 0] && EqQ[a~2 - b~2, 0] && IGtQ[m, 0] && ILtQ[n, O]
& LtQ[m + n, 2]

Rule 3777

Int[(cscl(c_.) + (d_D*x_)I*(_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ d*x]*(a + b*Cscl[c + d*x])™n)/(d*(2*n + 1)), x] + Dist[1/(a"2%(2*n + 1)),
Int[(a + b*Csclc + d*x])"(n + 1)*(a*x(2*n + 1) - bx(n + 1)*Csclc + d*x]), x]
, x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b72, 0] && LeQ[n, -1] && Intege
rQ[2+n]

Rule 3922

Int[(cscl(e_.) + (£_)*(x)I*(b_.) + (a_))"(m_)*(cscl[(e_.) + (f_.)*x(x_)]*(d
_.) + (c)), x_Symbol] :> -Simp[((b*c - a*d)*Cot[e + f*x]*(a + b*Cscle + fx
x]1)"m)/(b*xfx(2xm + 1)), x] + Dist[1/(a"2*x(2*m + 1)), Int[(a + b*Cscle + fx*x
)7 (m + 1)*Simp[axc*(2*m + 1) - (bxc - axd)*(m + 1)*Cscle + f*x], x], x], x
1 /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*xc - a*d, 0] && LtQ[m, -1] && EqQ
[a”2 - 72, 0] && IntegerQ[2*m]

Rule 3919

Int[(cscl(e_.) + (f_.)*(x_)1*x(d_.) + (c_))/(cscl(e_.) + (£_)*x(x_)I*(b_.) +
(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscle + f*x
1/(a + b*Cscl[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
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axd, 0]

Rule 3794

Intlcscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x )]1*(b_.) + (a_)), x_Symbo
1] :> -Simp[Cot[e + f*x]/(fx(b + a*Cscle + f*x])), x] /; FreeQ[{a, b, e, f}
, x] & EqQ[a~2 - b™2, 0]

Rule 3796

Int[cscl(e_.) + (f_.)x(x_)Ix(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_))"(m_ ), x_
Symbol] :> Simp[(b*Cot[e + f*x]*(a + b*Cscle + f*x])™m)/(axf*(2*m + 1)), x]
+ Dist[(m + 1)/(a*x(2*xm + 1)), Int[Cscle + f*x]*(a + bxCscle + f*xx]) " (m + 1
), x1, x] /; FreeQ[{a, b, e, f}, x] && EqQ[a~2 - b2, 0] && LtQ[m, -27(-1)]
&& IntegerQ[2+*m]

Rule 3797

Int[cscl(e_.) + (£_.)*x(x_)]1"2x(cscl(e_.) + (£_.)*(x_)I*x(b_.) + (a_))"(m_),
x_Symbol] :> -Simp[(Cot[e + f*x]*(a + b*Cscle + f*x])"m)/(£*(2*m + 1)), x]
+ Dist[m/(b*x(2*m + 1)), Int[Cscle + f*x]*(a + b*Cscl[e + f*x])"(m + 1), x],
x] /; FreeQl[{a, b, e, f}, x] && EqQ[a"2 - b~2, 0] && LtQ[m, -27(-1)]

Rubi steps
a? 2a? sec(e+ fx) a2 sec?(e+ fx)
f (a + asec(e + fx))2 gy = f ((1—sec(e+fx))3 + (1-sec(e+fx))3 + (1—sec(e+fx))3) d
(c — csec(e + fx))3 3
2 1 2 secz(e+fx) 2 sec(e+fx)
_ a f (1-sec(e+fx))3 dx f (1- sec(e+fx))3 dx (26[ ) f (1-sec(e+fx))3
B c3 " c3
72 5 -2 sec(e+ fx) 2 sec(e+fx) S
: 4a? tan(e + fx) f (1-sec(e+fx))? dx (35[ )f (1-sec(e+fx))? dx 4 (4a ) (1
53 f(1 —sece + fx))3 5¢3 5¢3 5
f 15+7sec(e+fx) 72 f sec(e+
o 4a% tan(e + fx) ~ 8a? tan(e + fx) 1_sec(e+ fx) T—sec(e
5c3f(1 —sec(e + fx))®  15c3f(1 — sec(e + fx))2 15¢3 5¢3
_ az_x _ 4a® tan(e + fx) _ 8a? tan(e + fx) _ a® tan(e + fx) (2_2
3 53 f(1—secle+ fx))3 1563 f(1 —secle+ fx))?> 15¢3f(1 - sec(e + fx))

a’x 4a® tan(e + fx) 8a? tan(e + fx) 2342 tan(e + fx)

3 53 f(1—secle+ fx))3 153 f(1 —sec(e+ fx))? 15¢3f(1 — sec(e + fx))

Mathematica [A] time = 0.61974, size = 171, normalized size = 1.68

a? csc( )csc ( (e +fx)) (—36OSin (e + fz ) + 280 sin (e + L) + 150 sin (26 + L) 86 sin (Ze + 5fo) —150fx cc

Antiderivative was successfully verified.

[In] Integrate[(a + a*Secl[e + f*x])~2/(c - c*Secle + f*x])~3,x]

[Out] (a"2*Cscle/2]*Csc[(e + f*xx)/2] 5% (150xf*x*Cos[(f*x)/2] - 150*f*x*Cosl[e + (f
*x) /2] - T75xf*x*Cos[e + (3xf*x)/2] + 7H5*xf*x*Cos[2*e + (3xfxx)/2] + 15*xf*x*C
os[2%xe + (bxf*x)/2] - 15xfxx*Cos[3*e + (B*f*x)/2] - 500*Sin[(f*x)/2] - 360%
Sinf[e + (f*x)/2] + 280*Sin[e + (3*f*x)/2] + 150*Sin[2*e + (3*f*x)/2] - 86x%S
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in[2xe + (5xf*xx)/2]))/(480%c”3*f)

Maple [A] time = 0.1, size = 89, normalized size = 0.9

a? arctan (tan (1/2 fx+ e/Z)) a2 fx e - 2 a2 fx e -3 a2
2 + tan| =+ = - tan | =+ = +2
7 sl (5 +3) -5l 1) e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*sec(f*x+e))~2/(c—c*sec(f*x+e))”3,x)

[Out] 2/f*a"2/c"3*arctan(tan(1/2*xf*xx+1/2%e))+1/5/f*xa"2/c”3/tan(1/2*xf*x+1/2%e) ~5-2
/3/f*xa~2/c”3/tan(1/2xf*xx+1/2%e) ~3+2/f*xa"2/c”3/tan(1/2*xf*xx+1/2%e)

Maxima [B] time = 1.78005, size = 290, normalized size = 2.84

20 sin( x+e)2 105 sin( x+e)4 5 10 sin( x+e)2 15 sin( x+3)4 5 ¢
sin(fr+e) ) [ / 5= 773 (cos(fx+e)+1) 242 / 5= / 173 (cos(fx+e)+l) 34| —
az cos(fx+e)+1 _ (cos(fx+e)+l) (cos( x+e)+1) _ (cos(fx+e)+1) (cos(fx+e)+1) (c

3

120 arctan(

3 sin(fx+e)5 3 sin( x+e)5

60 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(fxx+e)) 2/ (c-c*sec(f*x+e))”3,x, algorithm="maxima")

[Out] 1/60*(a”2x(120*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/c”3 - (20*sin(f*x +

e)"2/(cos(f*x + e) + 1)72 - 105*sin(f*x + e)"4/(cos(f*x + e) + 1)74 - 3)*(c

os(f*x + e) + 1)75/(c”3*sin(f*x + e)75)) - 2*xa"2*(10*sin(f*x + e)~2/(cos(f*

X +e) + 1)72 - 15*sin(f*x + e)”4/(cos(f*x + e) + 1)74 - 3)*(cos(f*x + e) +
1)7°5/(c"3*sin(f*x + e)75) - 3*a"2*x(5*xsin(f*x + e)”4/(cos(f*x + e) + 1)74 -
D*(cos(f*x + e) + 1)75/(c"3*sin(f*x + e)75))/f

Fricas [A] time = 1.02706, size = 313, normalized size = 3.07
3 2 2
43 a? cos (fx + e) - 1142 cos (fx + e) — 3142 cos (fx + e) +23a%+15 (azfxcos (fx + e) —2a?fxcos (fx + e) +a?

15(c3fcos(fx+e)2 —2c3f cos (fx+e) +c3f)sin(fx+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2/ (c-c*xsec(f*x+e))”3,x, algorithm="fricas")

[Out] 1/15%(43*a"2*cos(f*x + e)73 - 11xa"2xcos(f*x + e)”2 - 31*xa"2*xcos(f*x + e) +
23%a"2 + 16k (a"2xfxxxcos(f*xx + e)”2 - 2%a " 2xfxx*xcos(f*x + e) + a " 2*xf*x)*si
n(fxx + e))/((c™3*xfxcos(f*xx + e)”2 - 2%c ™ 3*fxcos(f*x + e) + c ™ 3*f)*xsin(fx*x

+e))
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Sympy [F] time = 0., size = 0, normalized size = 0.

2 2sec (e+fx) sec? (e+fx) 1
¢ f sec3 (e+fx)—3 sec? (e+fx)+3 sec (e+fx)—1 dx + f sec3 (e+fx)—3 sec? (e+fx)+3 sec (e+fx)—1 X+ f sec3 (e+fx)—3 sec? (e+fx)+3 sec (e
c3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*xx+e))**2/(c-c*sec(f*x+e))**3,x)

[Out] -a*x*2x(Integral(2+*sec(e + fx*x)/(sec(e + f*x)**3 - 3*xsec(e + f*x)**2 + 3*sec
(e + fxx) - 1), x) + Integral(sec(e + fxx)*x*2/(sec(e + f*x)**3 - 3*sec(e +
fxx)*x2 + 3*ksec(e + f*x) - 1), x) + Integral(l/(sec(e + f*x)**3 - 3*sec(e +
f*rx)**2 + 3*sec(e + f*x) - 1), x))/c**3

Giac [A] time = 1.36649, size = 103, normalized size = 1.01

4 2
15 (fx+e)112 N 3Ou2tan(%fx+%e) —10a2tan(% fx+%e) +3a2
3
c

5
1,1
c3 tan(i fx+s e)

2
15 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2/(c-c*ksec(f*x+e))”~3,x, algorithm="giac")

[Out] 1/15%(16%(f*x + e)*a”2/c”3 + (30*a"2xtan(1/2*f*xx + 1/2%e)”"4 - 10*a"2xtan(1l/
2%fxx + 1/2*%e)”2 + 3*%a”2)/(c”"3xtan(1/2xf*x + 1/2%e)”~5))/f
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2
39 f (a+asec(e+fx)) dx

(c—csec(e+fx))*

Optimal. Leaf size=133

16442 tan(e + fx) 5942 tan(e + fx) 124% tan(e + fx) 4a® tan(e + fx) a’x
T10563 (1 —secle + fx) 106 f(1 —sec(e + fx)? 35 f(1 —sec(e + fx)° 7 —secle + fa)t &

[Out] (a”2*x)/c”4 - (4*a~2+Tan[e + f*x])/(7*xc"4xf*x(1 - Secle + f*x])"4) - (12*a"2
*Tan[e + f*x])/(35%xc~4xfx(1 - Secle + f*x])~3) - (59%a~2xTan[e + f*x])/(105
*xc"4xfx (1 - Secle + f*xx])72) - (164*xa"2*Tan[e + f*x])/(105%c™4xf*x(1 - Secle

+ f*xx]))

Rubi [A] time = 0.42722, antiderivative size = 133, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 15, number of rules used = 7, integrand size = 26, e e =

= 0.269, Rules used = {3903, 3777, 3922, 3919, 3794, 3796, 3797}

integrand size

16442 tan(e + fx) 5942 tan(e + fx) 1242 tan(e + fx) 4a® tan(e + fx) ax

_105c4f(1 - sec(e + fx)) - 105¢*£(1 - sec(e + fx))? - 35¢tf(1 - sec(e + fx))3 - 7c¢tf(1 —sec(e + fx))* - ct

Antiderivative was successfully verified.

[In] Int[(a + ax*Secle + fx*x])~"2/(c - c*Secle + fx*xx])~4,x]

[Out] (a”2*x)/c”4 - (4*a"2xTanl[e + fx*x])/(7*c4*xf*x(1 - Secle + f*x])~4) - (12*a~2
*Tan[e + f*x])/(35xc™4xf*x(1 - Secle + f*x])73) - (59*a~2xTan[e + f*x])/(105
*c"4*xf*x(1 - Secle + f*x])"2) - (164*a"2*Tanl[e + f*x])/(105xc™4*f*x(1 - Secle

+ £xx]))

Rule 3903

Int[(cscl(e_.) + (f_D*(x_)I*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1*(
d_.) + (c))"(n_), x_Symbol] :> Dist[c”n, Int[ExpandTrig[(1l + (d*cscle + fx
x])/c)"n, (a + b*cscle + f*x])™m, xJ, x], x] /; FreeQl{a, b, ¢, d, e, f, n}
, x] && EqQ[bxc + axd, 0] && EqQ[a"2 - b™2, 0] && IGtQ[m, 0] && ILtQ[n, O]
&& LtQ[m + n, 2]

Rule 3777

Int[(cscl(c_.) + (d_)*xx_)I*(_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ d*x]*(a + b*Csclc + d*x])"n)/(d*(2%n + 1)), x] + Dist[1/(a"2*%(2*n + 1)),
Int[(a + b*Csc[c + d*x])"(n + 1)*(ax(2*n + 1) - bx(n + 1)*Cscl[c + d*xx]), x]
, x] /; FreeQ[{a, b, c, d}, x] & EqQ[a"2 - b~2, 0] && LeQ[n, -1] && Intege
rQ[2+n]

Rule 3922

Int[(cscl(e_.) + (£_.)*(x_)]1*x(b_.) + (a_)) " (m_)*(cscl(e_.) + (f_.)*x(x_)]x(d
_.) + (c)), x_Symbol] :> -Simp[((b*c - a*d)*Cot[e + f*x]*(a + b*Cscle + f*
x])"m)/ (b*xf*x(2*m + 1)), x] + Dist[1/(a"2*x(2*m + 1)), Int[(a + b*Cscl[e + f*x
)" (m + 1)*Simp[a*xc*(2*m + 1) - (b*xc - a*xd)*(m + 1)*Cscle + f*x], x], x], x
1 /; FreeQ[{a, b, c, 4, e, f}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && EqQ
[a”2 - b72, 0] && IntegerQ[2*m]

Rule 3919
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Int[(cscl(e_.) + (£f_.)*(x_)]*(d_.) + (c_))/(cscl(e_.) + (f_)*x(x)]1*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*xx]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc -
axd, 0]

Rule 3794

Int[csc[(e_.) + (£_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> -Simp[Cotl[e + f*x]/(fx(b + a*Csc[e + f*x])), x] /; FreeQ[{a, b, e, f}
, x] &% EqQ[a”2 - b2, 0]

Rule 3796

Int[cscl(e_.) + (f_.)x(x_)I*(cscl(e_.) + (£_.)*(x_)]1*x(b_.) + (a_)) " (m_),
Symbol] :> Simp[(b*Cot[e + f*x]*(a + b*Cscle + f*x])"m)/(axfx(2*m + 1)), x]
+ Dist[(m + 1)/(a*x(2*m + 1)), Int[Cscl[e + f*x]*(a + b*Cscle + f*x]) " (m + 1
), x], x] /; FreeQ[{a, b, e, f}, x] && EqQ[a~2 - b~2, 0] && LtQ[m, -27(-1)]
&& IntegerQ[2+*m]

Rule 3797

Int[cscl(e_.) + (£f_.)*(x_)]1"2x(cscl(e_.) + (£_)*x)DI*M_.) + (a_)) " (m_),
x_Symbol] :> -Simp[(Cot[e + f*x]*(a + b*Cscle + f*x])™m)/(£x(2*m + 1)), x]
+ Dist[m/(b*(2*m + 1)), Int[Cscle + f*x]*(a + b*Cscle + f*x]) " (m + 1), x],
x] /; FreeQ[{a, b, e, £}, x] && EqQ[a”™2 - b"2, 0] && LtQ[m, -27(-1)]

Rubi steps
f a? + 242 sec(e+ fx) a2 sec®(e+ fx)
f (a + asec(e + fx))? = T \(secter o)t T (I-sec(e+fx)t | (1-sec(e+fx))t
(c—csecle+ fx))* ct
2 1 2 secz(e+fx) 2 sec(e+fx)
_ a f (1-sec(e+fx))* dx f (1~ sec(e+fx))4 dx (Za ) f (1-sec(e+fx))*
B ct - ct
2 7 3 sec(e+fx) 2 sec(e+fx) S
B 4a? tan(e + fx) f (1- sec(e+fx))3 dx (4ﬂ ) f (1-sec(e+fx))3 dx + (65! ) (1—
7c¢tf(1 —secle + f x): 7ct 7ct 7
2 [ 35+20sec(e+fx) 2
| Adtan(e+fx)  12d%tan(e+ fx) . @ [ (I—sec(e+ f2)? dx (Sa ) J a
7c¢tf(1 —sec(e + fx))*  35c4f(1 —sec(e + fx))3 35¢% !
) (-
4a® tan(e + fx) 124% tan(e + fx) 5942 tan(e + fx) a | -
7c¢tf(1 —sec(e+ fx))*  35ctf(1 —sec(e+ fx))> 105c*f(1 —sec(e + fx))?
_ aPx 4a% tan(e + fx) 124 tan(e + fx) 5942 tan(e + fx)
b 7Af(1—sec(e + fx))* 35ctf(1-sec(e+ fx))>  105cf(1 - sec(e + fx))2 1
a’x 4a® tan(e + fx) 124 tan(e + fx) 5942 tan(e + fx)

oA 7c¢tf(1 - sec(e + fx))* - 35¢4f(1 — sec(e + fx))3 - 105¢4£(1 - sec(e + fx))? 1

Mathematica [A] time = 0.615846, size = 227, normalized size = 1.71

2 esc (5) esc? ( (c+ fx)) (—10430sin (e+f2)+856881n (e+L)+4830sm (Ze+ f") 3206 sin (Ze+ f") 1

Antiderivative was successfully verified.

[In] Integrate[(a + a*Sec[e + f*x])"2/(c - c*Secle + f*x])~4,x]
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[Out] (a~2*Cscle/2]*Csc[(e + fx*x)/2] 7*(3675xf*x*Cos[(f*x)/2] - 3675xf*x*Cos[e +
(f*x)/2] - 2205*f*x*Cosl[e + (3*xfxx)/2] + 2205*f*x*Cos[2*e + (3*xf*x)/2] + 73
5xf*x*Cos[2*%e + (5xf*xx)/2] - 735*f*x*Cos[3*e + (5xf*x)/2] - 105*f*x*Cos[3*e

+ (7xf*xx)/2] + 105%f*x*Cos[4*e + (7*f*x)/2] - 11900*Sin[(f*x)/2] - 10430%S

in[e + (f*x)/2] + 8568*Sin[e + (3*fxx)/2] + 4830*Sin[2*e + (3*f*x)/2] - 320
6*%Sin[2%*e + (5*fx*x)/2] - 1260*Sin[3*e + (5xf*x)/2] + 638*Sin[3*e + (7*f*x)/
21))/(13440%c™4x*f)

Maple [A] time = 0.109, size = 111, normalized size = 0.8

sttt ) (5] ()

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*sec(f*x+e)) 2/ (c-c*sec(fxx+e)) ~4,x)

[Out] 2/f*a"2/c 4*arctan(tan(1/2*xf*xx+1/2%e))-1/14/f*a"2/c"4/tan(1/2xf*xx+1/2%e) "7+
3/10/f*a"2/c”4/tan(1/2xf*x+1/2%e) "5-2/3/f*xa"2/c”4/tan(1/2*xf*xx+1/2%e) "3+2/f*
a~2/c”4/tan(1/2xfxx+1/2%e)

Maxima [B] time = 1.6022, size = 397, normalized size = 2.98

21 "in(fx+e)2 77 sin( X+E)4 315 sin(fx+e)6 7 21 sin(fv+e)2 35 sirl(fx+e)4 105 sin( X+e
336 arctan _sin{fxre) - 2 7t 53| (cos(fx+e)+1) a? — i
5 az cos(fx+e)+1 + (cos(fx+e)+1) (cos(fx+e)+1) (cos(fx+e)+1) + (Cos(fx+e)+1) (cos(fx+e)+1) (cos(fx+e)+1
ct ct sin(fx+e)7 ct sin(fx+e)7
840 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(fx*x+e)) 2/ (c-c*xsec(f*x+e))”4,x, algorithm="maxima")

[Out] 1/840*(5*a~2*(336*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/c”4 + (21*sin(f*x
+ e)"2/(cos(f*xx + e) + 1)72 - 77*sin(f*x + e)~4/(cos(f*x + e) + 1)74 + 315
*sin(f*x + e)”6/(cos(f*x + e) + 1)76 - 3)*(cos(f*x + e) + 1)77/(c"4*sin(f*x

+ e)77)) + a"2x(21*sin(f*x + e)”2/(cos(f*x + e) + 1)72 + 35*sin(f*x + e)74
/(cos(f*x + e) + 1)74 - 105xsin(f*x + e)~6/(cos(f*x + e) + 1)76 - 15)*(cos(

fxx + e) + 1)77/(c”4xsin(f*x + e)77) + 6*xa"2x(21*sin(f*x + e)~2/(cos(f*x +

e) + 1)72 - 35*xsin(f*x + e)”4/(cos(f*x + e) + 1)74 + 3b*xsin(f*x + e)~6/(cos

(fxx + e) + 1)76 - 5)*(cos(f*x + e) + 1)°7/(c"4xsin(f*x + e)77))/f

Fricas [A] time = 1.05406, size = 424, normalized size = 3.19

319 a? cos (fx + 8)4 — 327 a? cos (fx + 6)3 — 9542 cos (fx + 6)2 + 387 a® cos (fx + e) -1644% +105 (azfx oS (fx + e):

105(c4fcos.(fx+e)3—3c4fcos(fx+e)2 +3c4fcos(fx+e) -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(fxx+e)) 2/ (c-c*xsec(f*x+e))”4,x, algorithm="fricas")
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[Out] 1/105%(319*a~2*cos(f*x + e)~4 - 327*a"2*cos(f*x + e)~3 - 95*a"2*cos(f*x + e
)72 + 387*a"2*cos(f*x + e) - 164*a~2 + 105*(a"2*f*x*cos(f*x + e)~3 - 3xa~2%
frxkcos(f*xx + )72 + 3*xa~2+f*x*cos(f*x + e) - a~2xfxx)*sin(f*x + e))/((c™4x*
frcos(f*x + e)~3 — 3xc™4*f*cos(f*x + )72 + 3xc™4xfxcos(f*x + e) - c 4x*f)x*s

in(f*x + e))

Sympy [F] time = 0., size = 0, normalized size = 0.

2 2sec (e+fx) sec? (e+fx)
¢ f sect (e+fx)—4 sec3 (e+fx)+6 sec? (e+fx)—4 sec (e+fx)+1 dx + f sect (e+fx)—4 sec3 (e+fx)+6 sec? (e+fx)—4 sec (e+fx)+1 Xt f sect (e-
A

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))**2/(c-c*sec(f*x+e))**4,x)

[Out] a**2x(Integral(2+sec(e + fx*x)/(sec(e + f*x)**4 - 4xsec(e + f*x)**3 + 6xsec(
e + f*x)**2 - 4dxsec(e + f*x) + 1), x) + Integral(sec(e + f*x)**2/(sec(e + £
*x)**%4 - 4xsec(e + f*xx)**x3 + 6xsec(e + f*xx)**x2 - 4xsec(e + f*xx) + 1), x) +
Integral(1/(sec(e + f*x)**x4 - 4xsec(e + f*x)**3 + 6*sec(e + f*x)*x2 - 4xsec

(e + fxx) + 1), x))/cxx4

Giac [A] time = 1.36476, size = 126, normalized size = 0.95

6 4 2
210( x+e)a2 N 42042 tan(% fx+% e) ~140 a2 tan(%fx+%e) +63 a2 tan(%fx+% e) -1542

A

1 1 7
4 st st
c tan(zfx+26)

210 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 2/ (c-c*sec(f*x+e))~4,x, algorithm="giac")

[Out] 1/210%(210*(f*x + e)*a”~2/c”4 + (420*a~2xtan(1/2*xf*xx + 1/2%e)”6 - 140*a"2*ta
n(1/2xfxx + 1/2%e)”4 + 63%a"2*xtan(1/2xfxx + 1/2%e)”2 - 15%a”2)/(c"4*tan(1/2

*fxx + 1/2%e)"7))/f
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e+ fx))2
310 f(a+asec( +£x)) dx

(c—csec(e+fx))°

Optimal. Leaf size=164

49442 tan(e + fx) 17942 tan(e + fx) 37a%tan(e + fx) 16a% tan(e + fx) 402t
31565 F(1 —sec(e + fx)) 3155 f(1—sece + fx))2 1055 (1 —sec(e + fx))> 635 f(1 —sec(e + fx))*  95fF(1 -

[Out] (a"2*x)/c”5 - (4*a"2xTanl[e + f*x])/(9*c”5*xf*x(1 - Secl[e + f*x])75) - (16*a"2
xTan[e + fxx])/(63*%c™5xf*(1 - Secl[e + f*x])~"4) - (37*a"2xTan[e + f*x])/(105
xc"Bxfx(1 - Sec[e + f*x])~3) - (179*a~2xTan[e + fxx])/(315%c™5xf*x(1 - Sec[e

+ £*x])72) - (494*a~2«Tan[e + f*x])/(315*xc"5xf*x(1 - Secle + f*x]))

Rubi [A] time = 0.542792, antiderivative size = 164, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 18, number of rules used = 7, integrand size = 26, e e =

= 0.269, Rules used = {3903, 3777, 3922, 3919, 3794, 3796, 3797}

integrand size

4944 tan(e + fx) 17942 tan(e + fx) 37a%tan(e + fx) 1642 tan(e + fx) _ 402tz
_315c5f(1 - sec(e + fx)) - 315c¢2f(1 - sec(e + fx))? - 105¢2f(1 - sec(e + fx))3 - 63c5 f(1 —sec(e + fx))* 93 f(1 -

Antiderivative was successfully verified.

[In] Int[(a + ax*Secle + f*x])~"2/(c - c*Secle + f*xx])~5,x]

[Out] (a"2#x)/c”5 - (4xa"2xTan[e + f*x])/(9*c”bxf*(1 - Sec[e + f*x])~5) - (16%a”2
*Tan[e + f*x])/(63*xc™5xf*x(1 - Secle + f*x])7"4) - (37*a"2xTan[e + f*x])/(105
*c"b*xf*(1 - Secle + f*x])~3) - (179*a"2*Tanl[e + f*x])/(315xc~5+xf*(1 - Secle

+ f*x])72) - (494*a~2+Tan[e + f*x])/(315*xc"5xf*x(1 - Secle + f*x]))

Rule 3903

Int[(cscl(e_.) + (f_D*(x_)I*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1*(
d_.) + (c))"(n_), x_Symbol] :> Dist[c”n, Int[ExpandTrig[(1l + (d*cscle + fx
x])/c)"n, (a + b*cscle + f*x])™m, xJ, x], x] /; FreeQl{a, b, ¢, d, e, f, n}
, x] && EqQ[bxc + axd, 0] && EqQ[a"2 - b™2, 0] && IGtQ[m, 0] && ILtQ[n, O]
&& LtQ[m + n, 2]

Rule 3777

Int[(cscl(c_.) + (d_)*xx_)I*(_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ d*x]*(a + b*Csclc + d*x])"n)/(d*(2%n + 1)), x] + Dist[1/(a"2*%(2*n + 1)),
Int[(a + b*Csc[c + d*x])"(n + 1)*(ax(2*n + 1) - bx(n + 1)*Cscl[c + d*xx]), x]
, x] /; FreeQ[{a, b, c, d}, x] & EqQ[a"2 - b~2, 0] && LeQ[n, -1] && Intege
rQ[2+n]

Rule 3922

Int[(cscl(e_.) + (£_.)*(x_)]1*x(b_.) + (a_)) " (m_)*(cscl(e_.) + (f_.)*x(x_)]x(d
_.) + (c)), x_Symbol] :> -Simp[((b*c - a*d)*Cot[e + f*x]*(a + b*Cscle + f*
x])"m)/ (b*xf*x(2*m + 1)), x] + Dist[1/(a"2*x(2*m + 1)), Int[(a + b*Cscl[e + f*x
)" (m + 1)*Simp[a*xc*(2*m + 1) - (b*xc - a*xd)*(m + 1)*Cscle + f*x], x], x], x
1 /; FreeQ[{a, b, c, 4, e, f}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && EqQ
[a”2 - b72, 0] && IntegerQ[2*m]

Rule 3919
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Int[(cscl(e_.) + (£f_.)*(x_)]*(d_.) + (c_))/(cscl(e_.) + (f_)*x(x)]1*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*xx]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc -
axd, 0]

Rule 3794

Int[csc[(e_.) + (£_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> -Simp[Cotl[e + f*x]/(fx(b + a*Csc[e + f*x])), x] /; FreeQ[{a, b, e, f}
, x] &% EqQ[a”2 - b2, 0]

Rule 3796

Int[cscl(e_.) + (f_.)x(x_)I*(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (m_ ), x_
Symbol] :> Simp[(b*Cot[e + f*x]*(a + b*Cscle + f*x])"m)/(axfx(2*m + 1)), x]
+ Dist[(m + 1)/(a*x(2*m + 1)), Int[Cscl[e + f*x]*(a + b*Cscle + f*x]) " (m + 1
), x], x] /; FreeQ[{a, b, e, f}, x] && EqQ[a~2 - b~2, 0] && LtQ[m, -27(-1)]
&& IntegerQ[2+*m]

Rule 3797

Int[cscl(e_.) + (£f_.)*(x_)]1"2x(cscl(e_.) + (£_)*x)DI*M_.) + (a_)) " (m_),
x_Symbol] :> -Simp[(Cot[e + f*x]*(a + b*Cscle + f*x])™m)/(£x(2*m + 1)), x]
+ Dist[m/(b*(2*m + 1)), Int[Cscle + f*x]*(a + b*Cscle + f*x]) " (m + 1), x],
x] /; FreeQ[{a, b, e, £}, x] && EqQ[a”™2 - b"2, 0] && LtQ[m, -27(-1)]

Rubi steps
f a? n 24% sec(e+£x) a% sec?(e+fx)
f (a+asec(e+ f x))? gy = (1-sec(e+fx)5 ' (I-sec(e+fx))®> = (1-sec(e+fx))>
(c-csecle+ fx))> c®

Elzf 1 dx zf sec?(e+fx) dx (2112)] sec(e+fx)
+

(1-sec(e+fx))° (1- sec(e+fx))5 (1-sec(e+fx))°

o o c>
2 —-9-4 sec(e+ fx) 2 sec(e+fx) 2 s
3 4a? tan(e + fx) f (1-sec(e+fx))* dx (5LI )f (1-sec(e+fx))* dx + (8a ) (1
95 f(1 —secle + f x> 9cd 9¢° 9
63+39 sec(e+fx) 2
4a® tan(e + fx) 164 tan(e + fx) . a [ (—sec(er fr)P dx (5” ) g
93 f(1 —sec(e + fx))°>  63cf(1 —sec(e + fx))* 63c? !
.
_ 4d@’tan(e+fx)  l6a’tan(e+fx)  37a%tan(e+fx) @ [ -
95 f(1 —secle + fx))°  63c°f(1 —secle+ fx))*  105c°f(1 —sec(e + fx))3
4a® tan(e + fx) 16a% tan(e + fx) 37a% tan(e + fx) 17
95 f(1 —sece + fx))°>  63c°f(1 —sec(e+ fx))* 105¢°f(1 —sec(e + fx))3  315¢°
_a%x 4a® tan(e + fx) 164 tan(e + fx) 37a%tan(e + fx)
> 9Sf(l—secle+ fx))>  63cf(1—secle+ fx))* 105c°f(1 —sec(e + fx))® 3
_a%x 4a® tan(e + fx) 164 tan(e + fx) 37a%tan(e + fx)
®  9Af(l—secle+ fx))°  63cf(1 —secle+ fx))* 1055 f(1 —sec(e + fx))® 3

Mathematica [A] time = 0.886377, size = 283, normalized size = 1.73

2 esc (5) esc? ( (c+ fx)) (—117810 sin (e + L ) +100002 sin (e + i) + 68670 sin (Ze + ¥ ") 48978 sin (Ze +2

Antiderivative was successfully verified.
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[In] Integratel[(a + a*Sec[e + f*x])~2/(c - c*Secl[e + f*x])~5,x]

[Out] (a"2*xCscle/2]*Csc[(e + f*xx)/2]79%(39690*f*x*Cos[(f*x)/2] - 39690*xf*x*Cos[e
+ (f*x)/2] - 26460xf*x*Cos[e + (3*f*x)/2] + 26460*xf*x*Cos[2%e + (3*xfx*x)/2]

+ 11340*f*x*Cos[2*xe + (5*f#*x)/2] - 11340*f*x*Cos[3*xe + (5*xf#*x)/2] - 2835*fx*
x*Cos [3xe + (7*fx*x)/2] + 2835*fxx*Cos[4*xe + (7*xf*x)/2] + 316*xf*x*Cos[4*e +
(9%f*xx) /2] - 315xf*x*Cos[bxe + (9xf*x)/2] - 135198*Sin[(f*x)/2] - 117810%Si

nle + (f*x)/2] + 100002*Sin[e + (3*fx*x)/2] + 68670*%Sin[2*xe + (3xfx*xx)/2] - 4
8978*Sin[2*e + (5xfxx)/2] - 23310*Sin[3*e + (5xfxx)/2] + 13662*Sin[3*e + (7
*f*x) /2] + 4410*Sin[4*e + (7*f*x)/2] - 2008*Sin[4*e + (9*f*x)/2]))/(161280%
c”5%f)

Maple [A] time = 0.119, size = 133, normalized size = 0.8

azarctan(tan(l/fo+e/2)) a2 fx e 02 fx e T 72 fx e o
? I +36fc5(tan(7+5)) ‘ﬁ(m(?%)) +—20fc5(tan(7+5)) i

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+ax*sec(f*x+e)) 2/ (c-c*sec(f*x+e))”5,x)

[Out] 2/f*a"2/c " 5*arctan(tan(1/2*f*xx+1/2%e))+1/36/f*xa~2/c”5/tan(1/2xf*xx+1/2%e) ~9-
1/7/f*a”~2/c”5/tan(1/2*xf*x+1/2%e) ~7+7/20/f*xa"~2/c"5/tan(1/2*xf*x+1/2%e) "5-2/3/
fxa~2/c”5/tan(1/2*xfxx+1/2%e) "3+2/f*a"~2/c”5/tan(1/2xf*x+1/2*e)

Maxima [B] time = 1.63463, size = 452, normalized size = 2.76

6

) [270 sin(fx+e)2 1008 sin( x+e)4 2730 sin(fx+e) 9765 sin(fx+e)8 5| 180 sin(fx+e)2 378 sin(
-_— + - -_—

-35 (cos(fx+e)+1)9 2a

sin(fx+e) . a s : .
_ (cos(fx+e)+1) (cos( x+e)+1) (cos(fx+e)+1) (cos(fx+e)+1) _ (cos(fx+e)+1) (cos( X+

cos(fx+e)+1

10080 arctan(

2
a
b

s sin(fx+e)9

5040 f
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))”2/(c-c*sec(f*x+e))~5,x, algorithm="maxima")

[Out] 1/5040*(a"~2*(10080*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/c”5 - (270*sin(f
*x + e)”2/(cos(f*x + e) + 1)72 - 1008*sin(f*x + e)~4/(cos(f*x + e) + 1)74 +
2730*sin(f*x + e)~6/(cos(f*x + e) + 1)76 - 9765*xsin(f*x + e)~8/(cos(f*x +

e) + 1)78 - 35)*(cos(f*x + e) + 1)79/(c”b*sin(f*x + e)79)) - 2xa~2%(180*sin

(f*x + e)"2/(cos(f*x + e) + 1)72 - 378*sin(f*x + e)”4/(cos(f*xx + e) + 1)74

+ 420*sin(f*x + e)76/(cos(f*x + e) + 1)76 — 315xsin(f*x + e)78/(cos(f*x + e

) + 1)78 - 35)*(cos(f*xx + e) + 1)79/(c”b*sin(f*x + e)79) - b5*a 2% (18*sin(f*

x + e)”2/(cos(fxx + e) + 1)72 - 42*xsin(f*x + )76/ (cos(f*x + e) + 1)76 + 63
*sin(f*x + e)78/(cos(f*xx + e) + 1)78 - 7)*(cos(f*x + e) + 1)79/(c"b*sin(f*x
+e)79))/f

Fricas [A] time = 1.04967, size = 535, normalized size = 3.26

1004 a? cos (fx + 6)5 — 1811 a? cos (fx + 3)4 +797 a% cos (fx + e)3 + 1457 a? cos (fx + 3)2 — 1661 a? cos (fx + e) + 494

315(c5fcos(fx+e)4—4c5fcos(fx+e)3 +605f c
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))”2/(c-c*sec(f*x+e))~5,x, algorithm="fricas")

[Out] 1/315%(1004*a"~2*cos(f*x + e)”5 - 1811*a"2*cos(f*x + e)~4 + 797*a"2*cos(f*x
+ e)73 + 1457*xa"2xcos(f*x + e)”2 - 1661*a"2*xcos(f*xx + e) + 494*a~2 + 315*(a
“2xfxx*kcos(f*x + )74 - 4xa~2xf*x*cos(f*x + e)73 + 6*xa~2xfxxxcos(f*x + e)72

- 4*a”2*xf*xxkcos(f*xx + e) + a~2+«f*x)*sin(f*x + e))/((c"bxfxcos(f*x + e)”4 -
4xc~bxfxcos(f*xx + e)”3 + 6*xc bkf*xcos(f*x + e)”2 - 4*c”b*f*cos(f*x + e) + ¢
~Bxf)*sin(f*x + e))

Sympy [F] time = 0., size = 0, normalized size = 0.

2 2sec (e+ f. x) sec? (e+ f x)
a f - dx + f
sec (e+fx)—5 sect (e+fx)+10 sec3 (e+fx)—10 sec? (e+fx)+5 sec (e+fx)—1 sec® (e+fx)—5 sect (e+fx)+10 sec3 (e+fx)—10 sec? (e+f:
e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))**2/(c-c*sec(f*x+e))**5,x)

[Out] -a**2*x(Integral(2*sec(e + f*xx)/(sec(e + fxx)**5 - bxsec(e + f*x)**4 + 10%*se
c(e + fxx)**3 - 10*sec(e + f*x)**2 + bxsec(e + f*x) - 1), x) + Integral(sec

(e + f*x)*x2/(sec(e + f*x)**x5 — bxgec(e + f*x)**4 + 10*sec(e + f*xx)*x3 - 10
xsec(e + fxx)**2 + bxsec(e + f*x) - 1), x) + Integral(l/(sec(e + f*xx)**5 -
5xsec(e + f*x)**4 + 10*sec(e + f*x)**3 - 10*sec(e + f*x)**x2 + bxsec(e + f*x

) = 1), x))/cx*5

Giac [A] time = 1.65229, size = 149, normalized size = 0.91

8 6 4 2
1260 (fx+e)a2 N 2520 a? tan(%fx+% B) -840 42 tan(%fx+% e) +441 4% tan(% fx+% e) -1804? tan(%fx+% B) +35 42

5 9
c 1 1

5 = =t
c tan(zfx+2 e)

1260 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))~2/(c-cxsec(f*x+e))”5,x, algorithm="giac")

[Out] 1/1260%(1260%x(f*x + e)*a”2/c”5 + (2520%a"2xtan(1l/2*xfxx + 1/2%e)”8 - 840%a"2
xtan(1/2xf*x + 1/2%e)”6 + 441xa~2xtan(1/2xf*xx + 1/2%e)”4 - 180*a~2*xtan(1/2x*
fxx + 1/2%e)”2 + 35%xa~2)/(c"5*tan(1/2*xf*xx + 1/2%e)”~9))/f
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3.11 f(a + asec(e + fx))>(c — csec(e + fx))° dx
Optimal. Leaf size=188

BStan’(e+ fx)  dBStan’e+ fx)  adStan’e+ fx)  aStan(e+ fx)  5a3cS tanh (sin(e + fx)) . a3c® tan

7f 5f 3f f 8f

[Out] a~3*c”5*x — (5*a~3*c~5*ArcTanh[Sinl[e + f*x]])/(8%f) - (a~3*c”5*Tanl[e + f*x]
)/f + (5*a~3*c”5*Secle + f*xx]*Tan[e + f*x])/(8*f) + (a"3*c 5*xTan[e + f*x]~3

)/ (3*%f) - (5*a”3*c”5*Secle + f*x]*Tan[e + f*x]~3)/(12*f) - (a~3*c"5*Tan[e +
f*x]~5)/(6%f) + (a"3*c"5*Sec[e + f*x]*Tanl[e + f*x]7~5)/(3*f) - (a~3*c~5*Tan

le + £xx]77)/(7T*f)

Rubi [A] time = 0.23721, antiderivative size = 188, normalized size of antiderivative =

1., number of steps used = 13, number of rules used = 8, integrand size = 26, number of rules

= 0.308, Rules used = {3904, 3886, 3473, 8, 2611, 3770, 2607, 30}

integrand size

a’c>tan’(e + fx)  a®c®tan’(e + fx) . BStan’e+ fx) aStan(e+ fx)  5a3¢ tanh ™ (sin(e + £x)) s a3cd tar

7f 5f 3f f 8f

Antiderivative was successfully verified.

[In] Int[(a + ax*Secle + f*x]) " 3%(c - c*Secle + f*x])~5,x]

[Out] a~3*c™5*x - (56*%a~3*c~5xArcTanh([Sin[e + f*x]])/(8*f) - (a~3*c 5*xTan[e + fx*x]
)/f + (5*¥a~3%c”5*Sec[e + f*xx]*Tan[e + f*x])/(8%f) + (a"3*c b*xTan[e + f*x]~3

)/ (3*xf) - (5xa~3*c”b*Sec[e + f*x]*Tanl[e + f*x]~3)/(12*f) - (a~3*c”5*Tanl[e +
f*x]75)/(6xf) + (a~3xc"5*Secl[e + f*x]*Tanl[e + f*x]~5)/(3+*f) - (a"3*c”5*Tan

[e + £*xx]77)/(7*f)

Rule 3904

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (f_.)*x(x_)]*(
d_.) + (c))"(n_.), x_Symbol] :> Dist[(-(a*c))"m, Int[Cot[e + fxx]~(2+*m)=*(c
+ d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && Eq
Qlbxc + axd, 0] && EqQ[a"2 - 72, 0] && IntegerQ[m] && RationalQ[n] && ! (I
ntegerQ[n] &% GtQ[m - n, 0])

Rule 3886

Int[(cot[(c_.) + (d_.)*(x_)]*(e_.)) " (m_)*(cscl(c_.) + (d_.)*(x_)I*x(b_.) + (
a_)) (n_), x_Symbol] :> Int[ExpandIntegrand[(e*Cot[c + d*x])"m, (a + b*Csc[
c + d*x])°n, x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O]

Rule 3473

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(b*(b*Tan[c + d
*x])"(n - 1))/(@x(n - 1)), x] - Dist[b”2, Int[(bxTanl[c + d*x])"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 2611
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Int[((a_.)*sec[(e_.) + (f£_)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(
n_), x_Symbol] :> Simp[(b*(a*Sec[e + f*xx]) mx(bxTan[e + f*xx]) " (n - 1))/ (£f*(
m+n-1)), x] - Dist[(b™2%(n - 1))/(m + n - 1), Int[(a*Secl[e + f*xx]) mx(b
xTan[e + fxx])~(n - 2), x], x] /; FreeQ[{a, b, e, £, m}, x] && GtQ[n, 1] &&
NeQ[m + n - 1, 0] &% IntegersQ[2*m, 2#n]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 2607

Int[sec[(e_.) + (£_)*(x_ )1 (m )*((b_.)*tan[(e_.) + (f_)*x_)1)"(n_.), xS
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*x(1 + x~2)"(w/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[0, n, m - 1])

Rule 30

Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rubi steps

f(a +asec(e + fx))3(c - csec(e + fx))° dx = ((a3c3 f(c —csec(e + fx))? tan®(e + fx) dx)
((a3c3 f c tan6(e + fx) - 2c?sec(e + fx) tan®(e + fx) + c? sec¥(
((a ftan6(e + fx) dx) ( )fsecz(e +fx)tan6(e + fx)dx
Pe

5tanﬂe+fk)+ saie+fxﬁﬂﬂ(e+fk) :%ﬂuftmﬁc

5f 3f
3 tan’(e + fx) 5a’csec(e + fx)tand(e+ fx) a’c®tan’(e + f
37 12f 57
a’c tan(e + fx) N 5a3c sec(e + fx)tan(e + fx)  a’c®tan’(e + f.
f 8f 3f
By 5a3¢® tanh_; j(csin(e +fx) a3cd tarjlc(e + fx) . 5a3¢® sec(e 4

Mathematica [A] time = 2.2194, size = 189, normalized size = 1.01

a’c sec’ (e + fx) (—4200 sin(e + fx) +2975sin(2(e + fx)) — 2184 sin(3(e + fx)) + 980 sin(4(e + fx)) — 2408 sin(5(e

Antiderivative was successfully verified.

[In] Integratel[(a + a*Sec[e + f*x])~3*(c - c*Secl[e + f*x])~5,x]

[Out] (a~3*c”5*Sec[e + fxx] 7+*(14700%(e + f*xx)*Cos[e + fxx] - 16800*ArcTanh[Sin[e
+ f*x]]*Cos[e + f*x]~7 + 8820%e*Cos[3*(e + f*x)] + 8820%f*x*Cos[3*(e + f*x
)] + 2940%exCos[bx(e + f*xx)] + 2940*f*xx*Cos[5x(e + f*xx)] + 420%e*xCos[7*(e +

f*x)] + 420%f*x*Cos[7*(e + f*x)] - 4200*Sinf[e + f*x] + 2975+Sin[2*(e + f*x
)] - 2184*Sin[3*(e + f*x)] + 980*Sin[4*(e + f*x)] - 2408*Sin[b*(e + f*x)] +
1155%Sin[6*(e + f*x)] - 584%Sin[7*(e + f*x)]))/(26880%f)
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Maple [A] time = 0.035, size = 211, normalized size = 1.1

13c5a3tan(fx+e)(sec(fx+e))3 11c5a3sec(fx+e)tan(fx+e) 505a31n(sec(fx+e)+tan(fx+e)) 14¢

12f " 8/ 8 f

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*sec(f*x+e)) ~3*x(c-c*sec(f*x+e))”5,x)

[Out] -13/12/f*c~5*a~3xtan (f*x+e)*sec(f*x+e) "3+11/8*a~3*c 5*sec(f*x+e)*tan(f*x+e)
/£-5/8/f*c"5*a"3*1n(sec(f*x+e)+tan(f*x+e))-146/105%a " 3*xc 5xtan (f*x+e) /f+a"3
*c7b*x+1/f*a"3*c"5*xe+8/35/fxc"5*a"3*xtan (f*x+e) *sec (f*x+e) ~4+32/105/f*c"5*a”

3xtan (f*x+e)*sec(f*x+e) "2+1/3/f*c”"5*xa~3*tan(f*x+e)*sec(f*x+e) "5-1/7/f*c"5*a
~3xtan(f*x+e)*sec(f*x+e)”6

Maxima [B] time = 1.00956, size = 481, normalized size = 2.56

48 (5 tan( x+e)7 +21 tan(fx+e)5 + 35 tan (fx +e)3 + 35 tan (fx+e))a3c5 - 224 (3 tan (fx+e)5 +10 tan (f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 3*(c-c*sec(f*x+e))~5,x, algorithm="maxima"

[Out] -1/1680*(48*(5*xtan(f*x + e)~7 + 21xtan(f*x + e)~5 + 3b*xtan(f*x + e)~3 + 3b%
tan(f*x + e))*a”3*c”5 - 224%(3xtan(f*x + e)”5 + 10*tan(f*x + e)~3 + 15*tan(

fxx + e))*a”3*%c”5 - 1680*(fxx + e)*a~3*c”5 + 35%xa”~3*c b*(2*x(15xsin(f*x + e)

“5 - 40*sin(f*x + )73 + 33*sin(f*x + e))/(sin(f*x + e)76 - 3*xsin(f*x + e)~

4 + 3xsin(fxx + e)72 - 1) - 16xlog(sin(f*x + e) + 1) + 16xlog(sin(f*x + e)

1)) - 630%a~3*c” 5% (2% (3*sin(f*x + e)~3 - S*sin(f*x + e))/(sin(f*x + )74

- 2xsin(f*x + e)72 + 1) - 3%xlog(sin(f*x + e) + 1) + 3*xlog(sin(f*x + e) - 1)

) + 2520%a”3*c”5x(2xsin(f*x + e)/(sin(f*x + e)72 - 1) - log(sin(f*x + e) +

1) + log(sin(f*x + e) - 1)) + 3360%a~3xc”b*xlog(sec(f*x + e) + tan(f*x + e))

+ 3360*a”~3*xc bxtan(f*x + e))/f

Fricas [A] time = 1.21925, size = 498, normalized size = 2.65

1680 a°c” fx cos (fx + 6)7 - 525 43¢ cos (fx + e)7log (sin (fx + e) + 1) +525a%c° cos (fx + e)710g (— sin (fx + e) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 3*(c-c*xsec(f*x+e))”5,x, algorithm="fricas")

[Out] 1/1680%(1680*%a~3*c b*xf*x*xcos(f*x + e)~7 - 525*xa~3*c b*cos(f*x + e) 7*xlog(si
n(f*x + e) + 1) + B525xa”3*xc b*cos(f*x + e) 7xlog(-sin(f*x + e) + 1) - 2x(11
68*a~3*c”b*xcos(f*x + e)”6 — 1155%a~3*c 5*cos(f*x + e)”5 — 256*a~3*c 5*cos(f

*x + e)”4 + 910*%a”3*c bxcos(f*x + e)73 - 192*a”3*c " bkcos(f*x + e)”2 - 280%*a
~3xc”b*cos(fxx + e) + 120*%a"3*c”B5)*sin(f*x + e))/(f*cos(f*x + e)77)
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Sympy [F] time = 0., size = 0, normalized size = 0.

—a3c5(f(—1) dx+stec(e+fx)dx+stecz(e+fx)dx+f—6sec3(e+fx)dx+f6se(:5(e+fx)dx+f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))**3*(c-cksec(f*x+e))**5,x)

[Out] -a*x*3*xc*xb*(Integral(-1, x) + Integral(2x*sec(e + fx*x), x) + Integral(2xsec(
e + f*x)**2, x) + Integral(-6xsec(e + fxx)**3, x) + Integral(6xsec(e + fxx)

**5, x) + Integral(-2*sec(e + f*x)**6, x) + Integral(-2*sec(e + f*x)**7, x)

+ Integral(sec(e + f*x)**8, x))

Giac [A] time = 1.42914, size = 298, normalized size = 1.59

1365 a3c° tan(% fx+%

2
840 (fx + e)a3c5 - 52543¢° log (|tan (%fx + %e) + 1|) +525a%c° log (|tan (%fx + %e) - 1|) + (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 3*x(c-c*sec(f*x+e))”5,x, algorithm="giac")

[Out] 1/840%(840*(f*x + e)*a”~3xc”5 - B525xa~3*xc bkxlog(abs(tan(1/2*xfxx + 1/2%e) + 1
)) + 52b*xa”3xc”5xlog(abs(tan(1/2xf*x + 1/2%e) - 1)) + 2x(1365%a”3*c 5*xtan(1l
/2+%f*xx + 1/2%e)”13 - 9660*a~3*c 5*xtan(1/2*%f*x + 1/2*%e) 11 + 29673*a~3*c 5*t
an(1/2*f*x + 1/2*%e)”9 - 21216%a~3*c 5*xtan(1/2*xf*x + 1/2*e)”~7 + 9863*a"3*c”5
xtan(1/2*%f*x + 1/2*%e)”5 - 2660*a~3*c”5*xtan(1/2*xf*x + 1/2xe)~3 + 315*a~3*c”5
xtan(1/2xfxx + 1/2xe))/(tan(1/2xf*x + 1/2%e)”2 - 1)°7)/f
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3.12 f(a + asec(e + fx))>(c — csec(e + fx))* dx
Optimal. Leaf size=132

5a3c4 tanh " (sin(e + £x)) a®tan®(e + fx) (6c4 — 5ctsec(e + fx)) a®tan®(e + fx) (8c4 — 5ct sec(e + fx)) a3 ta
B 16/ B 301 " 24f }

[Out] a"3%c"4xx - (5%xa”"3xc”4xArcTanh([Sin[e + fx*x]])/(16*xf) - (a"3*%(16%c™4 - 5*xc™4
*Sec[e + f*x])*Tanl[e + fxx])/(16*f) + (a"3%(8%c”4 - 5xc”4xSec[e + f*xx])*Tan

[e + fxx]~3)/(24xf) - (a~3%x(6%xc™4 - 5xc~4*xSec[e + fxx])*Tan[e + f*x]~5)/(30

*f)

Rubi [A] time = 0.151008, antiderivative size = 132, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 3, integrand size = 26, pumer o e =

0.115, Rules used = {3904, 3881, 3770}

integrand size

5a3¢* tanh ™ (sin(e + £x)) a®tan®(e + fx) (6c4 — 5ctsec(e + fx)) a®tan®(e + fx) (8c4 — 5ct sec(e + fx)) a3 ta
B 16/ B 301 " 24f )

Antiderivative was successfully verified.

[In] Int[(a + a*Sec[e + f*x])~3*(c - c*Secle + f*x])~4,x]

[Out] a"3*c”4*xx - (b*xa"3xc " 4xArcTanh([Sin[e + fxx]])/(16xf) - (a"3*%(16%c”4 - 5xc™4
*Sec[e + fx*x])*Tan[e + fxx])/(16*f) + (a"3*%(8%c"4 - b5xc”4xSec[e + f*xx])*Tan

[e + £fxx]73)/(24xf) - (a~3*%(6%c”4 - 5xc~4xSecl[e + fx*xx])*Tanl[e + f*x]~5)/(30

*f)

Rule 3904

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (f_.)*x(x_)]*(
d_.) + (c))"(n_.), x_Symbol] :> Dist[(-(a*c))"m, Int[Cot[e + fxx]~(2+*m)=*(c
+ d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && Eq
Qlbxc + axd, 0] && EqQ[a"2 - 72, 0] && IntegerQ[m] && RationalQ[n] && !(I
ntegerQ[n] &% GtQ[m - n, 0])

Rule 3881

Int[(cot[(c_.) + (d_.)*(x )]*x(e_.))"(m )*(cscl(c_.) + (d_)*(x )I*x(_.) + (
a_)), x_Symbol] :> -Simp[(ex(exCot[c + d*x])"(m - 1)*(a*m + b*(m - 1)*Csclc
+ d*xx]))/(d*m*(m - 1)), x] - Distl[e”2/m, Int[(exCotl[c + d*x]) " (m - 2)*(a*m
+ bx(m - 1)*Csclc + d*x]), x], x] /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1
]

Rule 3770
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps
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f(a +asec(e + fx))>(c — csec(e + fx))*dx = - ((a303) f(c —csec(e + fx)) tan®(e + fx) dx)

3 (6c = 5t >
:_a ( c C sec(e+fx))tan (e + fx) +%(a3c3) f(6c_5csec(e+

30f
a3 (804 — 5ctsec(e + fx)) tan’(e + fx) a° (604 — 5ctsec(e + fx)) ta
24f 30f
~ a3 (16c4 — 5c* sec(e + fx)) tan(e + fx) . a’ (804 — 5ctsec(e + fx))‘
16f 24f
v a3 (16(:4 — 5¢* sec(e + fx)) tan(e + fx) a° (8c4 - 5ct sec(e -
= adctx - 167 + >
_ Bty 5a3c* tanh ™ (sin(e + fx)) _ a (1604 — 5ct sec(e + fx)) tan(e
16/ 167

Mathematica [A] time = 1.83372, size = 165, normalized size = 1.25

a’ctsecb(e + fx) (450 sin(e + fx) — 600sin(2(e + fx)) — 25sin(3(e + fx)) — 384 sin(4(e + fx)) + 165 sin(5(e + fx))

Antiderivative was successfully verified.

[In] Integrate[(a + a*Secl[e + f*x])73%(c - c*xSecle + f*xx])~4,x]

[Out] (a"3*c"4*Secle + f*xx] 6%x(1200*e + 1200*f*x — 1200*ArcTanh[Sin[e + fx*x]]*Cos
[e + f*x]~6 + 1800*(e + f*xx)*Cos[2*(e + f*x)] + 720*exCos[4*(e + f*x)] + 72
O*xf*xx*Cos[4*x(e + fxx)] + 120*e*Cos[6*(e + f*x)] + 120*f*x*Cos[6*(e + f*x)]

+ 450%Sin[e + f*x] - 600%Sin[2*(e + fxx)] - 25%Sin[3*(e + f*x)] - 384*Sin[4

*(e + f*x)] + 165*%Sin[b*(e + fxx)] - 184*Sin[6*(e + f*x)]))/(3840%f)

Maple [A] time = 0.028, size = 186, normalized size = 1.4

23C4a3tan(fx+e) 1lc4a3tan(fx+e)(sec(fx+e))2 1lc4a3sec(fx+e)tan(fx+e) 5c4u31n(sec(fx
B 15/ " 15f " 16 f B 1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*sec(f*x+e)) 3*(c-c*sec(f*x+e)) 4,x)

[Out] -23/15/f*c”4*xa”~3xtan(f*x+e)+11/15/f*c " 4*a"3*xtan(f*x+e)*sec(f*x+e) "2+11/16/f
*c"4*a"3*sec(f*xx+e)*tan(f*x+e)-5/16/f*c"4*a"3*1n(sec(f*x+e)+tan(f*x+e))+a"3

*Cc 4*x+1/f*a"3*c"4*xe-13/24/fxc"4*a"3xtan (f*x+e) *sec (f*x+e) "3-1/5/f*c " 4*a" 3%
tan(f*x+e)*sec(f*x+e) ~4+1/6/f*c " 4*xa~3*tan (f*x+e)*sec(f*x+e)”5

Maxima [B] time = 1.01966, size = 451, normalized size = 3.42

32 (3 tan (fx + 6)5 +10 tan (fx + e)s +15 tan (fx + e))a3c4 - 480 (tan (fx + 6)3 + 3 tan (fx + e))a3c4 - 480 (]

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((ata*sec(f*x+e)) 3*(c-c*ksec(f*x+e))”4,x, algorithm="maxima")

[Out] -1/480%(32*(3*tan(f*x + e)~5 + 10*tan(f*x + e)~3 + 16xtan(f*x + e))*a~3*c™4
- 480*(tan(f*x + e)73 + 3xtan(f*x + e))*a”3xc™4 - 480x(f*x + e)*a"3xc™4 +
B*a”3%c 4% (2% (156*sin(f*x + e)”5 - 40*sin(f*x + e)~3 + 33*sin(f*x + e))/(sin

(f*x + e)76 - 3*sin(f*x + e)”4 + 3*sin(f*x + e)72 - 1) - 15xlog(sin(f*x + e

) + 1) + 1b6*log(sin(f*x + e) - 1)) - 90*%a~3*%c™4*(2*x(3*sin(f*x + e)”3 - bxsi
n(f*x + e))/(sin(f*x + e)74 - 2xsin(f*x + e)72 + 1) - 3*xlog(sin(f*x + e) +

1) + 3*xlog(sin(f*x + e) - 1)) + 360*a~3*c 4*(2*sin(f*x + e)/(sin(f*x + )72

- 1) - log(sin(f*x + e) + 1) + log(sin(f*x + e) - 1)) + 480%a~3*c " 4xlog(se
c(f*x + e) + tan(fxx + e)) + 1440%a"3*xc 4xtan(f*x + e))/f

Fricas [A] time = 1.18828, size = 448, normalized size = 3.39

480 a3c* fx cos (fx + 6)6 —75a%c* cos (fx + 3)6 log (sin (fx + e) + 1) +75a%c cos (fx + 6)6 log (— sin (fx + e) + 1) -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 3*(c-cksec(f*x+e)) 4,x, algorithm="fricas")

[Out] 1/480%(480%a~3xc 4xf*x*xcos(f*x + e)”~6 - 75*a~3*c 4xcos(f*x + e) 6*log(sin(f
*x + e) + 1) + 75xa”3*c”4*cos(f*x + e) " 6*log(-sin(fxx + e) + 1) - 2*(368*a”
3*xc”4*xcos(f*x + e)75 - 165*a~3*c 4*cos(f*x + e)~4 - 176%a"3*c 4*cos(f*x + e

)73 + 130%a"3*c"4*cos(f*x + e)72 + 48xa~3*c"4*cos(f*x + e) - 40*a~3*xc"4)*si
n(f*x + e))/(fxcos(f*x + e)76)

Sympy [F] time = 0., size = 0, normalized size = 0.

adct (fldx+ f—sec(e+fx)dx+ f—3se(:2 (e+fx)dx+ f3sec3 (e+fx)dx+ f3sec4 (e+fx)dx + f—3sec5
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))**3x(c-c*sec(f*x+e))**4,x)

[Out] ax*3*c**4*(Integral(l, x) + Integral(-sec(e + fx*x), x) + Integral(-3x*sec(e
+ f*x)*x2, x) + Integral(3*sec(e + f*x)*%*3, x) + Integral(3*sec(e + f*x)*x4

, x) + Integral(-3x*sec(e + f*x)*x5, x) + Integral(-sec(e + f*x)**6, x) + In
tegral(sec(e + f*x)**7, x))

Giac [A] time = 1.36117, size = 271, normalized size = 2.05

11
(315 adct tan(% fx+% e) -194

2
240 (fx + e)u3c4 - 75a%c* log (ltan (% fx+ % e) + 1|) +75a3c*log (ltan (% fx+ % e) - 1|) +

240 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(fx*x+e)) 3*(c-c*sec(f*x+e)) 4,x, algorithm="giac")
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[Out] 1/240%(240*(f*x + e)*a”~3*c”™4 - 7b5*a"3*c 4xlog(abs(tan(l/2*f*x + 1/2%e) + 1)
) + 75%xa”3*xc"4*log(abs(tan(1/2*xfxx + 1/2%e) - 1)) + 2*x(316%a”3*c 4*xtan(1/2%

fxx + 1/2*%e)”11 — 1945%a~3*c” 4xtan(1/2*f*xx + 1/2*%e)”9 + 5118*a”~3*c " 4xtan(1/
2+%f*xx + 1/2%e)”7 - 3138*a~3xc 4xtan(1/2*f*x + 1/2*e)”5 + 1095*a~3*c 4*tan(1
/2+%f*x + 1/2*%e)”3 - 165*a~3*c 4xtan(1/2*xf*x + 1/2*e))/(tan(1/2*xf*x + 1/2x*e)

2 - 1)76)/f
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3.13 f(a + asec(e + fx))>(c — csec(e + fx))° dx
Optimal. Leaf size=68

acGtan’(e+ fx) a’Stan’(e+ fx) aStane+ fx) 4 .

5f 3f f +a’c’x

[Out] a"3%c"3%xx - (a~3*%c"3*Tanl[e + f*x])/f + (a"3xc”3xTanle + f*x]~3)/(3%f) - (a~

3xc~3*Tan[e + f*x]75)/(5*f)

Rubi [A] time = 0.07435, antiderivative size = 68, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 26, e -

0.115, Rules used = {3904, 3473, 8}

integrand size

P tan’e + fx)  aPtan’(e+ fx) a’c3tan(e + fx) Y B3

5f 3f f ac’x

Antiderivative was successfully verified.

[In] Int[(a + a*Secle + f*x]) " 3%(c - c*Secl[e + fx*xx])~3,x]

[Out] a"3*c"3*x - (a"3*%c"3*Tanl[e + fx*x])/f + (a"3*xc " 3*Tan[e + f*x]~3)/(3%f) - (a~

3xc~3*Tan[e + f*x]~5)/(5*f)

Rule 3904

Int[(cscl(e_.) + (£_)*(x )I*(b_.) + (a_))"(m_.)*(cscl(e_.) + (f_.)*x(x_)]1x*(
d_.) + (c_))"(n_.), x_Symbol] :> Dist[(-(a*c))"m, Int[Cot[e + f*xx]~(2*m)=*(c
+ d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && Eq
Qlbxc + axd, 0] && EqQ[a"2 - b72, 0] && IntegerQ[m] && RationalQ[n] && !(I
ntegerQ[n] &% GtQ[m - n, 0])

Rule 3473
Int[((b_.)*tan[(c_.) + (d_)*(x_)1)"(n_), x_Symbol] :> Simp[(b*(bxTan[c + d

*x])"(n - 1))/(d*x(n - 1)), x] - Dist[b"2, Int[(b*Tan[c + d*x])"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rubi steps

f(a +asec(e + fx))*(c — csec(e + fx))>dx = — ((a3c3) ftan6(e + fx) dx)

_ _a3c3 tar;sf(e+fx) n (a3c3)ftan4(e+fx) dy
_ a’cd tan®(e + fx) a3 tan®(e + fx) _ (u3c3) ftanz(e + Fdx
3f 5f
PRutes £ e f) Sy
f 3f 5f
B3y a’c tan(e + fx) . a’c3 tan®(e + fx) a3 tan®(e + fx)

f 3f

5

)/
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Mathematica [A] time = 0.0401183, size = 61, normalized size = 0.9

tan’(e + fx) tan’(e+ fx) tan”'(tan(e + fx)) s tan(e + fx)

5f 3f f f

—a3c3 (
Antiderivative was successfully verified.

[In] Integratel[(a + a*Sec[e + f*x])~3*(c - c*Secl[e + f*x])~3,x]

[Out] -(a"3*%c"3*(-(ArcTan[Tanl[e + f*xx]]/f) + Tanl[e + fxx]/f - Tanl[e + f*x] 3/ (3x*f
) + Tan[e + f*x]~5/(5%f)))

Maple [A] time = 0.023, size = 93, normalized size = 1.4

117 -3c3a% tan (fx + e) +c3a® (fx + e) ~-3c%q8 (—2/3 -1/3 (sec (fx + e))z) tan (fx + e) +c%a® _% - (Sec (f; —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*sec(f*x+e)) 3*x(c-c*sec(f*x+e))”3,x)

[Out] 1/f*x(-3%c”3%a"3*tan(f*x+e)+c 3*%a~3x(f*xx+e)-3*%c~3*%a~3*(-2/3-1/3*sec(f*x+e) "2
Y*xtan (fxx+e)+c”3*%a~ 3% (-8/15-1/5*%sec(f*x+e) "4-4/15*xsec(f*x+e) ~2) xtan(f*x+e))

Maxima [A] time = 1.03518, size = 127, normalized size = 1.87

(3 tan (fx + 6)5 +10 tan (fx + 3)3 +15 tan (fx + e))a3c3 -15 (tan (fx + 6)3 +3 tan (fx + e))a3c3 -15 (fx +e
- 15 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 3*(c-c*ksec(f*x+e))”3,x, algorithm="maxima")

[Out] -1/15%((3*tan(f*x + e)”5 + 10xtan(f*x + e)~3 + 15xtan(f*x + e))*a"3%c”3 - 1
5x(tan(f*xx + e)”3 + 3xtan(f*x + e))*a"3*%c”3 - 165x(f*x + e)*a~3*xc”™3 + 45*a”~3

*c~3*tan(f*x + e))/f

Fricas [A] time = 1.06599, size = 189, normalized size = 2.78

15a3c3fx cos (fx + 6)5 - (23 a’c3 cos (fx + 6)4 ~11a3c3 cos (fx + 3)2 + 3a3c3) sin (fx + e)

15 f cos (fx + 6)5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 3*(c-c*ksec(f*x+e))”~3,x, algorithm="fricas")

[Out] 1/15%(15%a~3*c 3*xfxx*kcos(f*x + e)~5 - (23%a~3*c~3*xcos(f*x + e)”4 - 11%a~3%*c
~3*xcos(f*x + e€)”2 + 3*%a~3%c”3)*sin(f*x + e))/(f*cos(f*x + e)~b)
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Sympy [F] time = 0., size = 0, normalized size = 0.

—a3c3 (f(—l) ¢Jlx+f3sec2 (e+fx) dx+f—35ec4 (e+fx)dx+fsec6 (e+fx)dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))**3*(c-cksec(f*x+e))**3,x)

[Out] -a*x*3*xc**3*(Integral(-1, x) + Integral(3x*sec(e + f*x)**2, x) + Integral(-3x%
sec(e + f*xx)*x4, x) + Integral(sec(e + f*x)**6, x))

Giac [A] time = 1.47474, size = 93, normalized size = 1.37

3a3c tan (fx + e)S - 543 tan (fx + 6)3 -15 (fx + e)a3c3 +154a%c% tan (fx + e)
- 15 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 3*%(c-c*sec(f*x+e))”3,x, algorithm="giac")

[Out] -1/15%(3*a"3*c”3*tan(f*x + e)~5 - B5xa"3xc " 3xtan(f*x + e)”3 - 16x(f*x + e)*a
“3%c”3 + 15%a”"3*xc " 3*tan(f*x + e))/f
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3.14 f(a + asec(e + fx))>(c — csec(e + fx))* dx
Optimal. Leaf size=97

3432 tanh ™~ (sin(e + £x)) 2 tan’(e + fx) (3u3 sece + fx) + 4a3) c® tan(e + fx) (3113 sec(e + fx) + 8a3) 5
Bf + 27 — 7 +a’c

[Out] a"3%c™2xx + (3*xa”3xc”2*%ArcTanh[Sin[e + f*x]])/(8%f) - (c™2%(8%a”~3 + 3%a”~3%S
ecle + f*xx])*Tanl[e + f*x])/(8*f) + (c"2%(4*xa”3 + 3*a~3*Sec[e + f*xx])*Tan[e
+ fxx]73)/(12%f)

Rubi [A] time = 0.114357, antiderivative size = 97, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 26, e -

0.115, Rules used = {3904, 3881, 3770}

integrand size

3432 tanh ™\ (sin(e + fx)) N ? tan®(e + fx) (3a3 sec(e + fx) + 4a3) ) c®tan(e + fx) (3113 sec(e + fx) + 8a3) | A2

8f 12f 8f

Antiderivative was successfully verified.

[In] Int[(a + ax*Secle + f*x]) " 3%(c - c*Secle + f*x])~2,x]

[Out] a~3xc™2%x + (3*%a~3xc”2xArcTanh[Sin[e + f*x]]1)/(8*f) - (c~2%x(8%a~3 + 3*%a~3%*S
ecle + f*x])*Tan[e + f*x])/(8%f) + (c™2%(4*a"3 + 3*a~3*xSec[e + fx*x])*Tan[e
+ f*xx]73)/(12%f)

Rule 3904

Int[(cscl(e_.) + (£_.)x(x_)]*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (f_.)*(x_)]1x*(
d_.) + (c_))"(n_.), x_Symbol] :> Dist[(-(a*c))"m, Int[Cotl[e + f*xx]~(2*m)*(c
+ d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && Eq
Qlbxc + axd, 0] && EqQ[a"2 - b72, 0] && IntegerQ[m] && RationalQ[n] && !(I
ntegerQ[n] &% GtQ[m - n, 0])

Rule 3881

Int[(cot[(c_.) + (d_.)*(x_)]*(e_.)) " (m_)*(cscl(c_.) + (d_.)*x(x_)]*x(b_.) + (
a_)), x_Symbol] :> -Simp[(ex(exCot[c + d*x])~(m - 1)*(a*m + bx(m - 1)*Csclc
+ d*x]))/(d*m*(m - 1)), x] - Dist[e”2/m, Int[(exCot[c + d*x])~(m - 2)*(a*m
+ bx(m - 1)*Csclc + d*x]), x], x] /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1
]

Rule 3770
Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps
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f(a +asec(e + fx))>(c - csec(e + fx))?dx = (azcz) f(a +asec(e + fx)) tan*(e + fx)dx

c? (4{13 + 3a® sec(e + fx)) tand(e + fx) 1

(azcz) f (4a + 3asec(e + fx

12f 4
G (8a3 + 3a3 sec(e + fx)) tan(e + fx) N c2 (4a® + 3a° sec(e + fx)) tan
8f 12f
_ 2y c? (8a3 + 3a® sec(e + fx)) tan(e + fx) N c? (4a3 + 3a> sec(e + f>
8f 12f
B2yt 3ac? tanh_; j(rsin(e +fx) 2 (8a3 +3a° SeC(g ; fx)) tan(e + f

Mathematica [A] time = 0.791387, size = 122, normalized size = 1.26

a’c? sect(e + fx) (18 sin(e + fx) — 32sin(2(e + fx)) — 30sin(3(e + fx)) — 32 sin(4(e + fx)) + 96(e + fx) cos(2(e + fx))
192f

Antiderivative was successfully verified.

[In] Integratel[(a + a*Sec[e + f*x])~3*(c - c*Secl[e + f*x])~2,x]

[Out] (a~3%c"2*Secle + fxx] " 4*x(72%e + 72*fxx + 72xArcTanh[Sin[e + f*x]]*Cosl[e + f
*x]74 + 96x(e + f*xx)*Cos[2%(e + f*x)] + 24*exCos[4*x(e + f*xx)] + 24*f*x*Cos[

4x(e + fxx)] + 18+Sin[e + f*x] - 32xSin[2*(e + fxx)] - 30*%Sin[3*(e + f*x)]

- 32+Sin[4*(e + f*x)]1))/(192%f)

Maple [A] time = 0.025, size = 136, normalized size = 1.4

4 c?a3 tan (fx+e) 3c?a%In (Sec (fx+e) + tan (fx+e)) 4, @t 5cia’sec (fx+e) tan (fx+e) ca
- + + adcx + - + —

3f 8f f 8f

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*sec(f*x+e)) 3*(c-c*sec(f*x+e))”2,x)

[Out] -4/3/fxc”2*xa"3xtan(f*x+e)+3/8/f*xc " 2xa"3*x1ln(sec(f*x+e)+tan(f*x+e))+a " 3*xc”2*x
+1/f*xa"3%xc " 2%xe-5/8/f*c"2*%a"3*sec (f*x+e) *tan(f*x+e)+1/3/f*c"2*%a"3*xtan (f*x+e)
xsec(fxx+e) "2+1/4/f*xc"2*%a"3xtan(f*x+e)*sec(f*x+e) "3

Maxima [B] time = 1.01915, size = 274, normalized size = 2.82

2 (3 sin(fx+e)3—5 sin(fx+e))

sin(fx+e)4—2 sin( x+e)2+1

16 (tan (fx + 6)3 +3 tan (fx + e))u3c2 +48 (fx + e)a3c2 —3a’c? -3 log (sin (fx + e) + 1) +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 3*(c-c*ksec(f*x+e))”~2,x, algorithm="maxima"
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[Out] 1/48x(16x(tan(f*x + e)73 + 3xtan(f*x + e))*a™3*c™2 + 48+ (f*x + e)*a"3%c”2 -
3%a”3*%c72% (2% (3*sin(f*x + e)73 - bksin(f*x + e))/(sin(f*x + e)”4 - 2*sin(f

*x + e)72 + 1) - 3*xlog(sin(f*x + e) + 1) + 3*xlog(sin(f*x + e) - 1)) + 24xa”
3xc”2x (2xsin(f*x + e)/(sin(f*x + )72 - 1) - log(sin(f*x + e) + 1) + log(si
n(f*x + e) - 1)) + 48*%a”3xc"2*log(sec(f*x + e) + tan(f*x + e)) - 96%a~3*c™2
xtan(fxx + e))/f

Fricas [A] time = 1.14746, size = 359, normalized size = 3.7

48 a®c? fx cos (fx + 6)4 +9a3c% cos (fx + 6)4 log (sin (fx + e) + 1) —94a3c? cos (fx + 6)4 log (— sin (fx + e) + 1) ~

48 f cos (fx + 6)4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 3*(c-c*ksec(f*x+e))”~2,x, algorithm="fricas")

[Out] 1/48x(48*a~3*xc™2xf*x*cos(f*x + e)~4 + 9*xa~3xc”2*cos(f*x + e) 4*log(sin(f*x
+ e) + 1) - 9%a”3*c”2*cos(f*x + e) 4*xlog(-sin(f*x + e) + 1) - 2% (32%a~3%c™2
xcos(f*x + e)73 + 15%a"3*c”2*cos(f*x + e)72 - 8*%a"3xc"2*cos(f*x + e) - 6%a”
3xc”2)*sin(f*x + e))/(f*cos(f*x + e)~4)

Sympy [F] time = 0., size = 0, normalized size = 0.

a3cz(f1dx+fsec(e+fx)dx+f—2secz(e+fx)dx+f—28e03(e+fx)dx+fsec4(e+fx)dx+fsec5(e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*xx+e))**3x(c-c*sec(f*x+e))**2,x)

[Out] a**3xc**x2x(Integral(l, x) + Integral(sec(e + f*x), x) + Integral(-2*sec(e +
fxx)*x2, x) + Integral(-2*xsec(e + f*x)*x3, x) + Integral(sec(e + fx*x)*x*4,
x) + Integral(sec(e + f*x)*x5, x))

Giac [A] time = 1.34503, size = 217, normalized size = 2.24

7
2 (15 a3¢? tan(% fx+% e) —71a3¢
+

24 (fx + e)a302 +9a3c?log (|tan (%fx + %e) + 1|) -9a%?log (|tan (%fx + %e) - 1|)

24 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 3*(c-c*sec(f*x+e))”2,x, algorithm="giac")

[Out] 1/24%(24x(f*xx + e)*a”3*%c™2 + 9*a~3xc " 2xlog(abs(tan(1/2xf*x + 1/2xe) + 1)) -
9%a~3*xc"2*log(abs(tan(1/2*xf*x + 1/2%e) - 1)) + 2*(16%a”3xc " 2xtan(1/2*f*x +
1/2*%e)”7 — T1xa~3*c 2xtan(1/2*xf*x + 1/2*e)”5 + 137*a"3*c " 2*xtan(1/2*xf*x + 1
/2xe)”3 - 33%a~3xc " 2*tan(1/2xf*x + 1/2xe))/(tan(1/2xf*x + 1/2xe)"2 - 1)74)/

f
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3.15 f(a + asec(e + fx))>(c — csec(e + fx))dx
Optimal. Leaf size=77

_a3c tan3(e + fx) _ a’ctan(e + fx) . actanh™ (sin(e + £x)) _ alctan(e + fx)sec(e + fx)

3f f f f

+ adcx

[Out] a"3*c*x + (a”3xckxArcTanh[Sinl[e + f*x]])/f - (a"3*cxTan[e + fx*xx])/f - (a"3%*c
*Sec[e + fxx]*Tan[e + fxx])/f - (a"3*cxTan[e + fx*xx]~3)/(3%*f)

Rubi [A] time = 0.147325, antiderivative size = 77, normalized size of antiderivative =
1., number of steps used = 9, number of rules used = 8, integrand size = 24, number of rules _

integrand size
0.333, Rules used = {3904, 3886, 3473, 8, 2611, 3770, 2607, 30}

ac tan®(e + fx) _ a’ctan(e + fx) s actanh™ (sin(e + fx)) _ @ctan(e + fx)secle + fx) 4

3f f f f + a-cx

Antiderivative was successfully verified.

[In] Int[(a + a*Secl[e + f*x]) 3*(c - c*Secl[e + f*xx]),x]

[Out] a"3*xc*x + (a"3*ckxArcTanh[Sinl[e + f*x]])/f - (a"3*cxTan[e + fxx])/f - (a"3%*c
*Sec[e + f*x]*Tan[e + f*xx])/f - (a"3*cxTanl[e + fx*xx]~3)/(3%*f)

Rule 3904

Int[(cscl(e_.) + (f_.)x(x_)]*x(b_.) + (a_)) " (m_.)*(cscl(e_.) + (f_.)*(x_)]1*(
d_.) + (c))"(n_.), x_Symbol] :> Dist[(-(a*c))"m, Int[Cot[e + fxx]~(2+*m)=*(c
+ d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && Eq
Qlbxc + axd, 0] && EqQ[a"2 - b~2, 0] && IntegerQ[m] && RationalQ[n] && !(I
ntegerQ[n] && GtQ[m - n, 0])

Rule 3886

Int[(cot[(c_.) + (d_.)*(x_)]*(e_.)) " (m_)*(cscl(c_.) + (d_.)*(x_)]*(b_.) + (
a_)) (n_), x_Symbol] :> Int[ExpandIntegrand[(e*Cot[c + d*x])"m, (a + b*Csc[
¢ + d*x])°n, x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O]

Rule 3473

Int[((b_.)*tan[(c_.) + (d_)*(x_)1)"(n_), x_Symbol] :> Simp[(b*(bxTan[c + d
*x])"(n - 1))/(dx(n - 1)), x] - Dist[b~2, Int[(b*Tan[c + d*x])"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2611

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_.)*x((b_.)*tan[(e_.) + (£_.)*(x_)1)"(
n_), x_Symbol] :> Simp[(b*(a*Sec[e + fx*x]) m*(b*Tanl[e + f*x])~(n - 1))/ (£x*(
m+n- 1)), x] - Dist[(b™2%(n - 1))/(m + n - 1), Int[(a*Sec[e + fx*xx]) mx(b
*Tan[e + fxx])~(n - 2), x], x] /; FreeQ[{a, b, e, £, m}, x] && GtQ[n, 1] &&
NeQ[m + n - 1, 0] &% IntegersQ[2*m, 2#n]
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Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 2607

Int[sec[(e_.) + (f_D)*&x )] " (m )*((b_.)*tan[(e_.) + (f_D)*(x)1)"(n_.), xS
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*x(1 + x~2)"(m/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[0, n, m - 1])

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rubi steps

f(a +asec(e + fx))>(c — csec(e + fx))dx = ((ac) f(u + asec(e + fx))? tan(e + fx) dx)

((ac)f 2% tan®(e + fx) + 2a? sec(e + fx) tan?(e + fx) + a® sec?(e +

( ftanz(e + fx) dx) - (a c) fsecz(e + fx) tan?(e + fx)dx — |

_ 4 ctanj(fe +fx) a’csec(e +f;) tan(e + fx) N (a3c) fldx N (a3c)
actanh ™ (sin(e + fx)) aSctan(e+ fx) adcsec(e + fx)ta

fFf f

= IZSCX +

Mathematica [A] time = 0.440177, size = 101, normalized size = 1.31

adcsecd(e + fx) (—6 sin(e + fx) — 6sin(2(e + fx)) — 2sin(3(e + fx)) + 9(e + fx) cos(e + fx) + 3ecos(3(e + fx)) + 3
12f

Antiderivative was successfully verified.

[In] Integratel[(a + a*Sec[e + f*x])~3x(c - c*Secle + fx*x]),x]

[Out] (a"3*c*Secle + f*x] 3*x(9*(e + fxx)*Cosl[e + f*xx] + 12%ArcTanh[Sinl[e + f*xx]]*
Cosl[e + f*x]~3 + 3*exCos[3*x(e + f*xx)] + 3xf*xx*Cos[3*x(e + f*xx)] - 6%Sinf[e +
fxx] - 6xSin[2*(e + f*xx)] - 2*Sin[3*x(e + f*x)]))/(12xf)

Maple [A] time = 0.023, size = 98, normalized size = 1.3

a3cln(sec(fx+e)+tan(fx+e)) , e a3csec(fx+e)tan(fx+e) 2a3ctan(fx+e) a3ctan(f:
+adcx + - - _

f f f 3f

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*sec(f*x+e)) ~3x(c-c*sec(f*x+e)),x)
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[Out] 1/f*a"3*c*1ln(sec(f*x+e)+tan(f*xx+e))+a~3xckxx+1/f*a"3*xckxe—-a~3xckxsec(f*x+e)*ta
n(f*xx+e)/f-2/3%a"3*xcxtan(f*xx+e) /f-1/3/f*a"3*cxtan (f*x+e) *sec(f*x+e) "2

Maxima [A] time = 1.01755, size = 144, normalized size = 1.87

2 (tan (fx + 6)3 +3 tan (fx + e))a3c -6 (fx + e)a3c - 31130[% —log (Sin (fx + e) + 1) +log (sin (fx + e) -

_ i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 3*(c-c*xsec(f*x+e)),x, algorithm="maxima"

[Out] -1/6x(2*(tan(f*x + e)73 + 3*tan(f*x + e))*a”3*c - 6% (fxx + e)*a”3%c - 3*a”3
xck (2¢sin(f*xx + e)/(sin(f*x + e)72 - 1) - log(sin(f*x + e) + 1) + log(sin(f
*x + e) - 1)) - 12*a"3*cxlog(sec(f*x + e) + tan(f*xx + e)))/f

Fricas [A] time = 1.10899, size = 298, normalized size = 3.87

6(13cfxcos(fx+e)3 +3a3ccos(fx+e)3log(sin(fx+e) +1) —3a3ccos(fx+e)310g(—sin(fx+e) +1) —2(2a3c

6 f cos (fx+e)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 3*(c-c*sec(f*x+e)),x, algorithm="fricas")

[Out] 1/6*(6*xa~3*ckxfxx*kcos(f*x + e)~3 + 3*xa~3*cxcos(f*x + e) " 3*log(sin(f*x + e) +
1) - 3*xa”3xc*cos(f*xx + e) 3*log(-sin(f*x + e) + 1) - 2%(2xa"3*ckcos(f*x +
e)"2 + 3*ka~3xcxcos(f*xx + e) + a”3*c)*sin(f*xx + e))/(f*xcos(f*x + e)73)

Sympy [F] time = 0., size = 0, normalized size = 0.

—asc (f(—l) dx+f—2sec (e+fx) dx+f286C3 (e+fx) dx+fsec4 (e+fx)dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ataxsec(fxx+e))**3*(c-c*sec(f*x+e)),x)

[Out] -ax*3*cx(Integral(-1, x) + Integral(-2*sec(e + f*x), x) + Integral(2xsec(e
+ f*x)**3, x) + Integral(sec(e + f*x)*x4, x))

Giac [A] time = 1.39224, size = 149, normalized size = 1.94

4(a3ctan 1fx+le 3—3a3ctan lfx+le
2 2 2 2

3 (fx + e)a3c +3a’clog (|tan(%fx + %e) + 1|) -3a’clog (|tan (%fx + %e) —1|) - ——
(tan(zfx+§ e) —1)

3f
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atax*sec(fxx+e)) 3*(c-c*sec(f*x+e)),x, algorithm="giac")

[Out] 1/3*%(3*x(fxx + e)*a”3*c + 3*a~3*cxlog(abs(tan(1l/2*f*x + 1/2%e) + 1)) - 3*a~3
xckxlog(abs(tan(1/2*xf*x + 1/2%e) - 1)) - 4*(a"3xcktan(1/2xf*x + 1/2%e)”3 - 3
ka~3kcxtan(1/2xf*x + 1/2%e))/(tan(1/2xfxx + 1/2%e)72 - 1)73)/f
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arasecle .X'3
316 [ Cede/Ir gy

c—csec(e+fx)

Optimal. Leaf size=78

a® tan(e + fx) . 8a> cot(e + fx) . 8a3 csc(e + fx)  4a®tanh ! (sin(e + fx)) . a’x

cf cf cf cf

[Out] (a”3*x)/c - (4*a"3*ArcTanh[Sin[e + f*x]])/(cxf) + (8*a~3*Cot[e + fxx])/(cx*f
) + (8xa~3*Cscle + fxx])/(cxf) - (a"3*Tanle + f*x])/(cxf)

Rubi [A] time = 0.208792, antiderivative size = 78, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 15, number of rules used = 11, integrand size = 26, /e o
integrand size

= 0.423, Rules used = {3904, 3886, 3473, 8, 2606, 3767, 2621, 321, 207, 2620, 14}

a® tan(e + fx) N 8a> cot(e + fx) . 8a3 csc(e + fx)  4a®tanh ™ (sin(e + fx)) N ax

cf cf cf cf c

Antiderivative was successfully verified.

[In] Int[(a + a*Sec[e + f*x])~3/(c - c*Secle + f*x]),x]

[Out] (a”3*x)/c - (4*a”3xArcTanh[Sin[e + f*x]])/(c*xf) + (8*a~3*Cot[e + f*x])/(cx*f
) + (8xa~3*Cscle + fxx])/(cxf) - (a"3*Tanle + f*x])/(cxf)

Rule 3904

Int[(cscl(e_.) + (f_.)x(x_)]*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (f_.)*(x_)]1*(
d_.) + (c_))"(n_.), x_Symbol] :> Dist[(-(a*c))"m, Int[Cot[e + f*x]~(2*m)=*(c
+ d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && Eq
Qlbxc + axd, 0] && EqQ[a"2 - b"2, 0] && IntegerQ[m] && RationalQ[n] && !(I
ntegerQ[n] && GtQ[m - n, 0])

Rule 3886

Int[(cot[(c_.) + (d_.)*(x_)]1*(e_.)) " (m_)*(cscl(c_.) + (d_.)*(x_)]1*(b_.) + (
a_)) " (n_), x_Symbol] :> Int[ExpandIntegrand[(exCot[c + d*x])"m, (a + b*Csc[
c + d*x])°n, x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O]

Rule 3473

Int[((b_.)*tan[(c_.) + (d_)*(x_)1)"(n_), x_Symbol] :> Simp[(b*(bxTan[c + d
*x])"(n - 1))/(dx(n - 1)), x] - Dist[b"2, Int[(b*Tan[c + d*x])"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2606

Int[((a_.)*sec[(e_.) + (£_)*(x_)1) " (m_.)*x((b_.)*tan[(e_.) + (£_.)*(x_)]1)"(
n_.), x_Symbol] :> Dist[a/f, Subst[Int[(a*xx)"(m - 1)*(-1 + x72)"((n - 1)/2)
, x], x, Secle + f*x]], x] /; FreeQ[{a, e, f, m}, x] &% IntegerQ[(n - 1)/2]
&& !(IntegerQ[m/2] && LtQ[0, m, n + 1])
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Rule 3767

Int[csc[(c_.) + (d_)*(x_)]"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 2621

Int[(cscl(e_.) + (f_)*(x )I*(a_.)) " (m )xsecl(e_.) + (f_)*(x )] (n_.), xS
ymbol] :> -Dist[(f*a"n)~(-1), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n +
1)/2), %], x, axCscle + fxx]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n
+ 1)/2] && !(IntegerQ[(m + 1)/2] && LtQ[0, m, n])

Rule 321

Int[((c_)*(x D))" (m )*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c~(
n - D*(cxx)"(m - n + 1)*x(a + bxx™n)"(p + 1))/(b*x(m + nxp + 1)), x] - Distl[
(axc™nx(m - n + 1))/(b*(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x™n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt([b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 01 Il GtQ[b, 01)

Rule 2620

Int[cscl(e_.) + (f_)*(x_ )] (m_.)*sec[(e_.) + (f_)*(x_)]"(n_.), x_Symbol]
:> Dist[1/f, Subst[Int[(1 + x”2)"((m + n)/2 - 1)/x"m, x], x, Tanl[e + fx*x]],
x] /; FreeQ[{e, f}, x] && IntegersQ[m, n, (m + n)/2]

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rubi steps

f (a + asec(e + fx))> Dy = _fcotz(e + fx)(a + asec(e + fx))* dx

c—csec(e + fx) ac
i (a4 cot?(e + fx) + 4a* cot(e + fx) csc(e + fx) + 6a* csc?(e + fx) + 4a* csc?(e + fx)

ac
~ @ [cot®(e+ fx)dx a® [csc?(e+ fx)sec(e + fx)dx (4a3) [ cot(e + fx) csc(e +
c c c
A cot(e+ fx) a° [ldx a® Subst (f 1:_;(2 dx, x, tan(e + fx)) (4a3) Subst( [ 1dx
= + - +
cf c cf cf

a3 Subst (f (1 + %) dx, x, tan(e + fx)) 1

3 3 3
a’x 7a°cot(e+ fx 8a° csc(e + fx
rx ( f)Jr (e+fx) .

cf cf cf
4a3 tanh™ (sin(e + fx)) . 8a> cot(e + fx) . 8a° cscle + fx)  a’tan(e + fx)

cf cf cf cf

c
adx
c
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Mathematica [B] time = 2.3685, size = 240, normalized size = 3.08

a® cos?(e + fx) tan (%(e + fx)) sec (%(e + fx)) (sec(e + fx) +1)° [8 csc (g) sin (%) sec (%(e + fx)) +tan (%(e + fx))

Antiderivative was successfully verified.

[In] Integrate[(a + a*Sec[e + f*x])7"3/(c - c*Secle + f*x]),x]

[Out] (a~3*Cosl[e + f*x] 2*Sec[(e + f*x)/2]74*x(1 + Secl[e + f*x]) 3*Tan[(e + f*x)/2
1x(8xCscle/2]*Sec[(e + f*xx)/2]*Sin[(f*x)/2] + (-(f*x) - 4xLog[Cos[(e + f*x)

/2] - Sin[(e + fxx)/2]] + 4xLogl[Cos[(e + fx*x)/2] + Sin[(e + f*x)/2]] + Sinl[
f*x]/((Cosl[e/2] - Sin[e/2])*(Cos[e/2] + Sinle/2])*(Cos[(e + f*x)/2] - Sin[(

e + £xx)/2])*(Cos[(e + fxx)/2] + Sin[(e + f*x)/2])))*Tan[(e + fx*x)/2]))/(4x

f*(c - c*Secle + f*x]))

Maple [A] time = 0.083, size = 137, normalized size = 1.8

, @ arctan (tan (12 fx +¢2)) a3 (tan ( fzx ;) ) 1)—1 » @ In(tan (12 fx+¢/2) +1) g3 (tan ( fx e) n

+— — 4= +—
fc fc fc fc
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+ta*sec(f*xx+e)) 3/ (c-c*sec(f*x+e)),x)

[Out] 2/f*a"3/c*xarctan(tan(1/2xf*x+1/2*%e))+1/f*a"3/c/(tan(1/2*xf*xx+1/2%e)+1)-4/f*a
~3/cx1n(tan(1/2*xfxx+1/2%e)+1)+1/f*a~3/c/(tan(1/2xf*x+1/2%e)-1)+4/f*xa"~3/c*1ln
(tan(1/2*f*xx+1/2%e)-1)+8/f*xa~3/c/tan(1/2xf*xx+1/2%*e)

Maxima [B] time = 1.55327, size = 370, normalized size = 4.74

2
3 Sin(fx+e) in in in(fa in
— 31 1 ( sinfx+e) 1) lo ( sinffx+e) —1) 2 arctan( i kel x+e) ) 1 log( sin{/
a3 (Cos(fx+e)+1) cos(fx+e)+1 Cos(jx+e)+1 _ a3 cos(fx+e)+1 + COS(fX+€)+ +3 a3 cos(jx+
csin(fx+e) csin(fx+e)3 ¢ ¢ ¢ Csin( x+e) c

Cos(fx+e)+1 B (COS( x+e)+1)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 3/ (c-c*sec(f*x+e)),x, algorithm="maxima"

[Out] -(a"3*x((3*sin(f*x + e)"2/(cos(f*x + e) + 1)72 - 1)/(c*sin(f*x + e)/(cos(f*x
+e) + 1) - cxsin(f*x + e)"3/(cos(f*x + e) + 1)73) + log(sin(f*x + e)/(cos

(f*x + e) + 1) + 1)/c - log(sin(f*x + e)/(cos(f*x + e) + 1) - 1)/c) - a~3x%(
2*xarctan(sin(f*x + e)/(cos(f*x + e) + 1))/c + (cos(f*x + e) + 1)/(c*sin(f*x

+ e))) + 3*¥a"3x(log(sin(f*x + e)/(cos(f*x + e) + 1) + 1)/c - log(sin(f*x +
e)/(cos(f*x + e) + 1) - 1)/c - (cos(fxx + e) + 1)/(cxsin(f*x + e))) - 3*a”
3x(cos(f*xx + e) + 1)/(cxsin(f*x + e)))/f
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Fricas [A] time = 1.09735, size = 313, normalized size = 4.01

a3fxcos(fx+e) sin(fx+e) — 24 cos (fx+e) log(sin(fx+e) +1)sin(fx+e) +2a3cos(fx+e)log(—sin(fx
cf cos (fx+e) sin(fx+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))”3/(c-c*sec(f*x+e)),x, algorithm="fricas")

[Out] (a”3xf*x*cos(f*x + e)*sin(f*xx + e) - 2+a”3*cos(f*x + e)*log(sin(f*x + e) +
D*sin(f*x + e) + 2*%a"3xcos(f*x + e)*log(-sin(f*x + e) + 1)*sin(f*x + e) +
9%a~3*cos(f*x + e)”2 + 8*%a"3*cos(f*x + e) - a”3)/(cxfxcos(fxx + e)*sin(f*x

+ e))

Sympy [F] time = 0., size = 0, normalized size = 0.

3sec (e+ fx) 3sec? (e+ f x) sec? (e+ f x) 1
a3(f—dx+f—dx+f—dx+fvdx

sec (e+fx)—1 sec (e+fx)—1 sec (e+fx)—1 e+fx)—1

c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))**3/(c-c*sec(f*x+e)),x)

[Out] -a**3*(Integral(3*sec(e + fx*x)/(sec(e + f*x) - 1), x) + Integral(3*sec(e +
fxx)*x*2/(sec(e + f*x) - 1), x) + Integral(sec(e + f*x)**3/(sec(e + f*x) - 1
), x) + Integral(1l/(sec(e + fxx) - 1), x))/c

Giac [A] time = 1.34976, size = 158, normalized size = 2.03

2
1 1
(fx+e)a3 44° log(|tan(% fx+% e)+1|) 44° 10g(|tan(% fx+% e)—1|) 2 (5 a® tan(z fr+s 3) —4 ”3)
- + + 3
c c c tan( L 1 tan( L 1
an| 5 fx+se| —tan| 3 fx+3e||c

f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sec(f*x+e)) 3/(c-cxsec(f*x+e)),x, algorithm="giac")

[Out] ((f*x + e)*a”~3/c - 4*a~3xlog(abs(tan(l/2*f*x + 1/2%e) + 1))/c + 4*a~3x*log(a
bs(tan(1/2*f*xx + 1/2%e) - 1))/c + 2x(5*a~3xtan(1/2*f*xx + 1/2%e)”2 - 4%a~3)/
((tan(1/2%f*x + 1/2%e)"3 - tan(1/2*xfxx + 1/2%e))*c))/f



120

arasecle .X'3
317 [ DI gy

(c—csec(e+fx))?

Optimal. Leaf size=88

a3 tanh ™ (sin(e + £x)) 4a® tan(e + fx) 8a> tan(e + fx) a’x
c2f 3c2f(1 - sec(e + fx)) - 3c2f(1 - sec(e + fx))? " 2

[Out] (a~3*x)/c”2 + (a~3%ArcTanh([Sin[e + f*x]])/(c™2%f) - (8*a~3*Tanl[e + f*x])/(3
*xc"2%fx (1 - Secle + f*xx])72) + (4*a~3*xTanl[e + fx*x])/(3*%c™2%f*x(1 - Secle + f
*xx]))

Rubi [A] time = 0.361025, antiderivative size = 88, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 13, number of rules used = 9, integrand size = 26, e e e

= 0.346, Rules used = {3903, 3777, 3919, 3794, 3796, 3797, 3799, 3998, 3770}

integrand size

a3 tanh ™ (sin(e + £x)) 4a® tan(e + fx) 8a> tan(e + fx) asx
2f 3c2f(1 —sec(e + fx))  3c2f(1 - sec(e + fx))? i

Antiderivative was successfully verified.

[In] Int[(a + a*Secle + f*x])~3/(c - c*Secle + f*x])~2,x]

[Out] (a”3*x)/c”2 + (a"3xArcTanh[Sinl[e + f*x]])/(c"2xf) - (8*a"3xTanle + fx*x])/(3
xc"2xf*x (1 - Secle + f*x])~2) + (4*xa"3*xTanl[e + f*xx])/(3*xc™2*%f*x(1 - Secl[e + f
*x]))

Rule 3903

Int[(cscl(e_.) + (£_D*x(x_)I*x(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1*(
d_.) + (c_))"(n_), x_Symbol] :> Dist[c”™n, Int[ExpandTrig[(1 + (dxcscle + fx
x]1)/c)"n, (a + b*xcscle + f*x])™m, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, n}
, x] && EqQ[bxc + axd, 0] && EqQ[a"2 - b™2, 0] && IGtQ[m, 0] && ILtQ[n, O]
&% LtQ[m + n, 2]

Rule 3777

Int[(cscl(c_.) + (d_)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ dx*x]*(a + b*Cscl[c + d*x])"n)/(d*x(2*n + 1)), x] + Dist[1/(a"2*x(2*n + 1)),
Int[(a + b*Csclc + d*x])"(n + 1)*x(ax(2*xn + 1) - bx(n + 1)*Csclc + dx*x]), x]
, x] /; FreeQ[{a, b, c, d}, x] & EqQ[a"2 - b~2, 0] && LeQ[n, -1] && Intege
rQ[2#n]

Rule 3919

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_)*x(x_)]*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - a*d)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*xx]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3794

Int[csc[(e_.) + (£_.)*(x_)]1/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> -Simp[Cot[e + f*x]/(f*x(b + axCscle + fx*x])), x] /; FreeQ[{a, b, e, f}
, x] & EqQ[a"2 - b~2, 0]
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Rule 3796

Int[cscl(e_.) + (f_.)x(x_)I*(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(m_ ), x_
Symbol] :> Simp[(b*Cot[e + f*xx]*(a + b*Cscle + f*x])"m)/(axfx(2*m + 1)), x]
+ Dist[(m + 1)/(a*x(2*m + 1)), Int[Cscle + f*x]*(a + b*Cscle + f*x]) " (m + 1
), x1, x] /; FreeQ[{a, b, e, £}, x] & EqQ[a"2 - b~2, 0] && LtQ[m, -2"(-1)]
&& IntegerQ[2+*m]

Rule 3797

Int[cscl(e_.) + (£_.)*x(x_)]1"2x(cscl(e_.) + (£_)*(x_)Ix(b_.) + (a_))"(m_),
x_Symbol] :> -Simp[(Cot[e + f*x]*(a + b*Cscle + f*x])™m)/(fx(2*m + 1)), x]
+ Dist[m/(b*(2*m + 1)), Int[Csc[e + f*x]*(a + b*Cscle + f*x])"(m + 1), x],
x] /; FreeQ[{a, b, e, f}, x] && EqQ[a”"2 - b2, 0] && LtQ[m, -27(-1)]

Rule 3799

Int[csc[(e_.) + (f_.)*(x_)]1"3*(cscl(e_.) + (£_D)*x)D)I*M_.) + (a )" (m_ ),
x_Symbol] :> Simp[(b*Cot[e + f*x]*(a + b*Cscle + f*x])"m)/(a*xf*(2*m + 1)),
x] - Dist[1/(a~2*%(2*m + 1)), Int[Csc[e + f*xx]*(a + b*Cscle + f*x]) (m + 1)*
(a*m - b*(2*m + 1)*Cscl[e + f*x]), x], x] /; FreeQ[{a, b, e, f}, x] && EqQ[a
"2 - b"2, 0] && LtQ[m, -27(-1)]

Rule 3998

Int[(cscl(e_.) + (f_.)*(x_)]*(cscl(e_.) + (£_)*x(x_)I*(B_.) + (A_)))/(cscl(
e_.) + (£_)*x)I*(b_.) + (a_)), x_Symbol] :> Dist[B/b, Int[Cscle + f*x],
x], x] + Dist[(A*b - a*B)/b, Int[Cscl[e + f*x]/(a + bxCscl[e + fx*x]), x], x]
/; FreeQ[{a, b, e, £, A, B}, x] && NeQ[Axb - a*B, 0]

Rule 3770

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Rubi steps
f a® 3a3 sec(e+fx) 3a3 sec?(e+fx) a3 sec3(e+fx) d
(a + asec(e + fx))3 _ (1-sec(e+fx))?2 = (1-sec(e+fx))? = (l-sec(e+fx))2  (1-sec(e+fx))?
dx =
(c — csec(e + fx))? c?

sec3(e+fx) sec(e+fx)

sec? (e

(1-sec(e-

1
— a3 fm dx 3 f (1- sec(e+fx))2 dx + (3&3) fm dx + (3613) f

c2 c2

C
a3fT

R Ty
" 3c2 (1 —sec(e + fx))2 3¢? 3c2
_ a3_x _ 8a° tan(e + fx) a® tan(e + fx) N a® [ sec(e + fx)dx . (4a3) f1_
2 3c2f(l—sece+ fx))?>  c2f(1—sec(e+ fx)) c? 3
_adx @ tanh ™ (sin(e + fx)) 8a> tan(e + fx) 4a% tan(e + fx)
T2 * c2f - 3c2f(1—sec(e + fx))>  3c2f(1 —sec(e + fx))

Mathematica [B] time = 1.17021, size = 177, normalized size = 2.01

a’(cos(e + fx) +1)> tan (%(e+fx)) sec? (%(e+fx))( 4cot( )tan( (e+fx)) sec ( (e+fx)) +4csc(2)sm (f;

Antiderivative was successfully verified.

6¢?
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[In] Integratel[(a + a*Sec[e + f*x])~3/(c - c*Secl[e + f*x])~2,x]

[Out] (a”™3*(1 + Cosl[e + f*x])~3*Sec[(e + f*x)/2] " 2*Tan[(e + f*x)/2]*(4*Cscle/2]*S
ec[(e + f*x)/2]*Sin[(f*x)/2] - 4*Cot[e/2]*Sec[(e + f*x)/2] " 2*Tan[(e + f*x)/

2] + 3*%(f*x - Logl[Cos[(e + f*x)/2] - Sin[(e + f*x)/2]] + Logl[Cos[(e + fxx)/

2] + Sin[(e + f*xx)/2]])*Tan[(e + £x*x)/2]73))/(6%c™2*f*(-1 + Cosle + f*x])~2

)

Maple [A] time = 0.087, size = 90, normalized size = 1.

—:f—a; (tan (% + g))_3 +2 @ arctan (tajr:c(zl/fo i 8/2)) + ;732 In (tan (% + g) + 1) - ;—; In (tan (% + E) - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*sec(f*x+e)) 3/ (c-c*sec(f*x+e))”2,x)

[Out] -4/3/fxa"3/c”2/tan(1/2*f*xx+1/2%e) " 3+2/f*xa"3/c " 2*arctan(tan(1/2*xf*xx+1/2%e))+
1/fxa~3/c " 2x1ln(tan(1/2xf*xx+1/2%e)+1)-1/f*a"~3/c”2*1n(tan(1/2*f*xx+1/2%e)-1)

Maxima [B] time = 1.53255, size = 370, normalized size = 4.2

ot 22 anfpend 2l )
og +1) 610g( —1) [( 7 ]( (f

3 cos(fx+e)+1 cos(fx+e)+1 cos(fx+e)+1
+a 2 - 2

2
arctan sin(fx+e) [—9 sin(fx+e) 2—1] cos( fx+e)+1 ’
12 arct ( ) ( ) (cos(fr+e)+1)

3 cos(fx+e)+1 cos(fx+e)+1
a 2

2 sin(fx+e)3 2 sin( x+e)3

6f
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(fxx+e)) 3/ (c-c*xsec(f*x+e))”2,x, algorithm="maxima")

[Out] 1/6*%(a”3*(12*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/c”2 + (9*sin(f*x + e)~
2/(cos(f*x + e) + 1)72 - 1)x(cos(f*x + e) + 1)73/(c™2*sin(f*x + e)73)) + a”
3% (6*xlog(sin(f*x + e)/(cos(f*x + e) + 1) + 1)/c”2 - 6*log(sin(f*x + e)/(cos
(f*x + e) + 1) - 1)/c”2 - (9*sin(f*x + e)”2/(cos(f*x + e) + 1)72 + 1)*(cos(
fxx + e) + 1)73/(c™2*xsin(f*x + e)73)) - 3*a~3*(3xsin(f*x + e)~2/(cos(f*x +
e) + 1)72 + D*(cos(f*x + e) + 1)73/(c”2*sin(f*x + e)~3) + 3*a~3*(3*sin(f*x
+ e)72/(cos(f*xx + e) + 1)72 - D*(cos(f*x + e) + 1)73/(c"2*sin(f*x + e)~3)

)/

Fricas [A] time = 1.12544, size = 379, normalized size = 4.31

843 cos (fx+e)2 +16a3cos(fx+e) +8a +3(u3cos(fx+e) —u3) log(sin(fx+e) +1)sin(fx+e) —3(a3cos (th
6(c2fcos(fx+e) —czf)sin(fx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 3/ (c-cxsec(f*x+e))”2,x, algorithm="fricas")
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[Out] 1/6%(8*a"3*cos(f*x + e)”2 + 16%a"3xcos(f*x + e) + 8*%a~3 + 3*(a”"3xcos(f*x +
e) - a”3)*log(sin(f*x + e) + 1)*sin(f*xx + e) - 3*(a"3*cos(f*x + e) - a”3)x*1
og(-sin(f*x + e) + 1)*sin(f*x + e) + 6*(a ~3xf*x*cos(f*x + e) - a~3xf*x)*sin
(f*xx + e))/((c™2xf*cos(f*x + e) - c”2*f)*sin(f*x + e))

Sympy [F] time = 0., size = 0, normalized size = 0.

3sec? (e+ f x) sec? (e+ f x) 1
)+1 dx + f sec? (e+fx)—2 sec (e+fx)+1 X+ f sec? (e+fx)—2 sec (e+fx)+1 X f sec? (e+fx)—2 sec (e+fx)+'
c2

3sec (e+ f. x)
3
¢ f sec? (e+fx)—2 sec (e+fx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*xx+e))**3/(c-c*sec(f*x+e))**2,x)

[Out] a**3x(Integral(3*sec(e + fx*x)/(sec(e + f*x)**2 - 2xsec(e + f*x) + 1), x) +
Integral(3*sec(e + fx*xx)*x2/(sec(e + f*xx)*x2 - 2%sec(e + f*x) + 1), x) + Int
egral(sec(e + f*x)**3/(sec(e + f*x)**2 - 2*sec(e + f*x) + 1), x) + Integral
(1/(sec(e + fxx)**x2 — 2xsec(e + fxx) + 1), x))/c*x*x2

Giac [A] time = 1.34594, size = 113, normalized size = 1.28

3 (fx+e)a3 343 log(|tan(% fx+% e)+1|) 343 log(|tan(% fx+% e)—l|) 48
+ - > -
c

2 2 3
c c 1 1
2 st =t
c tan(2 fx+2 e)

3f
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 3/ (c-c*sec(f*x+e))”2,x, algorithm="giac")

[Out] 1/3*%(3*%(f*x + e)*a”3/c”2 + 3*a~3*xlog(abs(tan(1/2xf*x + 1/2%e) + 1))/c”2 - 3
xa~3*xlog(abs(tan(1/2xf*x + 1/2%e) - 1))/c”2 - 4*xa~3/(c™2xtan(1/2*xf*xx + 1/2%

e)”3))/f
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arasecle .X'3
318 [ meede/Ir gy

(c—csec(e+fx))3

Optimal. Leaf size=102

2643 tan(e + fx) 4a® tan(e + fx) 8a> tan(e + fx) asx
_1503f(1 —sec(e + fx))  15¢3f(1 - sec(e + fx))? - 5¢3f(1 - sec(e + fx))3 * 3

[Out] (a™3*x)/c”3 - (8*a~3*Tanl[e + f*x])/(5xc™3*f*x(1 - Secl[e + f*x])73) + (4*xa~3*
Tanle + f*x])/(15%c”3xf*x(1 - Secle + f*x])~2) - (26*%a"3*Tanl[e + fx*x])/(15%c
~3xfx(1 - Secle + f*x]))

Rubi [A] time = 0.451617, antiderivative size = 102, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 15, number of rules used = 9, integrand size = 26, e o e

= 0.346, Rules used = {3903, 3777, 3922, 3919, 3794, 3796, 3797, 3799, 4000}

integrand size

2643 tan(e + fx) 4a® tan(e + fx) 8a> tan(e + fx) asx
TI5G (1 —sec(e + fx) | 15Cf(1—secle + [0 53 (1l —secle + fP | &

Antiderivative was successfully verified.

[In] Int[(a + ax*Secle + f*x])~3/(c - c*Secle + f*x])~3,x]

[Out] (a”3*x)/c”3 - (8*a~3*Tan[e + f*x])/(Exc™3*f*x(1 - Secl[e + f*x])"3) + (4*a~3x*
Tan[e + f*x])/(15%c~3*f*(1 - Secl[e + f*xx])~2) - (26%a~3*Tanl[e + f*x])/(15%*c
~3xfx(1 - Secl[e + fx*xx]))

Rule 3903

Int[(cscl(e_.) + (£_)*(x_)I*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£f_.)*x(x_)]1x*(
d_.) + (c))"(n_), x_Symbol] :> Dist[c™n, Int[ExpandTrig[(1 + (d*cscle + f*
x])/c)"n, (a + b*cscle + f*x])™m, x], x], x] /; FreeQl{a, b, ¢, d, e, f, n}
, x] &% EqQ[bxc + axd, 0] && EqQ[a~2 - b~2, 0] && IGtQ[m, 0] && ILtQ[n, O]
& LtQ[m + n, 2]

Rule 3777

Int[(cscl(c_.) + (d_D*x_)I*(_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ d*x]*(a + b*Cscl[c + d*x])™n)/(d*(2*n + 1)), x] + Dist[1/(a"2%(2*n + 1)),
Int[(a + b*Csclc + d*x])"(n + 1)*(a*x(2*n + 1) - bx(n + 1)*Csclc + d*x]), x]
, x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b72, 0] && LeQ[n, -1] && Intege
rQ[2+n]

Rule 3922

Int[(cscl(e_.) + (£_)*(x)I*(b_.) + (a_))"(m_)*(cscl[(e_.) + (f_.)*x(x_)]*(d
_.) + (c)), x_Symbol] :> -Simp[((b*c - a*d)*Cot[e + f*x]*(a + b*Cscle + fx
x]1)"m)/(b*xfx(2xm + 1)), x] + Dist[1/(a"2*x(2*m + 1)), Int[(a + b*Cscle + fx*x
)7 (m + 1)*Simp[axc*(2*m + 1) - (bxc - axd)*(m + 1)*Cscle + f*x], x], x], x
1 /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*xc - a*d, 0] && LtQ[m, -1] && EqQ
[a”2 - 72, 0] && IntegerQ[2*m]

Rule 3919

Int[(cscl(e_.) + (f_.)*(x_)1*x(d_.) + (c_))/(cscl(e_.) + (£_)*x(x_)I*(b_.) +
(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscle + f*x
1/(a + b*Cscl[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
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axd, 0]

Rule 3794

Intlcscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x )]1*(b_.) + (a_)), x_Symbo
1] :> -Simp[Cot[e + f*x]/(fx(b + a*Cscle + f*x])), x] /; FreeQ[{a, b, e, f}
, x] & EqQ[a~2 - b™2, 0]

Rule 3796

Int[cscl(e_.) + (f_.)x(x_)Ix(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_))"(m_ ), x_
Symbol] :> Simp[(b*Cot[e + f*x]*(a + b*Cscle + f*x])™m)/(axf*(2*m + 1)), x]
+ Dist[(m + 1)/(a*x(2*xm + 1)), Int[Cscle + f*x]*(a + bxCscle + f*xx]) " (m + 1
), x1, x] /; FreeQ[{a, b, e, f}, x] && EqQ[a~2 - b2, 0] && LtQ[m, -27(-1)]
&& IntegerQ[2+*m]

Rule 3797

Int[cscl(e_.) + (£_.)*x(x_)]1"2x(cscl(e_.) + (£_.)*(x_)I*x(b_.) + (a_))"(m_),
x_Symbol] :> -Simp[(Cot[e + f*x]*(a + b*Cscle + f*x])"m)/(£*(2*m + 1)), x]
+ Dist[m/(b*x(2*m + 1)), Int[Cscle + f*x]*(a + b*Cscl[e + f*x])"(m + 1), x],
x] /; FreeQl[{a, b, e, f}, x] && EqQ[a"2 - b~2, 0] && LtQ[m, -27(-1)]

Rule 3799

Int[cscl[(e_.) + (f_.)*(x )]1"3x(cscl(e_.) + (£_)*(x)I1*(M®_.) + (a))"(m),
x_Symbol] :> Simp[(b*Cot[e + fxx]*(a + bxCscle + f*x])"m)/(axfx(2*m + 1)),
x] - Dist[1/(a"2%(2*m + 1)), Int[Cscle + fxx]*(a + bxCscle + f*x]) " (m + 1)*
(a*m - b*(2*m + 1)*Cscle + fx*x]), x], x] /; FreeQ[{a, b, e, f}, x] && EqQ[a
"2 - b~2, 0] && LtQ[m, -27(-1)]

Rule 4000

Intlcscl(e_.) + (f_.)x(x_)]*(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_)) " (m_)*(cs
cl(e_.) + (£_)*(x_)]*(B_.) + (A_)), x_Symbol] :> Simp[((Axb - axB)*Cot[e +
fxx]*x(a + bxCscle + f*xx])™m)/(a*xf*x(2xm + 1)), x] + Dist[(a*B*m + Axbx(m +

1))/ (axb*x(2*m + 1)), Int[Cscle + f*x]*(a + b*Cscle + f*x])"(m + 1), x], x]

/; FreeQ[{a, b, A, B, e, f}, x] && NeQ[Axb - axB, 0] && EqQ[a"2 - b™2, 0] &
& NeQ[a*Bxm + Axb*(m + 1), 0] && LtQ[m, -27(-1)]

Rubi steps
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3 f a3 + 3a3 sec(e+fx) + 3a3 sec2(6+fx) + a3 sec3(e+fx)
f (a + asec(e + fx)) Jx = (1-sec(e+fx))3 = (1-sec(e+fx))® = (l-sec(e+fx))® = (1-sec(e+fx))3
(c—csecle + fx))> c3
3 1 3 sec3(e+ f X) 3 sec(e+fx) 3 sec?(e+ fx)
a f (1-sec(e+fx))3 dx f (1- sec(e+fx))3 dx (3a ) f (1—sec(e+fx))3 dx (361 ) f (1-sec(e+fx)
B 3 i c3 i 3
23 —5 2 sec(e+fx) 3 [ (=3-5sec(e+fx))sec(e+fx) 3
8113 tan(e + fx) f 1- s.ec(e+fx))2 dx a f (1-sec(e+fx))2 dx (6& ) f
— +
5¢3f(1 - sec(e + f X))} 5¢3 5c3
3  15+7sec(e+fx) sec(e
_ 8a® tan(e + fx) 4a’ tan(e + fx) .\ a f 1-sec(et f) dx . (2” ) f Tosec(
5¢3f(1 —sec(e + fx))>  15c3f(1 —sec(e + fx))? 15¢3 5¢3
3
3 a’x 8a° tan(e + fx) N 4a% tan(e + fx) _ 4a® tan(e + fx) (22a ]
3 5A3f(1-secle+ fx)3 153 f(1 —sec(e + fx))2  15c3f(1 - sec(e + fx))
a’x 8a® tan(e + fx) 4a% tan(e + fx) 2643 tan(e + fx)

N 5c3f(1 —sec(e + fx))3  15¢3f(1 —sec(e + fx))> 15c3f(1 —sec(e + fx))

Mathematica [C] time = 0.0847297, size = 53, normalized size = 0.52

243 cot® (g + %) HypergeometricQFl( ,1,-= —tan (2 fzx))
5c¢3f

Antiderivative was successfully verified.

[In] Integrate[(a + a*Secl[e + f*x])~3/(c - c*Secle + f*x])~3,x]

[Out] (2*a~3*Cot[e/2 + (f*x)/2] 6*Hypergeometric2F1[-5/2, 1, -3/2, -Tan[e/2 + (fx*
x)/2]172])/ (B*c™3%f)

Maple [A] time = 0.104, size = 89, normalized size = 0.9

a3

a® arctan (tan (1/2fx + e/Z)) 243 fx e BT fx -
2 fcd - 3fc3 (tan(; * 5)) * 5 fc3 (tan (7 " E)) 2 fcd tan (1/2fx + 6/2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*sec(f*x+e))~3/(c-c*sec(f*x+e)) 3,x)

[Out] 2/f*a"3/c”3*arctan(tan(1/2*f*xx+1/2%e))-2/3/f*a~3/c"3/tan(1/2xf*x+1/2%e) ~3+2
/5/f*%a~3/c”3/tan(1/2xf*xx+1/2%e) ~5+2/f*a~3/c”3/tan(1/2*f*xx+1/2%e)

Maxima [B] time = 1.58716, size = 381, normalized size = 3.74

. 2 . 4 . 2 . 4
120 arctan(M) [ = Sm(fHE) 2 = Sm( x“’)4 -3 (COS(fX+e)+1)5 @ - Slﬂ(f-Hf) 2t 15 sin XH) 713 (cos(fx+e)+1)5 345 X
3 cos(fx+e)+1 (cos(fx+e)+l) (cos( x+e)+1) (cos( x+e)+1) (cos( x+e)+1) (co
a 3 - —
c

5 + 5
3 sin(fx+e) 3 sin(fx+e)

60 f

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((ata*sec(f*x+e)) 3/ (c-c*ksec(f*x+e))”3,x, algorithm="maxima")

[Out] 1/60*(a~3*(120*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/c”3 - (20*sin(f*x +
e) 2/ (cos(f*x + e) + 1)72 - 105*sin(f*x + e)"4/(cos(f*x + e) + 1)74 - 3)*(c
os(f*x + e) + 1)75/(c"3*sin(f*x + e)75)) + a"3*x(10*sin(f*x + e)~2/(cos(f*x

+e) + 1)72 + 16xsin(fxx + e)”4/(cos(f*x + e) + 1)74 + 3)*(cos(f*x + e) + 1
)75/(c”3*sin(f*x + e)75) - 3*a"3*(10*sin(f*x + e)~2/(cos(f*x + e) + 1)72 -
15xsin(f*x + e)”4/(cos(f*x + e) + 1)74 - 3)*x(cos(f*x + e) + 1)75/(c"3*sin(f

*x + e)7B) - 9*a"3x(bxsin(f*x + e)”4/(cos(f*x + e) + 1)74 - 1)*(cos(f*x + e

) + 1)75/(c"3*sin(f*x + e)~5))/f

Fricas [A] time = 1.07334, size = 312, normalized size = 3.06
3 2 2
46 a® cos (fx + e) —24a3cos (fx + e) — 224 cos (fx + e) +26a%+15 (a3fxcos (fx + e) —2a3fxcos (fx + e) +

15 (c3fcos (fx+e)2 —2c3fcos(fx+e) +c3f)sin(fx+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))”3/(c-c*xsec(f*x+e))”3,x, algorithm="fricas")

[Out] 1/15%(46*a"3*cos(f*x + e)~3 - 2*%a~3*xcos(f*x + e)”2 - 22%a"3*cos(f*x + e) +
26%xa”3 + 15*%(a”3xf*xxxcos(f*x + e) 2 - 2%a ~3*fxx*kcos(f*x + e) + a~3*xf*x)*sin
(fxx + e))/((c™3*kfxcos(f*x + e)”2 - 2%c™3*fxcos(f*x + e) + c~3*f)*sin(f*x +

e))

Sympy [F] time = 0., size = 0, normalized size = 0.

3 3sec (e+fx) 3sec? (€+fx) sec? (e+fx)
4 f sec3 (e+fx)—3 sec? (e+fx)+3 sec (e+fx)—1 dx + f sec3 (e+fx)—3 sec? (e+fx)+3 sec (e+fx)—1 X f sec3 (e+fx)—3 sec? (e+fx)+3 sec (e
C3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(fxx+e))**3/(c-c*sec(f*x+e))**3,x)

[Out] -a*x*3*(Integral(3*sec(e + fx*x)/(sec(e + f*x)**3 - 3*xsec(e + f*x)**2 + 3*sec
(e + fxx) - 1), x) + Integral(3*sec(e + f*x)**x2/(sec(e + f*x)*x3 - 3x*sec(e

+ fxx)**2 + 3*xsec(e + f*xx) - 1), x) + Integral(sec(e + f*x)**3/(sec(e + f*x

)*¥x3 - 3%sec(e + f*x)**2 + 3*sec(e + f*x) - 1), x) + Integral(l/(sec(e + fx
x)**%3 - 3xsec(e + f*x)*x2 + 3*xsec(e + fxx) - 1), x))/c**3

Giac [A] time = 1.44092, size = 104, normalized size = 1.02

4 2
1 1 1 1
15 (fx+e)a3 2 (15 a’ tan(i fx+s e) -543 tan(i fx+s e) +3 113)

3

5
1 1
3 tan(i fx+s e)

2
15 f

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+ta*sec(f*x+e)) 3/(c-cxsec(f*x+e))”3,x, algorithm="giac")

[Out] 1/15%(156%(f*x + e)*a”3/c”3 + 2% (1b*xa~3*xtan(1/2xf*x + 1/2%e)”4 - b5xa~3xtan(1
/2%fxx + 1/2%e)”2 + 3*a”~3)/(c"3xtan(1/2*xf*xx + 1/2*%e)"5))/f
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e+1x))>
319 f(a+asec( +£x)) dx

(c—csec(e+fx))*

Optimal. Leaf size=133

167a> tan(e + fx) 6243 tan(e + fx) 4a% tan(e + fx) 8a° tan(e + fx) ax

T10563 (1 —sec(e + fx) 106 f(1 —sec(e + fX)? 357 (1 —secle + fx)°  7AF(L —secle + fo)i | ol

[Out] (a”3*x)/c”4 - (8*a~3*Tan[e + f*x])/(7xc 4*xf*x(1 - Secl[e + f*x])"4) + (4*a”3x*
Tan[e + f*x])/(35%c~4*f*(1 - Secl[e + f*xx])~3) - (62%a~3*Tanl[e + f*xx])/(105%
c”4xf*x(1 - Secl[e + f*x])72) - (167*a"3*xTan[e + f*x])/(105%xc"4*xfx(1 - Secle

+ f*xx]))

Rubi [A] time = 0.57925, antiderivative size = 133, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 19, number of rules used = 9, integrand size = 26, e e =

= 0.346, Rules used = {3903, 3777, 3922, 3919, 3794, 3796, 3797, 3799, 4000}

integrand size

16743 tan(e + fx) 6243 tan(e + fx) 4a® tan(e + fx) 8a® tan(e + fx) ax

_105c4f(1 - sec(e + fx)) - 105¢4f(1 —sec(e + fx))>  35c4f(1 —sec(e + fx))3 - 7c¢tf(1 —sece + fx)* ¢t

Antiderivative was successfully verified.

[In] Int[(a + ax*Secle + f*x])~3/(c - c*Secle + fx*xx])~4,x]

[Out] (a”3*x)/c™4 - (8*a"3x*Tan[e + fx*x])/(7*c™4xf*x(1 - Secl[e + f*xx])74) + (4%a~3x%
Tanl[e + f*x])/(35%c™4*f*(1 - Secle + f*x])~3) - (62*a"3*Tanle + f*x])/(105%
c"4xf*x(1 - Secle + f*x])~2) - (167*a"3*Tan[e + f*x])/(105*xc"4*xf*x(1 - Secle

+ fxx]))

Rule 3903

Int[(cscl(e_.) + (f_)*(x_)I*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (£_.)*(x_)]1*(
d_.) + (c))"(n_), x_Symbol] :> Dist[c”n, Int[ExpandTrig[(1l + (d*cscle + fx
x])/c)"n, (a + b*cscle + f*x])™m, xJ, x], x] /; FreeQl{a, b, ¢, d, e, f, n}
, x] && EqQ[bxc + axd, 0] && EqQ[a”2 - b™2, 0] && IGtQ[m, 0] && ILtQ[n, O]
&& LtQ[m + n, 2]

Rule 3777

Int[(cscl(c_.) + (d_)*xx_)I*(_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ d*x]*(a + b*Csclc + d*x])"n)/(d*(2%n + 1)), x] + Dist[1/(a"2*%(2*n + 1)),
Int[(a + b*Csc[c + d*x])"(n + 1)*(ax(2*n + 1) - bx(n + 1)*Cscl[c + d*xx]), x]
, x] /; FreeQ[{a, b, c, d}, x] & EqQ[a"2 - b~2, 0] && LeQ[n, -1] && Intege
rQ[2+n]

Rule 3922

Int[(cscl(e_.) + (£_.)*(x_)]1*x(b_.) + (a_)) " (m_)*(cscl(e_.) + (f_.)*(x_)]x(d
_.) + (c)), x_Symbol] :> -Simp[((b*c - a*d)*Cot[e + f*x]*(a + b*Cscle + fx
x])"m)/ (b*xf*x(2*m + 1)), x] + Dist[1/(a"2*x(2*m + 1)), Int[(a + b*Cscl[e + f*x
)" (m + 1)*Simp[a*xc*(2*m + 1) - (b*xc - a*xd)*(m + 1)*Cscle + f*x], x], x], x
1 /; FreeQ[{a, b, c, 4, e, f}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && EqQ
[a”2 - b72, 0] && IntegerQ[2*m]

Rule 3919
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Int[(cscl(e_.) + (£f_.)*(x_)]*(d_.) + (c_))/(cscl(e_.) + (f_)*x(x_)]1*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc -
axd, 0]

Rule 3794

Int[csc[(e_.) + (f_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> -Simp[Cotl[e + f*x]/(fx(b + a*Csc[e + f*x])), x] /; FreeQ[{a, b, e, f}
, x] &% EqQ[a”2 - b2, 0]

Rule 3796

Intlcscl(e_.) + (f_.)x(x_)I*(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (m_ ), x_
Symbol] :> Simp[(b*Cot[e + f*x]*(a + b*Cscle + f*x])"m)/(axfx(2*m + 1)), x]
+ Dist[(m + 1)/(a*x(2*m + 1)), Int[Cscl[e + f*x]*(a + b*Cscle + f*x]) " (m + 1
), x], x] /; FreeQ[{a, b, e, f}, x] && EqQ[a~2 - b~2, 0] && LtQ[m, -27(-1)]
&& IntegerQ[2+*m]

Rule 3797

Int[cscl(e_.) + (£f_.)*(x_)]1"2x(cscl(e_.) + (£_)*x)DI*M_.) + (a_)) " (m_),
x_Symbol] :> -Simp[(Cot[e + f*x]*(a + b*Cscle + f*x])™m)/(£x(2*m + 1)), x]
+ Dist[m/(b*(2*m + 1)), Int[Cscle + f*x]*(a + b*Cscle + f*x]) " (m + 1), x],
x] /; FreeQ[{a, b, e, £}, x] && EqQ[a”™2 - b"2, 0] && LtQ[m, -27(-1)]

Rule 3799

Intlcscl(e_.) + (£_.)*(x_)]173*(cscl(e_.) + (£_D)*(x_)1*(b_.) + (a_))"(m_),
x_Symbol] :> Simp[(b*Cot[e + f*x]*(a + b*Csc[e + fxx])~m)/(a*xf*(2*m + 1)),
x] - Dist[1/(a"2*(2*m + 1)), Int[Cscl[e + f*xx]*(a + b*Cscle + f*x])"(m + 1)*
(a*m - b*(2*m + 1)*Cscle + f*x]), x], x] /; FreeQ[{a, b, e, f}, x] && EqQ[a
“2 - b"2, 0] && LtQ[m, -2-(-1)]

Rule 4000

Int[cscl(e_.) + (f_.)x(x_)I*(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_)) " (m_)*(cs
clCe_.) + (£_)*x(x_)I*(B_.) + (A))), x_Symbol] :> Simp[((A*b - a*B)*Cot[e +
f*x]*(a + b*Cscle + fxx])"m)/(a*f*(2*m + 1)), x] + Dist[(a*B*m + Axbx(m +

1))/ (axbx(2*m + 1)), Int[Cscle + f*x]*(a + b*Cscle + f*x])"(m + 1), x], x]

/; FreeQ[{a, b, A, B, e, f}, x] && NeQ[A*b - a*B, 0] && EqQ[a"2 - b~2, 0] &
& NeQ[a*B*m + A*¥b*(m + 1), 0] && LtQ[m, -27(-1)]

Rubi steps
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f a3 3a3 sec(e+ fx) 3a3 sec?(e+ fx) a3 sec3(e+ fx) d
f (ﬂ +a sec(e + fX))3 dx = (1-sec(e+fx))* = (1-sec(e+fx))* = (1-sec(e+fx))* = (1-sec(e+fx))* x
(c—csecle+ fx))* ct

3 1 e sec3(e+fx) 3 sec(e+fx) 3 sec? (e
a f (1-sec(e+fx))* dx f (1- sec(e+fx))4 dx (35[ )f (1—sec(e+fx))4 dx (35[ )f (1-sec(e-

- ct * ct " ct
3 —7 3 sec(e+fx) 3 [ (-4-7sec(e+fx)) sec(e+fx) 3
f (1-sec(e+fx))3 dx a f (1-sec(e+fx))3 dx (9(1 ;

8a° tan(e + fx)

- 7ct f(1—secle+ f X0): 7ct 7ct -
8a° tan(e + fx) 4a® tan(e + fx) a [ %m dx (13&3) /
7t f(1—sec(e+ fx))*  35¢*f(1 —sec(e + fx))3 " 35¢4 "
3 [
8a° tan(e + fx) 4a% tan(e + fx) 6243 tan(e + fx) a [
_7c4f(1 —sec(e + fx))*  35c4f(1 —sec(e + fx))3 - 105¢*f(1 - sec(e + fx))? -
_a’x 8a> tan(e + fx) 4a tan(e + fx) 6243 tan(e + fx)
oA 7c¢tf(1 —sec(e + fx))*  35c4f(1 - sec(e + fx))3 - 105¢*£(1 - sec(e + fx))? 1
a’x 84> tan(e + fx) 4a% tan(e + fx) 624° tan(e + fx)

T4 7ctf(1 —sec(e + fx))*  35¢4f(1 - sec(e + fx))3 - 105¢*£(1 - sec(e + fx))? 1

Mathematica [A] time = 0.611067, size = 227, normalized size = 1.71

a® csc ( ) csc ( (e+ fx)) (—11270 sin (e + fz ) + 9114 sin (e L ) + 5040 sin (Ze + fx) 3248 sin (Ze + %) -1

Antiderivative was successfully verified.

[In] Integrate[(a + a*Sec[e + f*x])~3/(c - c*Secle + f*x])~4,x]

[Out] (a~3*Cscle/2]*Cscl[(e + f*xx)/2] " 7x(3675xf*x*Cos[(f*x)/2] - 3675xf*x*Cos[e +
(f*x)/2] - 2205*xf*x*Cosl[e + (3*xfxx)/2] + 2205*f*x*Cos[2*e + (3*xf*x)/2] + 73
5xf*x*xCos[2%e + (bxf*xx)/2] - 735+xf*x*Cos[3*e + (bxf*xx)/2] - 105*f*x*Cos[3*e

+ (7xfx*x) /2] + 105%f*x*Cos[4*e + (7T*xfxx)/2] - 12320%Sin[(f*x)/2] - 11270%S

in[e + (f*x)/2] + 9114xSin[e + (3*fx*x)/2] + 5040%Sin[2*e + (3*fx*x)/2] - 324
8*Sin[2*e + (5xfxx)/2] - 1470*%Sin[3*e + (5xf*x)/2] + 674*Sin[3*e + (7*xf*x)/
21))/(13440%c™4%f)

Maple [A] time = 0.114, size = 111, normalized size = 0.8

) ) o) B9

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ataxsec(fxx+e)) 3/ (c-c*sec(f*x+e)) 4,x)

[Out] 2/f*a"3/c 4xarctan(tan(1/2*f*xx+1/2%e))-1/7/f*a~3/c"4/tan(1/2xf*x+1/2%e) " T+2
/5/f*a~3/c”4/tan(1/2xf*xx+1/2%e) ~5-2/3/f*a~3/c"4/tan(1/2xf*x+1/2*xe) ~3+2/f*a”
3/c”4/tan(1/2xfxx+1/2%e)
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Maxima [B] time = 1.56309, size = 517, normalized size = 3.89

Li ( ) 21 Sin(fx+e)2 77 sin(fx+e)4 315 sin(fx+e)6 7 21 sin(fx+e)2 35 sin(fx+e)4 105 sin(fx%
336 arctan| —— 2” s 5-3|(cos(fx+e)+1) 3a° 27t i
5 3 cos(fx+e)+1 (cos(fx+e)+1) (cos( x+e)+l) (cos(fx+e)+1) + (cos(fx+e)+1) (cos(fx+e)+1) (cos(fx+e)—
a
ct ct sin(fx+e)7 ct sin(fx+e)7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(fxx+e)) 3/ (c-c*xsec(f*x+e))”4,x, algorithm="maxima")

[Out] 1/840*(5*a”~3*(336*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/c”4 + (21*sin(f*x
+ e)72/(cos(f*xx + e) + 1)72 - 77*sin(f*x + e)~4/(cos(f*x + e) + 1)74 + 315
*sin(f*x + e)76/(cos(f*x + e) + 1)76 - 3)*(cos(f*x + e) + 1)°7/(c"4*sin(f*x
+ e)77)) + 3*xa"3x(21xsin(f*x + e)”2/(cos(f*x + e) + 1)72 + 35*sin(f*x + e)
~4/(cos(f*x + e) + 1)74 - 105*sin(f*x + e)”6/(cos(f*x + e) + 1)76 - 15)*(co
s(f*xx + e) + 1)77/(c™4*xsin(f*xx + e)77) + 9*a " 3*(21*sin(f*x + e)~2/(cos(f*x
+ e) + 1)72 - 3bxsin(f*x + e)”4/(cos(f*x + e) + 1)74 + 35+sin(f*x + e)76/(c
os(f*x + e) + 1)76 - B)*x(cos(f*xx + e) + 1)77/(c 4*sin(f*x + e)77) - a~3*(21
*sin(f*x + e)72/(cos(f*x + e) + 1)72 - 35*xsin(f*x + e)~4/(cos(f*x + e) + 1)
4 - 105*sin(f*x + e)”"6/(cos(f*x + e) + 1)76 + 15)*(cos(f*xx + e) + 1)77/(c”
4xsin(f*x + e)77))/f

Fricas [A] time = 1.04627, size = 424, normalized size = 3.19

337 a3 cos (fx + 6)4 - 276a° cos (fx + 8)3 — 5043 cos (fx + 6)2 + 396 a° cos (fx + e) -167a% +105 (a3fxcos (fx + e)

105(c4f(:os(fx+e)3 —3ctf cos (fx+e)2 +3c*f cos (fx+e) -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))”3/(c-c*sec(f*x+e))~4,x, algorithm="fricas")

[Out] 1/105%(337*a”~3*cos(f*x + e)~4 - 276*a"3*cos(f*x + e)~3 - 50*a~3*cos(f*x + e
)72 + 396*a"3*cos(f*x + e) - 167*a~3 + 105%(a~3*f*x*cos(f*x + e)~3 - 3*xa~ 3%
frxkcos(f*x + e)”2 + 3*a~3*xf*x*cos(f*x + e) — a~3xfxx)*sin(f*x + e))/((c™4x*
frcos(f*x + e)~3 — 3xc 4*f*cos(f*x + )72 + 3xc™4xfxcos(f*x + e) - c 4x*xf)x*s
in(f*x + e))

Sympy [F] time = 0., size = 0, normalized size = 0.

3 3sec (e+fx) 3sec? (e+fx)
4 f sect (e+fx)-4sec3 (e+fx)+6 sec? (e+fx)—4 sec (e+fx)+1 dx + f sect (e+fx)—4 sec3 (e+fx)+6 sec? (e+fx)-4sec (e+fx)+1 dx + f sect (e+fx:
A

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))**3/(c-c*sec(f*x+e))**4,x)

[Out] a**3x(Integral(3*sec(e + fx*x)/(sec(e + f*xx)**4 - 4xsec(e + f*x)**3 + 6xsec(
e + f*x)**2 - 4xsec(e + f*x) + 1), x) + Integral(3*sec(e + f*xx)**2/(sec(e +
fxx)*x*x4 — 4xsec(e + f*xx)**3 + Bxsec(e + f*xx)**x2 — 4xsec(e + f*xx) + 1), x)
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+ Integral(sec(e + f*xx)**3/(sec(e + f*x)*¥4 - 4dxsec(e + f*x)**3 + 6*sec(e +
fxx)*x2 - 4xsec(e + f*x) + 1), x) + Integral(l/(sec(e + f*xx)**4 - 4xsec(e
+ fxx)**3 + 6*sec(e + fxx)*x2 — 4xsec(e + f*xx) + 1), x))/c*x*x4

Giac [A] time = 1.3774, size = 126, normalized size = 0.95

6 4 2
105 (fx+e)a3 N 210a3tan(%fx+%e) —7Oa3tan(%fx+%e) +42a3tan(% fx+%e) -1543

4 7
c 1 1

4 st =

c tan(zfx+2 e)

105 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))”3/(c-c*sec(f*x+e))~4,x, algorithm="giac")

[Out] 1/105%(105%x(f*x + e)*a~3/c”4 + (210*%a~3xtan(1/2xf*xx + 1/2%e)”6 - 70*a~3*tan
(1/2%fxx + 1/2%e)”4 + 42%xa~3xtan(1/2*xfxx + 1/2%e)”2 - 15%xa~3)/(c 4*tan(1/2%
fxx + 1/2%e)"7))/f
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e+fx))>
390 f(a+asec( +£x)) dx

(c—csec(e+fx))°

Optimal. Leaf size=164

4964 tan(e + fx) 1814 tan(e + fx) 3843 tan(e + fx) 4a% tan(e + fx) 845 t:
31565 F(1 - sec(e + fx)) 3155 f(1—sec(e + fx))2 1055 f(1 —sec(e + fx))2 635 f(1 —secle + fx))* 9 f(1 -

[Out] (a"3#*x)/c”5 - (8xa~3x*Tanle + f*x])/(9*c™bxf*(1 - Secle + f*x])75) + (4*a~3%
Tan[e + f*x])/(63%c”5*f*x(1 - Secle + fxx])~4) - (38*a~3*Tanl[e + fx*x])/(105%
c”5xfx(1 - Secle + f*x])~3) - (181*a"3*Tan[e + f*x])/(315*xc~5*%f*(1 - Secl[e

+ £*x])72) - (496*a~3xTan[e + f*x])/(315*c™5xf*(1 - Secl[e + f*x]))

Rubi [A] time = 0.7334, antiderivative size = 164, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 23, number of rules used = 9, integrand size = 26, e e =

= 0.346, Rules used = {3903, 3777, 3922, 3919, 3794, 3796, 3797, 3799, 4000}

integrand size

496a% tan(e + fx) 18143 tan(e + fx) 3843 tan(e + fx) 4a® tan(e + fx) ~ 8a° t:
_315c5f(1 - sec(e + fx)) - 315c¢2f(1 - sec(e + fx))? - 105¢2f(1 —sec(e + fx))3 ~ 63c°f(1 —sec(e + fx))* 9cf(1 -

Antiderivative was successfully verified.

[In] Int[(a + ax*Secle + f*x])~3/(c - c*Secle + f*x])~5,x]

[Out] (a”3*x)/c”5 - (8*a"3x*Tan[e + f*x])/(9%c”5xf*x(1 - Secl[e + f*x])75) + (4%a~3x%
Tanl[e + f*x])/(63*%c”5*xf*(1 - Secle + f*x])~4) - (38*a~3*Tanle + f*x])/(105%
c"bxf*x(1 - Secle + f*x])~3) - (181*a~3*Tan[e + f*x])/(315*xc"5xf*x(1 - Secle

+ f*x])72) - (496*a~3xTan[e + f*x])/(315*c™5*xf*x(1 - Secle + f*x]))

Rule 3903

Int[(cscl(e_.) + (f_D*(x_)I*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1*(
d_.) + (c))"(n_), x_Symbol] :> Dist[c”n, Int[ExpandTrig[(1l + (d*cscle + fx
x])/c)"n, (a + b*cscle + f*x])™m, xJ, x], x] /; FreeQl{a, b, ¢, d, e, f, n}
, x] && EqQ[bxc + axd, 0] && EqQ[a"2 - b™2, 0] && IGtQ[m, 0] && ILtQ[n, O]
&& LtQ[m + n, 2]

Rule 3777

Int[(cscl(c_.) + (d_)*xx_)I*(_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ d*x]*(a + b*Csclc + d*x])"n)/(d*(2%n + 1)), x] + Dist[1/(a"2*%(2*n + 1)),
Int[(a + b*Csc[c + d*x])"(n + 1)*(ax(2*n + 1) - bx(n + 1)*Cscl[c + d*xx]), x]
, x] /; FreeQ[{a, b, c, d}, x] & EqQ[a"2 - b~2, 0] && LeQ[n, -1] && Intege
rQ[2+n]

Rule 3922

Int[(cscl(e_.) + (£_.)*(x_)]1*x(b_.) + (a_)) " (m_)*(cscl(e_.) + (f_.)*x(x_)]x(d
_.) + (c)), x_Symbol] :> -Simp[((b*c - a*d)*Cot[e + f*x]*(a + b*Cscle + f*
x])"m)/ (b*xf*x(2*m + 1)), x] + Dist[1/(a"2*x(2*m + 1)), Int[(a + b*Cscl[e + f*x
)" (m + 1)*Simp[a*xc*(2*m + 1) - (b*xc - a*xd)*(m + 1)*Cscle + f*x], x], x], x
1 /; FreeQ[{a, b, c, 4, e, f}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && EqQ
[a”2 - b72, 0] && IntegerQ[2*m]

Rule 3919
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Int[(cscl(e_.) + (£f_.)*(x_)]*(d_.) + (c_))/(cscl(e_.) + (f_)*x(x)]1*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*xx]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc -
axd, 0]

Rule 3794

Int[csc[(e_.) + (£_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> -Simp[Cotl[e + f*x]/(fx(b + a*Csc[e + f*x])), x] /; FreeQ[{a, b, e, f}
, x] &% EqQ[a”2 - b2, 0]

Rule 3796

Int[cscl(e_.) + (f_.)x(x_)I*(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (m_ ), x_
Symbol] :> Simp[(b*Cot[e + f*x]*(a + b*Cscle + f*x])"m)/(axfx(2*m + 1)), x]
+ Dist[(m + 1)/(a*x(2*m + 1)), Int[Cscl[e + f*x]*(a + b*Cscle + f*x]) " (m + 1
), x], x] /; FreeQ[{a, b, e, f}, x] && EqQ[a~2 - b~2, 0] && LtQ[m, -27(-1)]
&& IntegerQ[2+*m]

Rule 3797

Int[cscl(e_.) + (£f_.)*(x_)]1"2x(cscl(e_.) + (£_)*x)DI*M_.) + (a_)) " (m_),
x_Symbol] :> -Simp[(Cot[e + f*x]*(a + b*Cscle + f*x])™m)/(£x(2*m + 1)), x]
+ Dist[m/(b*(2*m + 1)), Int[Cscle + f*x]*(a + b*Cscle + f*x]) " (m + 1), x],
x] /; FreeQ[{a, b, e, £}, x] && EqQ[a”™2 - b"2, 0] && LtQ[m, -27(-1)]

Rule 3799

Int[csc[(e_.) + (f_.)*(x_)]1"3*(cscl[(e_.) + (f_.)*(x)I*x(b_.) + (a )" (m),
x_Symbol] :> Simp[(b*Cot[e + f*x]*(a + b*Cscle + f*x])"m)/(axf*(2*m + 1)),
x] - Dist[1/(a"2+%(2*m + 1)), Int[Cscl[e + fxx]*(a + b*Cscle + f*x])"(m + 1)*
(a*m - b*(2*m + 1)*Cscl[e + f*x]), x], x] /; FreeQ[{a, b, e, f}, x] && EqQ[a
“2 - b"2, 0] && LtQ[m, -2-(-1)]

Rule 4000

Int[cscl(e_.) + (f_.)x(x_)I*(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_)) " (m_)*(cs
clCe_.) + (£_)*x(x_)I*(B_.) + (A))), x_Symbol] :> Simp[((A*b - a*B)*Cot[e +
f*x]*(a + b*Cscle + fxx])"m)/(a*f*(2*m + 1)), x] + Dist[(a*B*m + Axbx(m +

1))/ (axbx(2*m + 1)), Int[Cscle + f*xx]*(a + b*Cscle + f*x])"(m + 1), x], x]

/; FreeQ[{a, b, A, B, e, f}, x] && NeQ[A*b - a*B, 0] && EqQ[a"2 - b~2, 0] &
& NeQ[a*B*m + Axb*(m + 1), 0] && LtQ[m, -27(-1)]

Rubi steps
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f a’ n 3a3 sec(e+£x) n 3a3 sec?(e+fx) + a®sec3(e+fx)
f (a+asec(e+ f x))3 gy = (1-sec(e+fx)5 ' (I-sec(e+fx))® = (1-sec(e+fx))> ' (1-sec(e+fx))>
(c—csece+ fx))> c®
3 1 3 5e63(e+fx) 3 sec(e+fx) 3 secz(e+fx)
a f (1-sec(e+fx))° dx f (1- sec(e+fx))5 dx (35! ) f (1-sec(e+fx))° dx (3ﬂ ) f (1-sec(e+fx)
= + +
c® o cd cd

3 -9-4 sec(e+fx) 3 [ (=5-9sec(e+fx))sec(e+fx) 3
___ 8atan(e+ fx) | et P e . (42°)
95 f(1 —secle + f x0)° 9cd 9c>
3 63+39sec(e+fx) i sec(e+]
~ 8a° tan(e + fx) 4a% tan(e + fx) +”~fummﬁm3d fusmﬁ
93 f(1 —sec(e + fx))°>  63cf(1 —sec(e + fx))* 63cd 3¢5
5 [ -315
8a° tan(e + fx) . 4a% tan(e + fx) 384° tan(e + fx) )
95 f(1 —sec(e + fx))>  63cf(1 —sec(e+ fx))* 105c°f(1 — sec(e + fx))3
8a® tan(e + fx) 4a® tan(e + fx) 3843 tan(e + fx) 18143
95 f(1 —sec(e + fx))>  63c°f(1 —sec(e+ fx))* 105c°f(1 —sec(e + fx))®  315c5f(1
_adx 8a° tan(e + fx) 4a® tan(e + fx) 3843 tan(e + fx) ]
B 9 f(I-secle+ fx))°  63cf(1 —sec(e + fx))*  105c°f(1 - sec(e + fx))® 315
asx 8a® tan(e + fx) 4a’ tan(e + fx) 3843 tan(e + fx) ]

-5 9c%f(1 —sec(e + fx))°  63c°f(1 —sec(e + fx))* - 105¢°f(1 - sec(e + fx))3 315

Mathematica [A] time = 0.879814, size = 283, normalized size = 1.73

@ esc (£) esc? ( (e + fx)) (—12285081n(e+f2)+10327851n(e+ 3 )+73290sm(2e+ 3 ) 51102sin(2e+5fo)-

Antiderivative was successfully verified.

[In] Integratel[(a + ax*Sec[e + f*x])~3/(c - c*Secl[e + f*x])~5,x]

[Out] (a"3*Cscle/2]*Cscl[(e + f*xx)/2]79%(39690xf*x*Cos[(f*x)/2] - 39690*xf*x*Cos[e
+ (f*x)/2] - 26460xf*x*Cos[e + (3*f*x)/2] + 26460*xf*x*Cos[2*%e + (3*xfx*x)/2]

+ 11340*%f*xx*Cos[2*xe + (5xf*x)/2] - 11340xf*xx*Cos[3*xe + (5xfx*x)/2] - 2835*f*
x*Cos [3xe + (7*f#*x)/2] + 2835*xf*x*Cos[4*xe + (7T+f*x)/2] + 315xf*x*Cos[4*e +
(9xf*x) /2] - 316xf*x*Cos[b*e + (9xf#*x)/2] - 142002*Sin[(f*x)/2] - 122850%Si

nle + (f*x)/2] + 103278*Sin[e + (3*f*x)/2] + 73290*Sin[2*e + (3*f*x)/2] - 5
1102*Sin[2*xe + (5*xf*x)/2] - 24570*Sin[3*e + (5xf*x)/2] + 13878*Sin[3*e + (7
*f*xx) /2] + 5040*Sin[4*e + (7*f*x)/2] - 2102*Sin[4*e + (9*xf*xx)/2]))/(161280%
c”5%f)

Maple [A] time = 0.128, size = 133, normalized size = 0.8

cuslioress) oo (92 2] 2 ()

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*sec(f*x+e))”~3/(c—c*sec(f*x+e))”5,x)

[Out] 2/f*a~3/c b*arctan(tan(1/2xf*xx+1/2%e))+1/18/f*a~3/c”5/tan(1/2*xf*xx+1/2*e) " 9-
3/14/f*a"~3/c”5/tan(1/2xf*x+1/2*%e) " 7+2/5/f*a"~3/c”5/tan(1/2*xf*x+1/2*xe) "5-2/3/
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f*xa~3/c”5/tan(1/2xf*xx+1/2*%e) "3+2/f*xa”~3/c”5/tan(1/2*f*x+1/2%e)

Maxima [B] time = 1.66351, size = 544, normalized size = 3.32

) 2
-35 (cos(fx+e)+1)9 3a3 180 sinffx+e) Sm(fﬁe)z 7
(cos(fx+e)+1) (cos

sin(fx+e) 270 sin(fx+e)22 _ 1008 sin(fx+e);1 N 2730 sin(fx+e)66 _ 9765 sin(fx+e):
(cos(fx+e)+1) (cos(fx+e)+1) (COS(fX+€)+1)

fod sin(fx+e)9

10080 arctan( cos(fx+e)+1 (cos( x+e)+1)

3

a
5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))”3/(c-c*sec(f*x+e))”5,x, algorithm="maxima"

[Out] 1/5040%(a~3*(10080*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/c”5 - (270*sin(f
*x + e)”2/(cos(f*x + e) + 1)72 - 1008*sin(f*x + e)~4/(cos(f*x + e) + 1)74 +
2730*sin(f*x + e)"6/(cos(f*x + e) + 1)76 - 9765*xsin(f*x + e)~8/(cos(f*x +
e) + 1)78 - 35)*(cos(f*x + e) + 1)79/(c"b*sin(f*x + e)79)) - 3*a~3*(180*sin
(f*x + e)72/(cos(f*x + e) + 1)72 - 378*sin(f*x + e)”4/(cos(fxx + e) + 1)74
+ 420*sin(f*x + e)76/(cos(f*x + e) + 1)76 - 315xsin(f*x + e)~8/(cos(f*x + e
) + 1)78 - 35)*(cos(f*x + e) + 1)79/(c"b*sin(f*x + e€)79) - 15*xa~3x(18*sin(f
*x + e)72/(cos(f*x + e) + 1)72 - 42+sin(f*x + e)”"6/(cos(f*xx + e) + 1)76 + 6
3ksin(f*x + e)"8/(cos(f*x + e) + 1)78 - 7T)*(cos(f*x + e) + 1)79/(c"5*xsin(fx*
X + e)79) - 7xa"3*%(18*sin(f*x + e)~4/(cos(f*x + e) + 1)74 - 45xsin(f*xx + e)

~8/(cos(f*x + e) + 1)78 - B)*(cos(f*x + e) + 1)79/(c b*sin(f*x + e)79))/f

Fricas [A] time = 1.11534, size = 535, normalized size = 3.26

1051 a° cos (fx + e)5 —~1684a° cos (fx + e)4 + 898 a° cos (fx + e)3 +1468 2% cos (fx + e)2 ~1669 a° cos (fx +¢) +

315 (c5fcos(fx+e)4 —4c%f cos (fx+e)3 +6c°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e)) 3/ (c-c*sec(f*x+e))~5,x, algorithm="fricas")

[Out] 1/315%(1051*a”~3*cos(f*x + e)”5 - 1684*a”3*cos(f*x + e)~4 + 898*a~3*cos(f*x
+ e)73 + 1468*a~3*cos(f*x + e)”2 - 1669*a~3*cos(f*x + e) + 496%a~3 + 315%*(a
“3xf*xx*kcos(f*x + e)74 - 4xa~3xf*x*cos(f*x + e)73 + 6*xa~3xfxxxcos(f*x + e)72

- 4*a”3*xfrxkcos(f*x + e) + a~3*xf*x)*sin(f*x + e))/((c"5xfxcos(f*x + )74 -
4xc~bxfxcos(f*xx + e)”3 + 6*%c bxf*xcos(f*x + e)”2 - 4*c b*f*cos(f*x + e) + ¢
“Bxf)*sin(f*x + e))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))**3/(c-c*sec(f*x+e))**5,x)
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[Out] Timed out

Giac [A] time = 1.50893, size = 149, normalized size = 0.91

8 6 4 2
630( x+e)u3 1260 43 tan(% fx+% e) -4204° tan(% fx+% e) +25243 tan(% fx+% E) -13543 tan(% fx+% e) +354°

5 9
c 1 1

5 st =

c tan(zfx+2 e)

630 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sec(f*x+e)) 3/(c-cxsec(f*x+e))”5,x, algorithm="giac")

[Out] 1/630%(630x(f*xx + e)*a~3/c”5 + (1260*a"3xtan(1/2*f*xx + 1/2%e)”~8 - 420%a" 3%t
an(1/2xf*xx + 1/2%e)”6 + 252%xa"3xtan(1/2*f*xx + 1/2%e)”"4 - 135%a 3%tan(1/2*fx*
X + 1/2%e)”2 + 35%a~3)/(c 5*tan(1/2*xf*x + 1/2%e)"9))/f



139

(c—csec@%hfx»S

(a+a sec(e+fx))?

321 |

Optimal. Leaf size=136

13 tan(e + fx) 47 tanh ™ (sin(e + fx)) 1125 tan(e + fx)  tan(e+ fx) (C5 - c”sec(e + fx)) cx
2a2f - 2a2f 3af(sec(e + fx) +1) 20 f T 3

[Out] (c75*x)/a"2 - (47xc”5*ArcTanh[Sinl[e + f*x]])/(2*xa~2xf) + (13*c”5*Tanl[e + fx*
x]1)/(2xa~2*xf) + (112*xc”5*Tan[e + f*x])/(3*xa~2xf*(1 + Secle + f*x])) - (32%c
“5xTan[e + fx*x])/(3*f*x(a + a*Sec[e + f*x])"2) + ((c”5 - c"5xSecl[e + f*x])x*T

anl[e + fx*x])/(2*%a”2x*f)

Rubi [A] time = 0.402111, antiderivative size = 153, normalized size of antiderivative =

. . ber of rul
1.12, number of steps used = 26, number of rules used = 14, integrand size = 26, oD o T
integrand size

= 0.538, Rules used = {3904, 3886, 3473, 8, 2606, 2607, 30, 3767, 2621, 302, 207, 2620, 270,
288}

7 tan(e + fx)  64c3 cot>(e + fx) 485 cot(e+ fx) 131c% csc3(e+ fx)  33cP csce + fx)  47¢% tanh™ (sin(
af 3a’f a’f 6a’f 2a%f 2a%f

Antiderivative was successfully verified.

[In] Int[(c - c*Secle + f*x])~5/(a + axSecle + f*x])~2,x]

[Out] (c75*x)/a"2 - (47xc 5*ArcTanh[Sinl[e + f*x]])/(2*xa~2xf) - (48+c”5*Cotl[e + fx*
x])/(@~2xf) - (64xc”5*xCot[e + f*x]~3)/(3*xa"2xf) + (33*xc"5*Cscle + f*xx])/(2%
a~2xf) + (131xc"5*xCscle + f*x]~3)/(6%xa"2*xf) - (c"5*Cscle + f*x] 3*Sec[e + f
*xx]72) /(2%a”2xf) + (7*xc"5*Tan[e + f*x])/(a~2*f)

Rule 3904

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (f_.)*x(x_)1*(
d_.) + (c_))"(n_.), x_Symbol] :> Dist[(-(a*c))"m, Int[Cot[e + fxx]~(2+*m)*(c
+ d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, ¢, d, e, f, n}, x] && Eq
Q[bxc + axd, 0] && EqQ[a"2 - b72, 0] && IntegerQ[m] && RationalQ[n] && !(I
ntegerQ[n] &% GtQ[m - n, 0])

Rule 3886

Int[(cot[(c_.) + (d_)*(x_)]*(e_.)) " (m_)*(cscl(c_.) + (d_.)*x(x_)]1*(b_.) + (
a_)) (n_), x_Symbol] :> Int[ExpandIntegrand[(exCot[c + d*x])"m, (a + b*Csc[
c + d*x])"n, x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 0]

Rule 3473

Int[((b_.)*tan[(c_.) + (d_)*(x_)1)"(n_), x_Symbol] :> Simp[(b*(bxTan[c + d
*x])"(n - 1))/(@d*x(n - 1)), x] - Dist[b"2, Int[(b*Tan[c + d*x])"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 8
Int[a_, x_Symbol]l :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2606
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Int[((a_.)*sec[(e_.) + (f£_)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(
n_.), x_Symbol] :> Dist[a/f, Subst[Int[(a*xx)"(m - 1)*(-1 + x"2)"((n - 1)/2)
, x], x, Secle + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2]
&& !(IntegerQ[m/2] && LtQ[0, m, n + 1])

Rule 2607

Int[sec[(e_.) + (£_)*(x_ )] (m_ )*((b_.)*tan[(e_.) + (f_)*(x_)1)"(n_.), x_S
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*x(1 + x~2)"(m/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[O0, n, m - 1])

Rule 30

Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 3767

Int[csc[(c_.) + (d_)*(x_ )] (n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cot[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 2621

Int[(cscl(e_.) + (f_)*x(x_)]*x(a_.)) " (m_)*sec[(e_.) + (£_D)*x )] (n_.), x_S
ymbol] :> -Dist[(f*a™n)~(-1), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n +
1)/2), x], x, a*Cscle + f*x]], x] /; FreeQ[{a, e, f, m}, x] & IntegerQ[(n
+ 1)/2] && !(IntegerQ[(m + 1)/2] && LtQ[0, m, n])

Rule 302

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, 0] && Gt
Qm, 2%n - 1]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt([b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 01 |l GtQ[b, 01)

Rule 2620

Int[cscl(e_.) + (f_)*(x_ )] (m_.)*sec[(e_.) + (f_.)*(x_)]"(n_.), x_Symbol]
:> Dist[1/f, Subst[Int[(1 + x”2)"((m + n)/2 - 1)/x"m, x], x, Tanl[e + fx*x]],
x] /; FreeQ[{e, f}, x] && IntegersQ[m, n, (m + n)/2]

Rule 270

Int[((c_.)*(x )) " (m_.)*x((a_) + (b_.)*(x_ )" (n_))"(p_.), x_Symbol] :> Int[Exp
andIntegrand[(c*x) "m*x(a + b*x"n) p, x], x] /; FreeQ[{a, b, c, m, n}, x] &&
I1GtQ[p, O]

Rule 288

Int[((c_)*(x D))" (m_.)*x((a_) + (b_.)*x(x_ )" (n_))"(p_), x_Symbol] :> Simp[(c~
(n - D*(c*x)"(m - n + 1)*(a + bxx™n) " (p + 1))/ (bxnx(p + 1)), x] - Dist[(c™
n¥(m - n + 1))/ (b*nx(p + 1)), Int[(c*x)"(m - n)*(a + bxx™n) (p + 1), x], x]



141

/; FreeQ[{a, b, c}, x] && IGtQ[n, 0] && LtQ[p, -1] && GtQ[m + 1, n] && !'I
LtQ[(m + nx(p + 1) + 1)/n, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rubi steps

(c — csec(e + fx))° e [ cot*(e + fx)(c - csec(e + fx)) dx
(a + asec(e + fx))? *= a2c?
il (c7 cot*(e + fx) — 7¢” cot®(e + fx) cscle + fx) + 21c” cot?(e + fx) csc?(e + fx) — 35¢

e [ cot(e + fx)dx B ¢ [esct(e + fx)secd(e + fx)dx B (705) [ cot*(e + fx)cscle +

a2 a2 a2
6
@ Subst | [ —— dx, x, csc(e + fx

Scot*le+ fx) f cot?(e + fx)dx f (—1+x2)2 e+ /2 (7(

= — — —+ + —
3af a? a?f

_34c%cot(e+ fx) 19 cot e+ fx) 7P cscle+ fx) 14 escP(e+ fx) ¢ esc¥(
B a’f af af af
3 x  48c° cot(e + fx)  64c° cot3(e + fx) 14c csc(e + fx) N 21 esc3(e + fx) ¢
a2 a’f 3a?f a’f a?f
_cox 20 tanh ' (sin(e + fx)) 48c cot(e + fx)  64c® cotd(e + fx) s 33c® cscle +
a2 af a?f 3a’f 2a%f
_COx 470 tanh ™ (sin(e + fx)) 48c3cot(e+ fx)  64c® cot>(e + fx)  33c5csele +
a2 2af af 3a2f 2a2f

Mathematica [B] time = 3.01918, size = 384, normalized size = 2.82

anfco 1E"—X CSC216+X secfsinf—xcs
cos3(e+fx)cot(%(e+fx))csc6 (%(fo))(c—csec(“fx))es  6ttan(g) cot 5 ff )esc?(zlexs0)  basee(3) (zf)

Antiderivative was successfully verified.

[In] Integrate[(c - c*Sec[e + f*x])75/(a + a*Secle + f*x])~2,x]

[Out] (Cosl[e + f*x]~3*Cot[(e + f*x)/2]*Csc[(e + f*x)/2]76x(c - c*Secl[e + f*x]) 5%
((-320%Cot [(e + f*x)/2] 2*Csc[(e + f*x)/2]*Secle/2]*Sin[(f*x)/2])/f - (64%C

scl[(e + f*x)/2] " 3*Sec[e/2]*Sin[(f*x)/2])/f + 3*Cot[(e + f*x)/2] " 3*%(-4*x - (
94xLog[Cos[(e + f*x)/2] - Sin[(e + fx*x)/2]1)/f + (94*Logl[Cos[(e + f*x)/2] +
Sin[(e + fxx)/2]1]1)/f + 1/(£f*x(Cos[(e + f*x)/2] - Sin[(e + £x*x)/2])"2) - 1/(
f*x(Cos[(e + f*x)/2] + Sin[(e + £*x)/2])72) - (28xSin[f*x])/(f*(Cosle/2] - S
in[e/2])*(Cos[e/2] + Sinle/2])*(Cos[(e + f*x)/2] - Sin[(e + f*x)/2])*(Cos[(

e + fxx)/2] + Sin[(e + f*x)/2]))) - (64xCot[(e + f*x)/2]*Csc[(e + fxx)/2]"2
xTan[e/2])/£))/(96xa"2x(1 + Sec[e + f*x])~2)

Maple [A] time = 0.105, size = 207, normalized size = 1.5

16¢° (ta (fx e))3+32c5tan(1/2fx+e/2) 2c5arctan(tan(1/2fx+e/2)) c5 (ta (fx e)+1)—2

4 + + 4
32\ 2 T2 2 fa2 2f2\"\ 2 T2

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((c-c*sec(f*x+e))”~5/(at+a*xsec(f*x+e))”~2,x)

[Out] 16/3/f*c~5/a"2xtan(1/2*xf*x+1/2%e) "3+32/f*c"5/a"2xtan (1/2xf*x+1/2*e)+2/f*c”5
/a"2*arctan(tan(1/2xf*x+1/2xe))+1/2/f*c"5/a"2/(tan(1/2xf*xx+1/2%e)+1) "2-15/2
/fxc”5/a"2/ (tan(1/2*f*x+1/2*e)+1)-47/2/f*c”5/a"2*x1n(tan(1/2*xf*x+1/2%e)+1)-1
/2/f*xc”5/a"2/ (tan(1/2xf*xx+1/2%e)-1) "2-15/2/f*c"5/a"~2/ (tan (1/2*f*x+1/2*e) -1)
+47/2/f*c”5/a"2x1n(tan (1/2*%f*x+1/2*e) -1)

Maxima [B] time = 1.59072, size = 814, normalized size = 5.99

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e)) 5/ (ata*sec(f*x+e))”~2,x, algorithm="maxima"

[Out] 1/6*%(c 5% (6% (3*sin(f*x + e)/(cos(f*x + e) + 1) - Bxsin(f*x + e) 3/ (cos(f*x
+e) + 1)73)/(a"2 - 2*¥a”"2*sin(f*x + e)”"2/(cos(f*x + e) + 1)72 + a™2*sin(f*x
+ e) 4/ (cos(fxx + e) + 1)74) + (21*sin(f*x + e)/(cos(f*x + e) + 1) + sin(f
*x + e)73/(cos(f*x + e) + 1)73)/a"2 - 21xlog(sin(f*x + e)/(cos(f*x + e) + 1
) + 1)/a”2 + 21xlog(sin(f*x + e)/(cos(f*x + e) + 1) - 1)/a”2) + b*xc~5x((15%
sin(f*x + e)/(cos(f*x + e) + 1) + sin(f*x + e)~3/(cos(f*x + e) + 1)73)/a"2
- 12+log(sin(f*x + e)/(cos(f*x + e) + 1) + 1)/a"2 + 12+log(sin(f*x + e)/(co
s(fxx + e) + 1) - 1)/a"2 + 12xsin(f*x + e)/((a"2 - a"2*sin(f*x + e)~2/(cos(
fxx + e) + 1)72)x(cos(f*x + e) + 1))) + 10xc™5*x((9*sin(f*x + e)/(cos(f*x +
e) + 1) + sin(f*x + e)73/(cos(f*x + e) + 1)73)/a"2 - 6*log(sin(f*x + e)/(co
s(fxx + e) + 1) + 1)/a”2 + 6*log(sin(f*x + e)/(cos(f*x + e) + 1) - 1)/a"2)
- ¢"5x((9*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(cos(f*x + e) +
1)73)/a"2 - 12*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/a"2) + 10*c~5x(3*sin
(f*x + e)/(cos(f*x + e) + 1) + sin(f*x + e)~3/(cos(f*x + e) + 1)73)/a"2 - 5
*c" 5% (3*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(cos(f*x + e) + 1)
~3)/a"2)/f

Fricas [A] time = 1.15021, size = 601, normalized size = 4.42

12c%fx cos (fx+e)4 +24c5fxcos(fx+e)3 +12c5fxcos(fx+e)2—141 (c5cos(fx+e)4 +2c5(zos(fx+e)3 +¢°co

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(fxx+e)) 5/ (ataxsec(f*x+e))”2,x, algorithm="fricas")

[Out] 1/12*%(12*c”bxfxx*xcos(f*x + e)”4 + 24*xc bxfxxxcos(f*xx + e)”3 + 12*%c ™ 5*xf*x*co
s(f*x + )72 - 141x(c"5*cos(f*x + e)74 + 2*xc b*cos(f*x + e)~3 + c b*cos(f*x

+ e)72)*log(sin(f*x + e) + 1) + 141x(c"5*cos(f*x + e)74 + 2xc b*cos(f*x +

e)”3 + c”bxcos(f*x + e)"2)xlog(-sin(f*x + e) + 1) + 2x(202*c”5xcos(f*x + e)

3 + 305*c”b*cos(f*x + e)”2 + 36%c”b*cos(f*x + e) - 3*xc"hH)*sin(f*x + e))/(a
“2+f*xcos(f*x + e)74 + 2xa"2xfxcos(f*x + e)73 + a"2xf*xcos(f*x + e)72)
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Sympy [F] time = 0., size = 0, normalized size = 0.

5 5sec (e+fx) 3 10sec? (e+fx) 10sec3 (e+fx) 3 5sect (e+fx)
¢ (f sec? (e+fx)+2 sec (e+fx)+1 dx + f sec? (e+fx)+2 sec (e+fx)+1 dx + f sec? (e+fx)+2 sec (e+fx)+1 X+ f sec? (e+fx)+2 sec (e-

a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e))**5/(ata*xsec(f*x+e))**2,x)

[Out] -c*x*5x(Integral(b*sec(e + f*x)/(sec(e + fxx)**2 + 2xsec(e + f*xx) + 1), x) +
Integral (-10*sec(e + fxx)**2/(sec(e + f*xx)**2 + 2xsec(e + f*xx) + 1), x) +
Integral(10*sec(e + f*x)**3/(sec(e + f*x)**2 + 2xsec(e + f*x) + 1), x) + In
tegral (-5*sec(e + f*x)*x4/(sec(e + f*x)*x2 + 2*sec(e + f*x) + 1), x) + Inte
gral(sec(e + f*x)*x5/(sec(e + f*x)**2 + 2*sec(e + f*x) + 1), x) + Integral(
-1/(sec(e + fxx)**x2 + 2*xsec(e + fx*xx) + 1), x))/a*xx*x2

Giac [A] time = 1.46604, size = 217, normalized size = 1.6

+

3
1 1 1 1 1
6( x+e)c5 141c° log(|tan(%fx+%€)+l|) 141¢° 10g(|tan(%fx+% e)—l|) 6(15 ¢ tan(i fa+s ‘3) -13¢° tan(i fa+s 3)) 32 (“455 tan(z f
(tan(%f}ﬁ% e) —1) a2
6f

a2 a? a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e)) 5/ (ata*sec(f*x+e))”2,x, algorithm="giac")

[Out] 1/6*(6*x(f*x + e)*c”5/a"2 - 141xc”bxlog(abs(tan(l/2*f*x + 1/2%e) + 1))/a"2 +
141*xc~b*log(abs(tan(1/2*f*x + 1/2%e) - 1))/a”2 - 6%(15xc”b*xtan(1l/2*f*x + 1
/2%e)”~3 - 13xc”bxtan(1/2xf*x + 1/2xe))/((tan(1/2*f*x + 1/2%e)"2 - 1)72*a~2)

+ 32%(a"4*xc bxtan(1/2*fxx + 1/2%e)”3 + 6*xa”4*c bxtan(1/2xfxx + 1/2xe))/a"6

)/t
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399 f (c—csec(e+ fx))4 dx

(a+a sec(e+fx))?

Optimal. Leaf size=102

cttan(e + fx) 32c*cot’(e+ fx) 16c* cot(e + fx) . 32ctescd(e + fx)  6¢* tanh™ (sin(e + £x)) . ctx

a’f 3a%f a?f 3a®f af a?

[Out] (c"4xx)/a"2 - (6%c”4xArcTanh[Sin[e + f*xx]])/(a"2*f) - (16*xc"4*xCot[e + f*x])
/(a~2xf) - (32xc”4x*xCot[e + f*xx]~3)/(3%a~2*f) + (32xc”~4*Cscle + f*x]~3)/(3*a
~2%f) + (c"4xTanl[e + fx*xx])/(a”~2*f)

Rubi [A] time = 0.308967, antiderivative size = 102, normalized size of antiderivative =
1., number of steps used = 21, number of rules used = 13, integrand size = 26, M
integrand size

= 0.5, Rules used = {3904, 3886, 3473, 8, 2606, 2607, 30, 3767, 2621, 302, 207, 2620, 270}

c*tan(e + fx) 32c*cot}(e + fx) 16c* cot(e + fx) .\ 32ct cscde + fx)  6¢* tanh ™ (sin(e + £x)) s ctx

a’f 3a2f a’f 3a?f a’f a?

Antiderivative was successfully verified.

[In] Int[(c - c*Secle + fxx])~4/(a + axSecl[e + fx*xx])~2,x]

[Out] (c™4xx)/a"2 - (6%c”4*xArcTanh[Sin[e + f*x]])/(a"2*f) - (16%xc"4*xCot[e + fx*x])
/(a~2xf) - (32xc”™4x*xCot[e + f*xx]~3)/(3xa~2xf) + (32xc 4*Cscle + f*x]~3)/(3*a
~2xf) + (c~4xTanl[e + fx*x])/(a~2x*f)

Rule 3904

Int[(cscl(e_.) + (£_.)*x(x_)]*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (£f_.)*(x_)]1x*(
d_.) + (c_))"(n_.), x_Symbol] :> Dist[(-(a*c))"m, Int[Cot[e + fxx]~(2*m)*(c
+ d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && Eq
Qlbxc + axd, 0] && EqQ[a"2 - b72, 0] && IntegerQ[m] && RationalQ[n] && !(I
ntegerQ[n] &% GtQ[m - n, 0])

Rule 3886

Int[(cot[(c_.) + (d_.)*(x_)]*(e_.)) " (m_)*(cscl(c_.) + (d_.)*x(x_)]*x(b_.) + (
a_)) (n_), x_Symbol] :> Int[ExpandIntegrand[(exCot[c + d*x])"m, (a + b*Csc[
¢ + d*x])°n, x], x] /; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[n, O]

Rule 3473

Int[((b_.)*tan[(c_.) + (d_)*(x_)]1)"(n_), x_Symbol] :> Simp[(b*(bxTan[c + d
*x])"(n - 1))/(d*x(n - 1)), x] - Dist[b™2, Int[(b*Tan[c + d*x])"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 2606

Int[((a_.)*secl[(e_.) + (£_.)*(x_)1) " (m_.)*x((b_.)*tan[(e_.) + (£_.)*x(x_)]1)"(
n_.), x_Symbol] :> Dist[a/f, Subst[Int[(a*x)~(m - 1)*(-1 + x72)"((n - 1)/2)
, x], x, Secle + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2]
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&& !(IntegerQ[m/2] && LtQ[0, m, n + 1])

Rule 2607

Int[sec[(e_.) + (f_)*(x )] (m )*((b_.)*tan[(e_.) + (f_)*x)1)"(n_.), xS
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*(1 + x"2)"(m/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[0, n, m - 1])

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 3767

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 2621

Int[(cscl(e_.) + (f_)x(x )]*(a_.)) " (m )*secl(e_.) + (f_I)*x(x )] (n_.), xS
ymbol] :> -Dist[(f*a™n)~(-1), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n +
1)/2), x1, x, axCscle + f*x]]1, x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n
+ 1)/2] & !(IntegerQ[(m + 1)/2] && LtQ[0, m, n])

Rule 302

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide [x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, 0] && Gt
Q[m, 2*n - 1]

Rule 207

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 01 Il GtQ[b, 01)

Rule 2620

Int[cscl(e_.) + (£_)*(x )] (m_.)*sec[(e_.) + (£_)*(x_)]1"(n_.), x_Symbol]
:> Dist[1/f, Subst[Int[(1 + x~2)"((m + n)/2 - 1)/x"m, x], x, Tan[e + fx*x]],
x] /; FreeQ[{e, f}, x] && IntegersQ[m, n, (m + n)/2]

Rule 270

Int[(Cc_)*(x_))"(m_.)*x((a_) + (b_)*(x_)"(m_))"(p_.), x_Symbol] :> Int[Exp
andIntegrand[(c*x) "m*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, c, m, n}, x] &&
I1GtQ[p, 0]

Rubi steps
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(c — csec(e + fx))* Dy = fcot4(e + fx)(c - csec(e + fx))dx
(a + asec(e + fx))? r= a2c?
il (06 cot*(e + fx) — 6¢° cot®(e + fx) cscle + fx) +15c0 cot?(e + fx) csc(e + fx) — 20c0 cc

ct [cot*e+ fx)dx  c* [esct(e+ fx)sec?(e + fx)dx (604) [ cot*(e + fx) cscle + fx)
= p + — - >

c* Subst f (1+x2)2

__&wﬁ@+ﬂj_&fw€w+ﬂwh+ A

dx, x, tan(e + fx) (6c4) Q

B 3a%f a? a’f "

lact cot(e + fx)  3lctcot® e+ fx)  6ctesce+ fx)  26ctcscd(e+ fx) ¢t [1dx
= - - - + +

af 3a’f af 3a?f a?
4

_ctx 16ctcot(e+ fx)  32ctcot’(e+ fx)  32ctesce+ fx)  c*tan(e + fx) N (6C )E
a2 af 3a2f 3a?f af
o o6ct tanh ™ (sin(e + fx)) 16ctcot(e+ fx) 32ctcot’(e+ fx)  32c*csc3(e + fx)
a2 a’f af 3a’f 3a%f

Mathematica [B] time = 6.01563, size = 448, normalized size = 4.39

4¢* sin® (%(e + fx)) cos (%(e + fx)) (—% sec? (g) sin (%) (=64 cos(e + fx) —16 cos(2(e + fx)) + 90 cos(2e + fx) + 27 «

Antiderivative was successfully verified.

[In] Integratel[(c - c*Sec[e + f*x])~4/(a + axSecl[e + fx*x])~2,x]

[Out] (4*c”4*Cosl[(e + f*xx)/2]1*Sin[(e + f*x)/2] 3% (-3*Cos[e]*Cot[(e + f*x)/2] 5*x(f
xx + 6%Log[Cos[(e + f*x)/2] - Sin[(e + f*x)/2]] - 6*Log[Cos[(e + fxx)/2] +
Sin[(e + f*x)/2]])*Secle/2]"2 + 4*xCot[(e + f*x)/2]*Csc[(e + f*x)/2] 2*Secle
/2]173*%(-Sin[e/2] + Sin[(3*e)/2]) - 22*Cot[(e + f*x)/2] 4*Csc[(e + f*x)/2]*S
ecle/2]*Sin[(f*x)/2] - ((-48 + 16*Cos[e] + 102*Cos[f*x] - 64*Cos[e + f*x] -
16*%Cos[2*x(e + f*x)] + 90*Cos[2xe + f*x] + 27*Cos[e + 2xf*x] + 21*Cos[3*e +
2+xf*x])*Csc[(e + f*x)/2] 5xSecle/2] "3*Sin[(f*x)/2])/16 - Cot[(e + fx*x)/2]"
3x(3x(f*xx + 6%Log[Cos[(e + f*x)/2] - Sin[(e + fxx)/2]] - 6*Logl[Cos[(e + fxx
)/2] + Sin[(e + f*x)/2]1]1) - 8xCscl[(e + f*x)/2] 2+Tan[e/2])*(-1 + Tan[e/2] 2
)))/(3xa~2xf*x(1 + Cos[e + f*x]) " 2x(-1 + Cot[(e + f*x)/2])*(1 + Cot[(e + fx*x
)/2])*(-1 + Tan[e/2])*(1 + Tan[e/2]))

Maple [A] time = 0.088, size = 159, normalized size = 1.6

8c* (tan (fx e))3 ' g c*tan (1/2fx + e/2) ) c* arctan (tan (1/2fx + e/2)) 4 (tan (fx e) N 1)_1 6 i

3 fa? 272 fa? " fa? fa?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c-c*sec(f*x+e)) "4/ (at+a*sec(fxx+e))”2,x)

[Out] 8/3/fxc”4/a"2xtan(1/2xf*xx+1/2%e) ~3+8/f*xc”4/a"2xtan(1/2xf*xx+1/2*%e)+2/f*c”4/a
~2xarctan(tan(1/2xf*xx+1/2%e))-1/f*xc"4/a"2/ (tan(1/2*xf*xx+1/2*%e)+1)-6/f*c~4/a~
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2x1n(tan(1/2*f*x+1/2*%e)+1)-1/fxc"4/a"2/ (tan(1/2xf*xx+1/2*%e)-1)+6/f*xc"4/a"2%*1
n(tan(1/2xf*xx+1/2%e)-1)

Maxima [B] time = 1.54283, size = 558, normalized size = 5.47

) ) 3 .
15 sm(fx+e) . sm(fx+e) Dl sin(fx+e) . Dl sin(fx+e) . 9 s1n(fx+e) N
4 cos(fx+e)+1 (cos(fx+e)+1)3 Og( cos(fx+e)+1 * ) Og( cos(fx+e)+l N ) 12 Sin(fx+6) cos(fx+e)+1 (

a2 a2 a2 2. 2
{az_ a 51n(fx+e)
(

)ZJ(COS( c4e)+1)

c +4c*

a

cos(fx+e)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e)) 4/ (ata*sec(f*x+e))”~2,x, algorithm="maxima"

[Out] 1/6*%(c”4*x((15*sin(f*x + e)/(cos(f*x + e) + 1) + sin(f*x + e)~3/(cos(f*x + e
) + 1)73)/a"2 - 12%log(sin(f*x + e)/(cos(f*x + e) + 1) + 1)/a”2 + 12xlog(si
n(f*x + e)/(cos(f*x + e) + 1) - 1)/a"2 + 12*sin(f*x + e)/((a"2 - a"2xsin(f*
x + e)”2/(cos(f*x + e) + 1)"2)*(cos(f*x + e) + 1))) + 4*xc”4*((9*sin(f*x + e
)/(cos(fxx + e) + 1) + sin(f*x + e)73/(cos(f*x + e) + 1)73)/a"2 - 6xlog(sin
(f*x + e)/(cos(f*x + e) + 1) + 1)/a"2 + 6xlog(sin(f*x + e)/(cos(f*x + e) +
1) = 1)/a"2) - c”4*%((9*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(co
s(f*x + e) + 1)73)/a"2 - 12xarctan(sin(f*x + e)/(cos(f*x + e) + 1))/a"2) +
6*%c”4*(3*sin(f*x + e)/(cos(f*x + e) + 1) + sin(f*x + e)"3/(cos(f*x + e) + 1
)73)/a"2 - 4xc”4*x(3xsin(f*xx + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(cos(f
*x + e) + 1)73)/a"2)/f

Fricas [B] time = 1.13238, size = 541, normalized size = 5.3

3c4fxcos(fx+e)3 +6¢:4fxcos(fx+e)2 +3c4fxcos(fx+e) —9(c4cos (fx+e)3 +2c‘*cos(fx+e)2 + ¢t cos (j

3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e)) 4/ (ata*xsec(f*x+e))”2,x, algorithm="fricas")

[Out] 1/3*(3*c”4xf*xx*cos(f*xx + e)73 + 6xc 4xf*x*cos(f*x + e)~2 + 3*xc 4*xfxx*xcos(f*
X + e) - 9x(c"4*cos(f*x + e)73 + 2xcT4xcos(f*x + e)”2 + c 4*xcos(f*x + e))*1
og(sin(f*x + e) + 1) + 9x(c™4*cos(f*x + e)73 + 2*c™4*cos(f*x + e)72 + c™4x*c
os(fxx + e))*log(-sin(f*x + e) + 1) + (19%c™4x*cos(f*x + e)~2 + 38xc 4xcos(f

*x + e) + 3*kc"4)*sin(fxx + e))/(a"2*f*cos(f*x + e)”3 + 2xa"2+f*cos(f*x + e)

"2 + a"2*f*xcos(f*x + e))

Sympy [F] time = 0., size = 0, normalized size = 0.

4 3 4sec (e+fx) 6sec? (e+fx) 3 4sec® (e+fx) sect (e+fx)
¢ (f sec? (e+fx)+2 sec (e+fx)+1 ax + f sec? (e+fx)+2 sec (e+fx)+1 * f sec? (e+fx)+2 sec (e+fx)+1 X+ f sec? (e+fx)+2 sec (e+f

a2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((c-c*sec(f*x+e))**4/(ata*xsec(f*x+e))**2,x)

[Out] cx*4x(Integral(-4xsec(e + fx*x)/(sec(e + fxx)**2 + 2xsec(e + f*xx) + 1), x) +
Integral (6*xsec(e + f*x)**2/(sec(e + f*x)**2 + 2*sec(e + f*x) + 1), x) + In
tegral (-4*xsec(e + f*x)*x3/(sec(e + f*x)*x2 + 2*sec(e + f*x) + 1), x) + Inte
gral(sec(e + f*x)**4/(sec(e + f*x)**2 + 2*xsec(e + f*x) + 1), x) + Integral(
1/(sec(e + f*x)**2 + 2xsec(e + fxx) + 1), x))/ax*x2

Giac [A] time = 1.32759, size = 190, normalized size = 1.86

8|atct tan 1fx+le 3+3a404 tan 1fx+le
2 2 2 2

3( x+e)c4 18¢* log(|tan(% fx+% e)+1|) N 18¢* log(|tan(% fx+% e)—1|) 6¢* tan(% fx+% e)
B - 6
a

2 2 2 2
a a a 1 1
(tan(z fx+s E) —1)[12

3f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e)) 4/ (ata*xsec(f*x+e))”~2,x, algorithm="giac")

[Out] 1/3%(3x(f*x + e)*c”4/a”2 - 18+c"4xlog(abs(tan(1/2*f*x + 1/2%e) + 1))/a"2 +
18*c"4xlog(abs (tan(1/2*f*x + 1/2%e) - 1))/a"2 - 6*%c 4*xtan(1/2*f*x + 1/2%e)/
((tan(1/2*f*xx + 1/2%e)”2 - 1)*a”2) + 8*(a”~4*c 4*xtan(1/2xf*x + 1/2xe)”3 + 3%
a~4xc”4xtan(1/2xf*x + 1/2%e))/a”~6)/f
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(c—csec(e+f x))3
(a+a sec(e+fx))?

323

Optimal. Leaf size=85

3 tanh™ (sin(e + fx)) 4¢3 tan(e + fx) 8c3 tan(e + fx) c3x
- a’f 3a2f(sec(e + fx)+1) - 3a?f(sec(e + fx) +1)2 " a2

[Out] (c~3%*x)/a"2 - (c™3%ArcTanh([Sin[e + f*x]])/(a~2%f) - (8*c~3*Tanl[e + f*x])/(3
¥ 2%fx (1 + Secle + f*x])"2) + (4xc”3*xTanl[e + fx*xx])/(3*%a"2%f*x(1 + Secle + f
*xx]))

Rubi [A] time = 0.330986, antiderivative size = 85, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 13, number of rules used = 9, integrand size = 26, e e e

= 0.346, Rules used = {3903, 3777, 3919, 3794, 3796, 3797, 3799, 3998, 3770}

integrand size

c tanh_l(sin(e + fx)) 4¢3 tan(e + fx) 8¢ tan(e + fx) Sy
) a’f 3a2f(sec(e + fx) +1)  3a2f(sec(e + fx) +1)2 a3

Antiderivative was successfully verified.

[In] Int[(c - c*Secle + fx*x])~3/(a + ax*xSecle + f*x])~2,x]

[Out] (c™3*x)/a"2 - (c"3xArcTanh[Sinl[e + f*xx]])/(a"2*f) - (8*c”3xTanle + fx*x])/(3
*a"2+%f*(1 + Secle + f*x])~"2) + (4*c”3*Tanl[e + f*x])/(3*xa"2xf*x(1 + Secle + f
*x]))

Rule 3903

Int[(cscl(e_.) + (f£_D*x(x_)I*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1*(
d_.) + (c_))"(n_), x_Symbol] :> Dist[c”™n, Int[ExpandTrig[(1 + (dxcscle + fx
x]1)/c)"n, (a + b*xcscle + f*x])™m, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, n}
, x] && EqQ[bxc + axd, 0] && EqQ[a"2 - b™2, 0] && IGtQ[m, 0] && ILtQ[n, O]
&% LtQ[m + n, 2]

Rule 3777

Int[(cscl(c_.) + (d_)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ dx*x]*(a + b*Cscl[c + d*x])"n)/(d*x(2*n + 1)), x] + Dist[1/(a"2%x(2*n + 1)),
Int[(a + b*Csclc + d*x])"(n + 1)*x(ax(2*xn + 1) - bx(n + 1)*Csclc + d*x]), x]
, x] /; FreeQ[{a, b, c, d}, x] & EqQ[a"2 - b~2, 0] && LeQ[n, -1] && Intege
rQ[2#n]

Rule 3919

Int[(cscl(e_.) + (f_.)*(x_)1*(@d_.) + (c_))/(cscl(e_.) + (f_)*x(x_)]*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - a*d)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*xx]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3794

Int[csc[(e_.) + (£_.)*(x_)]1/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> -Simp[Cot[e + f*x]/(f*x(b + axCscle + fx*x])), x] /; FreeQ[{a, b, e, f}
, x] & EqQ[a"2 - b~2, 0]
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Rule 3796

Int[cscl(e_.) + (f_.)x(x_)I*(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)) " (m_ ), x_
Symbol] :> Simp[(b*Cot[e + f*xx]*(a + b*Cscle + f*x])"m)/(axfx(2*m + 1)), x]
+ Dist[(m + 1)/(a*x(2*m + 1)), Int[Cscle + f*x]*(a + b*Cscle + f*x]) " (m + 1
), x1, x] /; FreeQ[{a, b, e, £}, x] & EqQ[a"2 - b~2, 0] && LtQ[m, -2"(-1)]
&& IntegerQ[2+*m]

Rule 3797

Int[cscl(e_.) + (£_.)*(x_)]1"2x(cscl(e_.) + (£_)*(x_)Ix(b_.) + (a_))"(m_),
x_Symbol] :> -Simp[(Cot[e + f*x]*(a + b*Cscle + f*x])™m)/(fx(2*m + 1)), x]
+ Dist[m/(b*(2*m + 1)), Int[Csc[e + f*x]*(a + b*Cscle + f*x])"(m + 1), x],
x] /; FreeQ[{a, b, e, f}, x] && EqQ[a”™2 - b2, 0] && LtQ[m, -27(-1)]

Rule 3799

Int[cscl[(e_.) + (f_.)*(x )] 3*(cscl(e_.) + (f_D)*xx)I*x_.) + (a)) " (m),
x_Symbol] :> Simp[(b*Cot[e + f*x]*(a + b*Cscle + f*x])"m)/(axf*(2*m + 1)),
x] - Dist[1/(a"2*(2*m + 1)), Int[Cscle + f*x]*(a + b*Cscle + f*x])~(m + 1)*
(a*m - b*(2*m + 1)*Cscle + f*x]), x], x] /; FreeQ[{a, b, e, f}, x] && EqQ[a
"2 - b™2, 0] && LtQ[m, -27(-1)]

Rule 3998

Int[(cscl(e_.) + (f_.)*(x_)]*(cscl(e_.) + (£_.)*x(x_)I*(B_.) + (A_)))/(cscl(
e_.) + (£_)*x)I*(_.) + (a_)), x_Symbol] :> Dist[B/b, Int[Cscle + f*x],
x], x] + Dist[(A*b - a*B)/b, Int[Cscl[e + f*x]/(a + bxCscl[e + fx*x]), x], x]
/; FreeQ[{a, b, e, £, A, B}, x] && NeQ[Axb - a*B, 0]

Rule 3770

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Rubi steps
f A3 3c3 sec(e+ fx) 3c3 sec?(e+ £fx) A sec3(e+ fx) d
(c — csec(e + fx))3 _ (1+sec(e+fx))? a (1+sec(e+fx))2  (1+sec(e+fx))? B (1+sec(e+fx))?
(a+asec(e+ fx)2 a2
3 1 3 sec3(e+ f X) 3 sec(e+fx) 3 sec2(e+ fx)
_ ¢ f (1+sec(e+fx))2 f (1+sec(e+fx))2 dx (3C ) f (1+sec(e+fx))? dx (3C ) f (1+sec(e+fx))
- a2 az +
3 —3+sec(e+fx) 3 [ sec(e+fx)(-2+3sec(e+fx)) 3 sec(e
_ 8c3 tan(e + fx) f 1+sec(e+fx) _ f 1+sec(e+fx) dx f 1+sec
3a2f(1 + sec(e + f 02 342 342 a?
3 sec(e
_ Ox 8c3 tan(e + fx) ¢ tan(e + fx) ¢ [ sec(e + fx)dx (4C ) J T+sec
a2 3a2f(1+sec(e+ fx))2  a2f(1 +sec(e + fx)) a2 342
_x tanh™ (sin(e + fx)) 8c% tan(e + fx) N 4¢3 tan(e + fx)
o2 a’f 3a2f(1 +sec(e + fx))?  3af(1 + sec(e + fx))

Mathematica [B] time = 1.09175, size = 216, normalized size = 2.54

xCC
5 I

c(cos(e + fx) — 1) cot (%(e + fx)) csc? (%(e + fx)) (4 tan (g) cot (%(e + fx)) csc? (%(e + fx)) +4sec (g) sin (f—

Antiderivative was successfully verified.
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[In] Integratel[(c - c*Secl[e + f*x])~3/(a + a*Secl[e + f*x])~2,x]

[Out] -(c”™3*(-1 + Cosl[e + f*x]) 3*Cot[(e + f*x)/2]*Csc[(e + f*x)/2] " 2x(3*Cot[(e +
fxx) /2] 73*%(f*x + Log[Cos[(e + f*x)/2] - Sin[(e + f*x)/2]] - Logl[Cos[(e + f
xx)/2] + Sin[(e + f*x)/2]]) - 4*Cot[(e + f*x)/2] 2xCsc[(e + fxx)/2]*Sec[e/2
1*Sin[(f*x) /2] + 4*Csc[(e + fx*x)/2]73*Sec[e/2]*Sin[(f*x)/2] + 4xCot[(e + f*
x)/2]*Csc[(e + fx*x)/2] "2+Tanl[e/2]))/(6*a"2%f*(1 + Cosl[e + f*x])~2)

Maple [A] time = 0.086, size = 90, normalized size = 1.1

4¢3 fx e\)’ _ctarctan(tan (12 fx+e2)) 3 fx e 3 fr e
W(tan(7+§)) +2 fgz —f?ln(tan(?+§)+1)+]Tﬂzln(tan(7+§)—1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c-c*sec(f*x+e)) 3/ (a+ta*sec(f*x+e))”2,x)

[Out] 4/3/fxc~3/a"2xtan(1/2xf*xx+1/2xe) "3+2/f*xc"3/a"2xarctan(tan(1/2xf*xx+1/2%e))-1
/fxc”™3/a"2x1n(tan(1/2*f*xx+1/2%e)+1)+1/f*c”3/a"2*1n(tan(1/2*f*xx+1/2%e)-1)

Maxima [B] time = 1.58067, size = 362, normalized size = 4.26

. . 3 . . 3
9 sm(fx+e) + sm(fx+e) sin( x+e) ) sin( x+e) ) 9 51n(fx+e) _ sm(fx+e) " . sin( x+e)
3 cos(fr+e)+1 (Cos(fx+e)+1)3 B g( cos(fr+e)+1 ) + (cos(fx+e)+1 - ) 3 cos(fr+e)+1 (cos(fx+e)+1)3 B are an( cos(fx+e)+1 )
a2 a2 a2 a2 a2

6f
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(fx*x+e)) 3/ (ata*sec(f*x+e))”2,x, algorithm="maxima")

[Out] 1/6*%(c™3*((9*sin(f*x + e)/(cos(f*x + e) + 1) + sin(f*x + e)~3/(cos(f*x + e)
+ 1)73)/a"2 - 6xlog(sin(f*x + e)/(cos(f*x + e) + 1) + 1)/a"2 + 6xlog(sin(f
*x + e)/(cos(f*x + e) + 1) - 1)/a"2) - c”3*((9*sin(f*x + e)/(cos(f*x + e) +

1) - sin(f*x + e)~3/(cos(f*x + e) + 1)73)/a"2 - 12*xarctan(sin(f*x + e)/(co
s(f*xx + e) + 1))/a"2) + 3*xc™3*%(3*sin(f*x + e)/(cos(f*x + e) + 1) + sin(f*x
+ e)73/(cos(f*x + e) + 1)73)/a"2 - 3*c”™3*(3*sin(f*x + e)/(cos(f*x + e) + 1)

- sin(f*x + e)”3/(cos(f*x + e) + 1)73)/a"2)/f

Fricas [B] time = 1.07578, size = 425, normalized size = 5.

6c3fxcos(fx+e)2 +12c3fxcos(fx+e) +6c3fx—3(c3cos( x+e)2 +2c3cos(fx+e) +c3)log(sin(fx+e) 4

6(a2fcos (fx+e)2 +24?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e)) 3/ (ata*sec(f*x+e))”2,x, algorithm="fricas")
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e) + 6*c”3*xf*xx - 3*x(c”
e) + 1) + 3%(c”3
e) + 1) - 8x(c"3
2%a”~2xfxcos (f*x

[Out] 1/6*(6*c~3xf*x*cos(f*xx + e)72 + 12xc”3*xf*x*cos(f*x
3xcos(f*x + e)72 + 2xc”3*xcos(f*x + e) + c"3)*log(sin(f*x
xcos(f*x + e)72 + 2xc”3*xcos(f*x + e) + c¢"3)*log(-sin(f*x
xcos(f*x + e) - c"3)*sin(fxx + e))/(a"2*f*cos(f*x + e)”2
+ e) + a”2xf)

Sympy [F] time = 0., size = 0, normalized size = 0.

3 3sec (e+fx) 3 3sec? (e+fx) sec? (e+fx) 3 1
¢ (f sec? (B+fx)+2 sec (e+fx)+1 ax + f sec? (e+fx)+2 sec (B+fx)+1 dx + f sec? (e+fx)+2 sec (e+fx)+1 dx + f sec? (e+fx)+2 sec (e+fx)

a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e))**3/(ata*sec(f*x+e))**2,x)

[Out] -c**3*%(Integral(3*sec(e + f*xx)/(sec(e + f*x)**2 + 2xsec(e + fxx) + 1), x) +
Integral (-3xsec(e + f*x)**2/(sec(e + f*x)**2 + 2xsec(e + f*x) + 1), x) + I
ntegral (sec(e + f*x)*x3/(sec(e + f*xx)**2 + 2xsec(e + f*x) + 1), x) + Integr
al(-1/(sec(e + f*xx)**2 + 2xsec(e + f*xx) + 1), x))/a*xx2

Giac [A] time = 1.33767, size = 113, normalized size = 1.33

3
1 1 1 1 1 1
4¢3 tan(§ fxts e) 3 (fx+e)c3 3¢ log(|tan(§ fx+s e)+1|) 3¢ log(|tan(i fx+s e)—l|)
2 T 2 - 2 + 2
a a a a

3f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e)) 3/ (ata*xsec(f*x+e))”2,x, algorithm="giac")

[Out] 1/3%(4*c”3*xtan(1/2*f*x + 1/2%e)~3/a"2 + 3x(f*x + e)*xc”3/a”2 - 3xc~3*log(abs
(tan(1/2*%f*x + 1/2%e) + 1))/a"2 + 3*c"3xlog(abs(tan(1/2*f*x + 1/2%xe) - 1))/
a~2)/f
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(c—csec(e+f x))2
(a+a sec(e+fx))?

324 |

Optimal. Leaf size=67

4c? tan(e + fx) 4c? tan(e + fx) c2x
T3 f(socle + fx) + 1) 3a2f(secle + fx) 412 a2

[Out] (c™2*x)/a"2 - (4xc™2xTan[e + f*x])/(B*a"2xf*x(1 + Secl[e + f*x])"2) - (4*c 2%
Tan[e + f*x])/(3%a~2xf*x(1 + Sec[e + f*x]))

Rubi [A] time = 0.228489, antiderivative size = 67, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 6, integrand size = 26, e -

integrand size
0.231, Rules used = {3903, 3777, 3919, 3794, 3796, 3797}

4c? tan(e + fx) 4c? tan(e + fx) c2x
_3a2f(sec(e + fx)+1) - 3a®f(sec(e + fx) +1)% a3

Antiderivative was successfully verified.

[In] Int[(c - c*Secle + fxx])~2/(a + axSecl[e + fx*xx])~2,x]

[Out] (c™2*x)/a"2 - (4xc™2+Tanle + f*x])/(3*a"2xf*x(1 + Secle + f*x])"2) - (4*xc 2%
Tan[e + f*x])/(3%a~2xf*x(1 + Secle + f*x]))

Rule 3903

Int[(cscl(e_.) + (£_D*x(x_)I*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£_.)*(x_)]1*(
d_.) + (c_))"(n_), x_Symbol] :> Dist[c”™n, Int[ExpandTrig[(1 + (dxcscle + fx
x])/c)"n, (a + bxcscl[e + f*x])"m, x], x], x] /; FreeQ[{a, b, c, d, e, f, n}
, x] &% EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && IGtQ[m, 0] && ILtQ[n, O]
&% LtQ[m + n, 2]

Rule 3777

Int[(cscl(c_.) + (d_D*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ dx*x]*(a + b*Cscl[c + d*x])"n)/(d*x(2*xn + 1)), x] + Dist[1/(a"2%x(2*n + 1)),
Int[(a + b*Csclc + d*x])"(n + 1)*x(ax(2*xn + 1) - bx(n + 1)*Csclc + dx*x]), x]
, x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b~2, 0] && LeQ[n, -1] && Intege
rQ[2#n]

Rule 3919

Int[(cscl(e_.) + (£_.)*(x_)1*(@d_.) + (c_))/(cscl(e_.) + (£_)*x(x_)I*x(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - a*d)/a, Int[Cscl[e + f*x
1/(a + b*Cscle + f*xx]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3794

Int[cscl(e_.) + (f_.)*x(x_)1/(cscl(e_.) + (£_.)*x(x_)1*(b_.) + (a_)), x_Symbo
1] :> -Simp[Cot[e + f*x]/(f*(b + a*Cscle + f*x])), x] /; FreeQ[{a, b, e, £}
, x] &% EqQ[a”"2 - b72, 0]

Rule 3796
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Int[csc[(e_.) + (f_.)*(x )]*(cscl(e_.) + (£_)*(x)I*x(_.) + (a))"(m), x
Symbol] :> Simp[(b*Cot[e + fxx]*(a + b*Cscle + f*xx])"m)/(axf*x(2*m + 1)), x]
+ Dist[(m + 1)/(ax(2*m + 1)), Int[Cscle + fxx]*(a + b*Cscle + f*x]) " (m + 1
), x1, x] /; FreeQ[{a, b, e, f}, x] && EqQ[a~2 - b~2, 0] && LtQ[m, -27(-1)]
&& IntegerQ[2*m]

Rule 3797

Int[cscl(e_.) + (f_.)*x(x_)]1"2x(cscl(e_.) + (£_)*(x_)I*x(b_.) + (a_)) " (m_),
x_Symbol] :> -Simp[(Cot[e + f*x]*(a + b*Cscle + f*x])™m)/(f*(2*m + 1)), x]
+ Dist[m/(b*x(2*m + 1)), Int[Cscle + f*xx]*(a + b*Cscl[e + f*x])"(m + 1), x],
x] /; FreeQ[{a, b, e, f}, x] && EqQ[a"2 - b~2, 0] && LtQ[m, -27(-1)]

Rubi steps
2 _ 2c2 sec(e+fx) + 2 secz(e+fx) d
(c—csecle+ fx)* f (secer f2  (+secerfRR  (rsecerf0)2 | ¥
(a+asecle+ fx))2 a2

sz 1 dx zf sec (e+fx) dx (2c2)f sec(e+fx) dx

(1+sec(e+fx))? (1+sec(e+fx))2 (1+sec(e+fx))?

a2 a?
2 f —3+sec(e+fx)
B 4c? tan(e + fx) 1+sec(e+fx)
3a?f(1 + sec(e + fx))2 342
sec(e+fx)
_ (:2_x ~ 4c? tan(e + fx) ~ (4C ) f 1+sec(e+fx)
a2 3a2f(1 +sec(e + fx))> 342
c2x 4c? tan(e + fx) 4c? tan(e + fx)

@2 3a2f(1+sec(e+ fx))?  3a2f(1 +sec(e + fx))

Mathematica [A] time = 0.0521523, size = 67, normalized size = 1.

CZ 2tan (; f2x) +2tan’1(tan(2 f;)) Ztan( fx)

3f f f

a2

Antiderivative was successfully verified.

[In] Integrate[(c - c*Secl[e + f*x])~2/(a + a*Secl[e + f*x])~2,x]

[Out] (c~2x((2*xArcTan[Tan[e/2 + (f*x)/2]]1)/f - (2xTan[e/2 + (£f*x)/2])/f + (2*Tanl[
e/2 + (£f*x)/2]73)/(3xf)))/a"2

Maple [A] time = 0.08, size = 65, normalized size = 1.

2¢2 (tan (fx f))3 , c? tan (1/2fx + e/2) o c? arctan (tan (1/2fx + 3/2))
2 fa? 72

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c-cxsec(f*xx+e)) 2/ (at+a*sec(f*x+e))”2,x)

[Out] 2/3/f*c~2/a"2xtan(1/2xf*xx+1/2%e) ~3-2/f*xc"2/a " 2xtan(1/2xf*xx+1/2%e)+2/f*c"2/a
“2xarctan(tan(1/2*xf*xx+1/2%e))



155

Maxima [B] time = 1.55873, size = 230, normalized size = 3.43

9 sin(fx+e) sin(fx+e)3 sin(fx+€) 5| 3 sin( x+2) + sin( x+2)3 22 3 sin(fx+e) sin(fx+e)3
— c c —
2 cos(fx+e)+1 (Cos(fx+e)+l) cos(fx+e)+1) COS( x+e)+1 (cos(fx+e)+1)3 cos(fx+e)+1 (cos(fx+e)+1)3

C —_ —
(lz ﬂz a2 ﬂz

3 12 arctan(

6f
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(fx*x+e)) 2/ (ataxsec(f*x+e))”2,x, algorithm="maxima")

[Out] -1/6*%(c™2*x((9*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(cos(f*x + e
) + 1)73)/a"2 - 12*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/a"2) - c™2x(3*si
n(f*x + e)/(cos(f*x + e) + 1) + sin(f*x + e)~3/(cos(f*x + e) + 1)73)/a"2 +
2%c” 2% (3*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)”3/(cos(f*x + e) + 1

)"3)/a"2)/f

Fricas [A] time = 1.04437, size = 225, normalized size = 3.36

3(:2fxcos(fx+e)2 +602fxcos(fx+e) +3c2fx—4(2czcos (fx+e) +c2)sin(fx+e)
3(512fcos(f3c+e)2 +2a2fcos(fx+e) +a2f)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e)) 2/ (ata*xsec(f*x+e))”~2,x, algorithm="fricas")

[Out] 1/3*%(3%c™2*xfxx*cos(f*x + e)72 + 6*xc ™ 2xfxx*cos(f*x + e) + 3*xc™2kf*xx - 4*(2%c
“2xcos(f*xx + e) + c”2)*sin(f*xx + e))/(a " 2xfxcos(f*x + e)72 + 2*xa”~2*fxcos(fx*
X + e) + a”2xf)

Sympy [F] time = 0., size = 0, normalized size = 0.

5 3 2sec (e+ f x) sec? (e+ f x) 1
¢ (f sec? (e+fx)+2 sec (e+fx)+1 dx + f sec? (e+fx)+2 sec (e+fx)+1 dx + f sec? (e+fx)+2 sec (e+fx)+1 dx

a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e))**2/(ata*xsec(f*x+e))**2,x)

[Out] cx*2x(Integral(-2*sec(e + fx*x)/(sec(e + fxx)**2 + 2xsec(e + f*xx) + 1), x) +
Integral(sec(e + f*x)**2/(sec(e + fxx)**2 + 2xsec(e + f*x) + 1), x) + Inte
gral(1/(sec(e + f*x)*%2 + 2%sec(e + f*x) + 1), x))/ax*2

Giac [A] time = 1.23605, size = 85, normalized size = 1.27

3
1 1 1 1
3 ( x+e)c2 2 (11402 tan(i fx+s e) -3a4c? tan(i fx+s e))
+
a? ab

3f
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e)) 2/ (ata*xsec(f*x+e))”~2,x, algorithm="giac")

[Out] 1/3%(3x(f*x + e)*c™2/a"2 + 2x(a~4*c ™ 2*xtan(1/2*xf*xx + 1/2%e)~3 - 3*xa~4*xc 2xta
n(1/2%fxx + 1/2%e))/a~6)/f
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3.95 f ( c—csec(e+fx)

a+asec(e+fx))?
Optimal. Leaf size=61

Sctan(e + fx) 2ctan(e + fx) cx
_3a2f(sec(e + fx)+1) - 3a2f(sec(e + fx) +1)2 iy

[Out] (c*x)/a"2 - (2*cxTanle + f*x])/(3*a"2xf*x(1 + Secle + fx*x])~2) - (5*cxTanle
+ f*xx])/(3*a"2xf*x(1 + Secle + f*x]))

Rubi [A] time = 0.145132, antiderivative size = 61, normalized size of antiderivative =
number of rules

1., number of steps used = 7, number of rules used = 5, integrand size = 24,
0.208, Rules used = {3903, 3777, 3919, 3794, 3796}
__ Sctan(e + fx) B 2ctan(e + fx) N cx
3af(sec(e + fx) +1) 3a?f(sec(e+ fx) +1)?> a2

integrand size

Antiderivative was successfully verified.

[In] Int[(c - c*xSec[e + fxx])/(a + axSecl[e + f*x])~2,x]

[Out] (c*x)/a"2 - (2*cxTanle + f*x])/(3*a"2xf*x(1 + Secle + fx*x])~2) - (5*cxTanle
+ f*xx])/(3*a"2xf*x(1 + Secle + f*x]))

Rule 3903

Int[(cscl(e_.) + (f_.)*(x_)I*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (£_.)*(x_)1x*(
d_.) + (c))"(n_), x_Symbol] :> Dist[c"n, Int[ExpandTrig[(1l + (d*cscle + fx
x])/c)"n, (a + b*cscle + f*x])™m, xJ, x], x] /; FreeQl{a, b, ¢, d, e, f, n}
, x] && EqQ[bxc + axd, 0] && EqQ[a"2 - b™2, 0] && IGtQ[m, 0] && ILtQ[n, O]
&& LtQ[m + n, 2]

Rule 3777

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ dxx]*(a + b*Cscl[c + d*x])"n)/(d*(2*n + 1)), x] + Dist[1/(a"2x(2*n + 1)),
Int[(a + b*Csc[c + d*x])"(n + 1)*(ax(2*n + 1) - bx(n + 1)*Cscl[c + d*xx]), xJ]
, x] /; FreeQ[{a, b, c, d}, x] & EqQ[a"2 - b~2, 0] && LeQ[n, -1] && Intege
rQ[2+n]

Rule 3919

Int[(cscl(e_.) + (£_.)*(x_)1*(@d_.) + (c_))/(cscl(e_.) + (£_)*x(x_)I*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - a*d)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*xc -
axd, 0]

Rule 3794

Int[cscl(e_.) + (£_.)*x(x)]/(cscl(e_.) + (f_)*x(x)]1*(b_.) + (a_)), x_Symbo
1] :> -Simp[Cot[e + f*x]/(f*x(b + axCscle + fx*x])), x] /; FreeQ[{a, b, e, f}
, x] & EqQ[a"2 - b~2, 0]

Rule 3796

Intlcscl(e_.) + (f_.)*(x_)I*(cscl(e_.) + (£_)*(x_)I*(b_.) + (a))"(m_), x_
Symbol] :> Simp[(b*Cotl[e + f*x]*(a + b*Cscle + fxx])"m)/(a*xf*(2xm + 1)), x]
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+ Dist[(m + 1)/(ax(2%m + 1)), Int[Csc[e + f*xx]*(a + b*Cscl[e + f*x])~(m + 1
), x], x] /; FreeQl{a, b, e, f}, x] && EqQ[a‘Q - b72, 0] && LtQ[m, -2"(-1)]
&& IntegerQ[2+*m]

Rubi steps
c csec(e+£x)
c—¢ sec(e + fx) _ f ((1+sec(e+fx))2 B (1+sec(e+fx))2) dx
(a+asecle+ fx))2 a2

1 sec(e+fx)
_ Cf (1+sec(e+fx))? dx ¢ f (1+sec(e+£x))?
B a2 - a2

—3+sec(e+fx) sec(e+fx)
C ctaner S e @ gy
3a2f(1 + sec(e + fx))? 342 342
sec(e+fx)

o 2ctan(e + fx) ~ ctan(e + fx) (4¢) f 1+sec(e+fx)
a2 3a2f(1+secle+ fx))2  3a%f(1 +sec(e + fx)) 3a2
o x 2ctan(e + fx) Sctan(e + fx)

T2 3a2f(1 + sec(e + fx))? - 3a2f(1 + sec(e + fx))

Mathematica [A] time = 0.313902, size = 113, normalized size = 1.85

csec( )sec ( (e+fx))(1881n(e+j;—x)—14sin(e+3J[Tx)+9fxcos(e+§)+3fxcos(e+%Tx)+3fxcos(26+3jzr—x‘

24a%f

Antiderivative was successfully verified.

[In] Integrate[(c - c*Secle + f*x])/(a + a*Secle + f*x])~2,x]

[Out] (c*Secle/2]*Sec[(e + fx*x)/2] 3% (9xf*xx*Cos[(f*x)/2] + 9xf*xx*Cosl[e + (fx*x)/2]
+ 3xf*xx*Cos[e + (3*fx*xx)/2] + 3*f*x*Cos[2%e + (3xfxx)/2] - 24*xSin[(f*x)/2]
+ 18xSinfe + (f*x)/2] - 14*Sinf[e + (3xfx*x)/2]))/(24%a~2xf)

Maple [A] time = 0.08, size = 59, normalized size = 1.

(tan (fx N e))3 , ctan (1/2fx + e/2) 2 carctan (tan (1/2fx + e/z))

3f 2 fa? fa?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c-c*sec(f*xx+e))/(ataxsec(f*x+e)) 2,x)

[Out] 1/3/f*xc/a"2xtan(1/2*f*xx+1/2%e) " 3-2/fxc/a"2xtan(1/2xf*x+1/2%e)+2/f*c/a"2*arc
tan(tan(1/2xf*x+1/2%e))

Maxima [B] time = 1.54762, size = 161, normalized size = 2.64

3 3

9 sin(fx+e) B sin(fxﬂ’) sin( x+e) c 3 sin(fx+e) B sin(fx+e)
cos(fx+e)+1 (cos(fx+e)+1)3 cos(fx+e)+1) cos(fx+e)+1 (

¢ a2 B a2 a?

12 arctan( cos( x+e)+1)3

6f
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e))/(ata*sec(f*x+e))”2,x, algorithm="maxima"

[Out] -1/6%(c*x((9xsin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(cos(f*x + e)
+ 1)73)/a"2 - 12*xarctan(sin(f*x + e)/(cos(f*x + e) + 1))/a"2) + c*(3*sin(fx*
x + e)/(cos(f*xx + e) + 1) - sin(f*xx + e)~3/(cos(f*x + e) + 1)73)/a"2)/f

Fricas [A] time = 1.02543, size = 212, normalized size = 3.48

2
3cfxcos(fx+e) + 6¢fxcos (fx+e) +3cfx— (7ccos(fx+e) +5c) sin(fx+e)
3(a2fcos( x+e)2+2a2fcos(fx+e) +a2f)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e))/(ata*xsec(f*x+e))”2,x, algorithm="fricas")

[Out] 1/3%(3xc*xf*xx*cos(f*x + e)72 + 6xckfxx*xcos(f*xx + e) + 3xckfxx — (7xckxcos(f*x
+ e) + Bxc)*sin(f*xx + e))/(a " 2xfxcos(f*x + e)72 + 2*xa " 2xfxcos(f*x + e) + a
~2%f)

Sympy [F] time = 0., size = 0, normalized size = 0.

sec (e+ fx) 1
¢ f sec? (e+fx)+2 sec (e+fx)+1 dx + f " sec? (e+fx)+2 sec (e+fx)+1 dx)

a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e))/(ataxsec(f*x+e))**2,x)

[Out] -cx(Integral(sec(e + f*xx)/(sec(e + fxx)**2 + 2xsec(e + f*xx) + 1), x) + Inte
gral(-1/(sec(e + fxx)**2 + 2xsec(e + f*xx) + 1), x))/a*x2

Giac [A] time = 1.42365, size = 76, normalized size = 1.25

3
1 1 1 1
3 (fx+e)c atc tan(z fx+s e) —6atc tan(i fx+s e)
a2 + a6

3f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e))/(ata*xsec(f*x+e))”2,x, algorithm="giac")

[Out] 1/3*%(3*%(f*x + e)*c/a"2 + (a~4xcxtan(1/2xf*xx + 1/2%e)”3 - 6*xa"4*cxtan(1/2*fx*
X + 1/2xe))/a"6)/f
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dx

(a+asec(e+fx))%(c—c sec(e+fx))

Optimal. Leaf size=69

_cote’(e + fx)(1 —sec(e + fx)) N cot(e + fx)(3 —2sec(e + fx)) N X

3a’cf a?c

[Out] x/(a"2%c) + (Cotl[e + f*x]*(3 — 2*Secl[e + fx*xx]))/(3*xa"2*cxf) - (Cot[e + f*x]

~3%(1 - Secl[e + f*xx]))/(3%a~2*cx*f)

time = 0.113739, antiderivative size = 69, normalized size of antiderivative =

1., number of steps used = 4, number of rules used = 3, integrand size = 26,
0.115, Rules used = {3904, 3882, 8}
cot>(e + fx)(1 - sec(e + fx))

number of rules

integrand size

cot(e + fx)(3 —2sec(e + fx)) N X

Antiderivative was successfully verified.

3a2cf a?c

[In] Int[1/((a + a*Secle + f*x]) 2*(c - c*Secle + f*x])),x]

[Out] x/(a"2%c) + (Cotl[e + f*xx]*(3 - 2%Secl[e + fx*xx]))/(3*xa~2*cxf) - (Cotl[e + f*x]

~3%(1 - Secle + f*xx]))/(3%a~2%c*f)

Rule 3904

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (f_.)*x(x_)1*(
:> Dist[(-(a*c))"m, Int[Cotl[e + fxx]~(2*m)=*(c
+ d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] & Eq
Qlbxc + axd, 0] && EqQ[a"2 - b72, 0] && IntegerQ[m] && RationalQ[n] && !(I

d_.) + (c_))"(n_.), x_Symbol]

ntegerQ[n] &% GtQ[m - n, 0])

Rule 3882

Int[(cot[(c_.) + (d_.)*(x_)]*(e_.)) " (m_)*(cscl(c_.) + (d_.)*x(x_)]*x(b_.) + (
a_)), x_Symbol] :> -Simp[((e*Cot[c + d*x])~(m + 1)*(a + b*Cscl[c + d*x]))/(d
xex(m + 1)), x] - Dist[1/(e”2%(m + 1)), Int[(exCotl[c + d*x])~(m + 2)*(a*x(m
+ 1) + bx(m + 2)*Csc[c + d*x]), x], x] /; FreeQ[{a, b, c, d, e}, x] && LtQ[

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]

Rubi steps

B fcot4(e + fx)(c — csec(e + fx))dx

)%(c — csec(e + fx)) r=

f (a +asec(e+ fx)

a?c?
3 cot3(e + fx)(1 —sec(e + fx)) N fcotz(e + fx)(=3c + 2csec(e + fx))d:
3a’cf 322c2
_ cot(e+ fx)(3 —2sec(e + fx)) cot®(e + fx)(1 —sec(e + fx)) N f3c dx
3a’cf 3a2cf 322c2

_ X cot(e + fx)(3 —2sec(e + fx)) ~ cot(e + fx)(1 - sec(e + fx))

+
a’c 3a’cf 3a’cf
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Mathematica [A] time = 0.543341, size = 135, normalized size = 1.96

csc (g) sec (g) csc (%(e + fx)) sec? (%(e + fx)) (10sin(e + fx) + 5sin(2(e + fx)) — 6sin(2e + fx) — 8sin(e + 2fx) —
96a%cf

Antiderivative was successfully verified.

[In] Integrate[1/((a + a*Sec[e + f*x]) 2*(c - c*Sec[e + f*x])),x]

[Out] (Cscle/2]*Csc[(e + fx*x)/2]*Secle/2]*Sec[(e + f*x)/2] 3% (6xfxx*Cos[f*x] - 6%

fxx*Cos[2*e + f*xx] + 3*xf*x*Cos[e + 2*xf*x] - 3*xf*x*Cos[3*e + 2*f*x] - 10*Sin

[f*x] + 10*Sin[e + f*x] + 5*Sin[2*(e + f*x)] - 6*Sin[2*e + f*x] - 8*Sin[e +
2xf*x]) )/ (96*a~2*c*f)

Maple [A] time = 0.056, size = 87, normalized size = 1.3

( n(fx e))3 1 (fx . 5) , , dctan (tan (12 fx+e2)) 1 (tan(fx e))—l

tan (2= + = |) - —- tan (= +
12 fa%c e P fa?c e fa?c 4 fa2c

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+ta*sec(f*xx+e))~2/(c-cxsec(f*x+e)) ,x)

[Out] 1/12/f/a"2/cxtan(1/2*f*xx+1/2%e)~3-1/f/a"2/cxtan(1/2xf*x+1/2*xe)+2/f/a"~2/c*ar
ctan(tan(1/2xf*xx+1/2%e))+1/4/f/a~2/c/tan(1/2xf*x+1/2xe)

Maxima [A] time = 1.51585, size = 138, normalized size = 2.

12 sin(fx+e) B sin(fx+e)3 o . sin(fx+e)
cos(fx+e)+1 (cos( x+e)+1)3 are an( cos(fr+e)+1 ) 3 (Cos(fx+e)+1)
a%c a%c a%c sin(fx+e)

12f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ataxsec(f*x+e)) 2/(c-cxsec(f*x+e)),x, algorithm="maxima"

[Out] -1/12*%((12*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(cos(f*xx + e) +
1)73)/(a"2%c) - 24xarctan(sin(fxx + e)/(cos(fxx + e) + 1))/(a"2%c) - 3x*(co
s(fxx + e) + 1)/(a"2xc*sin(f*x + e)))/f

Fricas [A] time = 1.04229, size = 180, normalized size = 2.61

2
4 cos(fx+e) +3(fxcos(fx+e) +fx)sin(fx+e) +cos( x+e)—2
3(a2cfcos (fx+e) +ach) sin(fx+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ata*sec(f*x+e)) 2/(c-cxsec(f*x+e)),x, algorithm="fricas")
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[Out] 1/3*%(4*cos(f*xx + e)”2 + 3x(f*x*xcos(f*x + e) + f*xx)*sin(f*x + e) + cos(f*x +
e) - 2)/((a"2xcxfxcos(f*xx + e) + a~2*cxf)*sin(f*xx + e))

Sympy [F] time = 0., size = 0, normalized size = 0.

f . dx
sec3 (e+fx)+sec2 (e+fx)—sec (e+fx)—1

a’c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+ta*sec(f*x+e))**2/(c-c*sec(f*x+e)),x)

[Out] -Integral(l/(sec(e + f*x)**3 + sec(e + f*x)**x2 - sec(e + f*xx) - 1), x)/(a*x*
2%c)

Giac [A] time = 1.34305, size = 115, normalized size = 1.67

1 tan(] fxed o) ~1204c2 tan( ] fre
a*ctan| s fx+se a‘c“tan|; fx+se

12 ( f x+e) 3
+ + P

2 1 1
asc 2 = =
a ctan(fo+2 e)

12f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(ata*sec(f*x+e)) 2/(c-c*xsec(f*x+e)),x, algorithm="giac")

[Out] 1/12%(12x(fxx + e)/(a"2%c) + 3/(a"2xcxtan(1/2xfxx + 1/2%e)) + (a~4*c™2xtan(
1/2%f*xx + 1/2%e)”3 — 12%a"4xc ™ 2xtan(1/2xfxx + 1/2xe))/(a"6*c~3))/f
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327 : dx

(a+a sec(e+fx))%(c—c sec(e+fx))?

Optimal. Leaf size=46

cot3(e + fx) cot(e+ fx) X
3a2c?f a?c?f a?c?

[Out] x/(a"2%c”2) + Cotle + fxx]/(a"2xc™2xf) - Cotle + f*xx]~3/(3%a”2*c”2xf)

Rubi [A] time = 0.0713255, antiderivative size = 46, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 26, LT

0.115, Rules used = {3904, 3473, 8}

integrand size

cot(e + fx) cot(e+ fx) X
3a2c2f a?c?f a?c?

Antiderivative was successfully verified.

[In] Int[1/((a + a*Secle + f*x]) 2*(c - c*Secle + fx*x])~2),x]

[Out] x/(a"2%c”2) + Cotl[e + fx*xx]/(a"2xc™2*f) - Cotl[e + fx*xx]~3/(3%a"2%c~2%f)

Rule 3904

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (f_.)*x(x_)1*(
d_.) + (c_))"(n_.), x_Symbol] :> Dist[(-(a*c))"m, Int[Cot[e + fxx]~(2*m)=*(c
+ d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] & Eq
Qlbxc + axd, 0] && EqQ[a"2 - b72, 0] && IntegerQ[m] && RationalQ[n] && !(I
ntegerQ[n] &% GtQ[m - n, 0])

Rule 3473

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(b*(b*Tan[c + d
*x])"(n - 1))/(@d*x(n - 1)), x] - Dist[b”2, Int[(b*Tan[c + d*x])~"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 8
Int[a_, x_Symbol]l :> Simpla*x, x] /; FreeQ[a, x]

Rubi steps
f 1 = fcot4(e+fx) dx
(a + asec(e + fx))?(c — csec(e + fx))? a2c?
3 _cot3(e+fx) ~ fcotz(e+fx)dx
3a2c?f a?c?
_cote+fx) cot>(e + fx) . fl dx
ac? f 3a2c?f a?c?

I cot(e + fx) cot>(e + fx)
 a%c? ac? f 3a%c?f
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Mathematica [C] time = 0.0504444, size = 39, normalized size = 0.85

cot>(e + fx)Hypergeometric2F1 (—g, 1, —%, —tan®(e + fx))
- 3a2c?f

Antiderivative was successfully verified.

[In] Integrate[l/((a + a*Sec[e + f*x])~"2x(c - cxSecle + fxx])72),x]

[Out] -(Cot[e + fxx] 3*Hypergeometric2F1[-3/2, 1, -1/2, -Tan[e + fxx]~2])/(3*a"2x%
c”2%f)

Maple [F] time = 180., size = 0, normalized size = 0.

1
f (u+asec(fx+e))2 (c—csec(fx+e))2 "

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(at+ax*sec(f*x+e)) "2/ (c-c*xsec(f*x+e))”"2,x)

[Out] int(1/(ataxsec(f*xx+e)) 2/ (c-c*xsec(f*x+e)) 2,x)

Maxima [A] time = 1.52462, size = 62, normalized size = 1.35

3( x+e) 3 tan(fx+e)2—1
a%c?

a2c? tan( x+e)3

3f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atax*sec(fxx+e)) 2/ (c-cxsec(f*x+e))~2,x, algorithm="maxima")

[Out] 1/3%(3x(f*xx + e)/(a"2%c”2) + (3xtan(f*x + e)”2 - 1)/(a"2xc ™ 2xtan(f*x + e)~3
)/t

Fricas [A] time = 1.05791, size = 188, normalized size = 4.09

4 Cos(fx+e)3 +3(fxcos(fx+e)2 —fx)sin(fx+e) -3 cos(fx+e)
3(a2c2fcos (fx+e)2 - azczf) sin (fx+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atax*sec(fxx+e)) 2/ (c-cxsec(f*x+e))~2,x, algorithm="fricas")

[Out] 1/3*x(4*xcos(f*x + e)”3 + 3x(fxx*cos(f*x + e)72 - fxx)*sin(f*x + e) - 3*cos(f
*x + e))/((a"2xc”2xfxcos(f*xx + e)72 - a~2xc™2xf)*sin(f*x + e))
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Sympy [F] time = 0., size = 0, normalized size = 0.

1
f sect (e+fx)—2 sec? (e+fx)+1
a?c?

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ataxsec(f*x+e))**2/(c-c*xsec(f*x+e))**2,x)

[Out] Integral(1l/(sec(e + fxx)**4 - 2xsec(e + fxx)**2 + 1), x)/(a**2kcx*2)

Giac [B] time =1.41077, size = 135, normalized size = 2.93

2 3
24 (fx+e) 15 tan(% fx+% e) -1 att tan(% fx+% e) -15 a*c tan(% fx+% e)
+
abc®

202 3
a%c 1, 1
a2c? tan(z fx+s e)

24 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atax*sec(f*x+e)) 2/ (c-cxsec(f*x+e)) 2,x, algorithm="giac")

[Out] 1/24%(24%x(fxx + e)/(a"2*%c™2) + (15kxtan(1/2*xf*xx + 1/2%e)”2 - 1)/(a~2*c 2*tan
(1/2xf*xx + 1/2%e)”"3) + (a"4*c 4xtan(1/2*xf*xx + 1/2%e)”3 - 15%a~4*xc 4*xtan(1/2

xf*xx + 1/2xe))/(a"6%c”6))/f
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328 [ : dx

(a+asec(e+fx))%(c—c sec(e+fx))3

Optimal. Leaf size=98

cot’(e + fx)(sec(e + fx) +1) cot3(e + fx)(4sec(e+ fx) +5) cot(e+ fx)(8sec(e + fx) +15) X
5a2c3 f - 15a2c3 f i 15a2¢3 f s

[Out] x/(a"2%c”3) + (Cotl[e + f*x] 5%(1 + Secl[e + f*x]))/(5*%a"2xc~3*f) - (Cotl[e +
fxx]"3%(5 + 4*Secle + f*x]))/(15%a"2xc~3*f) + (Cot[e + f*xx]*(15 + 8*Secl[e +
f*x]))/(15%a~2xc~3*f)

Rubi [A] time = 0.144786, antiderivative size = 98, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 26, R .

0.115, Rules used = {3904, 3882, 8}

integrand size

cot’(e + fx)(sec(e + fx) +1) cot(e + fx)(4sec(e+ fx)+5) cot(e+ fx)(8sec(e + fx) +15) X
5a2c3 f - 15a2c3f i 15a2¢3 f s

Antiderivative was successfully verified.

[In] Int[1/((a + a*Sec[e + f*x]) " 2*%(c - c*Secl[e + f*x])~3),x]

[Out] x/(a"2%c”3) + (Cotl[e + f*xx] 5%(1 + Secle + fx*x]))/(5*%a"2%c~3*xf) - (Cotl[e +
fxx] "3%(5 + 4*Sec[e + f*xx]))/(15%a"2xc"3*f) + (Cot[e + f*xx]*(15 + 8*Sec[e +
f*xx]))/(15%a~2*c~3%f)

Rule 3904

Int[(cscl(e_.) + (f£_.)*(x_)]1*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (f_.)*x(x_)]1*(
d_.) + (c))"(n_.), x_Symbol] :> Dist[(-(a*c))"m, Int[Cotl[e + fxx]~(2+*m)=*(c
+ d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, c, d, e, £, n}, x] && Eq
Qlbxc + axd, 0] && EqQ[a"2 - b72, 0] && IntegerQ[m] && RationalQ[n] && !(I
ntegerQ[n] &% GtQ[m - n, 0])

Rule 3882

Int[(cot[(c_.) + (d_.)*(x_)]*(e_.)) " (m )x(cscl(c_.) + (d_D)*x)DI*M_.) + (
a_)), x_Symbol] :> -Simp[((e*xCot[c + d*x])~(m + 1)*(a + b*Cscl[c + d*x]))/(d
x¥ex(m + 1)), x] - Dist[1/(e”2x(m + 1)), Int[(exCotl[c + d*x]) " (m + 2)*(a*x(m
+ 1) + bx(m + 2)*Csclc + d*x]), x], x] /; FreeQ[{a, b, c, d, e}, x] && LtQ[
m, -1]

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rubi steps
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1 fcot6(e + fx)(a + asec(e + fx))dx
f (a+ asec(e + fx))?(c — csec(e + fx))3 =T a3c3
3 cot’(e + fx)(1 + sec(e + fx)) fcot4(e + fx)(=5a — 4asec(e + fx)
5a%c3 f 5a3¢3
cot’(e + fx)(1 + sec(e + fx)) cot>(e + fx)(5 +4sec(e + fx)) f
- 5a2c3 f - 15a2¢3 f S
3 cot’(e + fx)(1 + sec(e + fx)) i cot>(e + fx)(5 +4sec(e + fx)) N c
5a2c3 f 15a2¢3 f
X cot’(e + fx)(1 + sec(e + fx)) cot3(e + fx)(5 +4sec(e + f:
RS 5a%c3f - 15a2c3 f

Mathematica [B] time = 1.31395, size = 257, normalized size = 2.62

csc (g) sec (g) csc? (%(e + fx)) sec3 (%(e + fx)) (—534sin(e + fx) +178sin(2(e + fx)) + 178sin(3(e + fx)) — 89 sin

Antiderivative was successfully verified.

[In] Integratel[l/((a + a*Sec[e + f*x]) 2x(c - c*Secl[e + f*x])73),x]

[Out] (Cscle/2]*Cscl[(e + fx*x)/2] 5*Secle/2]*Sec[(e + fx*xx)/2] 3% (360*f*x*Cos [f*x]
- 360*f*x*Cos[2*%e + fxx] - 120*%f*x*Cos[e + 2*f*x] + 120*xf*xx*Cos[3*e + 2*xf*x

1 - 120*f*x*Cos[2*xe + 3*f*x] + 120*f*x*Cos[4*e + 3xfxx] + 60*f*x*Cos[3*e +
Axfxx] - 60*xf*xx*xCos[bxe + 4xfxx] + 200%Sin[e] - 584*Sin[f*x] - 534*Sin[e +

fxx] + 178xSin[2*(e + fxx)] + 178*Sin[3*(e + f*x)] - 89*Sin[4*x(e + f*xx)] -
520%3in[2*e + f*x] + 248*Sin[e + 2*f*x] + 120*Sin[3*e + 2xfxx] + 248*Sin[2*

e + 3xf*xx] + 120%Sin[4*e + 3*fxx] - 184%Sin[3%e + 4xfx*xx]))/(30720%a"~2%c~3*f

)

Maple [A] time = 0.065, size = 130, normalized size = 1.3

fx e ’ 3 fx e arctan(tan(l/2fx+e/2)) 1 fx e -5
[onf55)) -7 e (5 +3) farc sz (53] -

48 fa?c3
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(ataxsec(f*x+e)) 2/ (c-c*sec(f*x+e))"3,x)

[Out] 1/48/f/a~2/c " 3*xtan(1/2xf*xx+1/2%e) "~ 3-3/8/f/a"2/c " 3xtan(1/2*xf*xx+1/2%e)+2/f/a"
2/c”3xarctan(tan(1/2xf*xx+1/2%e))+1/80/f/a"2/c~3/tan(1/2xf*x+1/2%e) "5-1/8/f/
a~2/c”3/tan(1/2xfxx+1/2%e) "3+1/f/a"2/c"3/tan(1/2xf*x+1/2%e)

Maxima [A] time = 1.54595, size = 198, normalized size = 2.02

. . 3 . 2 . 4
5 18 sm(fx+e)_ sm(fx+e) 480 . sin(fx+e) 3 10 51n(fx+e) _ 80 s1n(fx+e) 1 (COS( x+e)+l)5
COS(fx+e)+1 (Cos(fx+e)+1)3 are an( Cos(fx+e)+1 ) (cos(fx+e)+1)2 (Cos(fx+e)+1)4

2¢3 - 23 5
e e a2c3 sin(fx+e)

240 f
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ataxsec(f*x+e)) 2/ (c-c*sec(f*x+e))~3,x, algorithm="maxima"

[Out] -1/240*(5*x(18*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(cos(f*x + e
) + 1)73)/(a"2%c”3) - 480*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/(a"2%c”3)

+ 3% (10*sin(f*x + e)~2/(cos(f*x + e) + 1)72 - 80*sin(f*x + e)~4/(cos(f*x +

e) + 1)74 - 1)*x(cos(fxx + e) + 1)75/(a"2*c”3*sin(f*x + e)75))/f

Fricas [A] time = 1.0342, size = 374, normalized size = 3.82

23 cos( x+e)4—8 cos( x+e)3—27 cos(fx+e)2+15(fxcos(fx+e)3—fxcos( x+e)2—fxcos(fx+e)+fx)

15 (a2c3fcos (fx + 3)3 —a?c3f cos (fx + 6)2 — a?c3f cos (fx + e) + azc3f) sin (fx + e:

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ata*sec(f*x+e)) 2/(c-c*xsec(f*x+e))”~3,x, algorithm="fricas")

[Out] 1/15%(23*cos(f*x + e)~4 - 8*cos(f*x + e)73 - 27*xcos(f*x + e)~2 + 15k (f*x*co
s(f*x + e)73 - fxx*xcos(f*x + e)72 - f*x*cos(f*x + e) + f*xx)*xsin(f*x + e) +
Txcos(fxx + e) + 8)/((a"2*c”3xf*xcos(f*x + e)”3 - a~2xc " 3*xf*xcos(f*x + e)"2 -
a"2xc 3*fxcos(f*x + e) + a~2*xc”3*f)*sin(f*x + e))

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f sec® (e+fx)—sec4 (e+fx)—2 sec3 (e+fx)+2 sec? (e+fx)+sec (e+fx)—1 ax

a2c3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ata*sec(fxx+e))**2/(c-c*xsec(f*x+e))**3,x)

[Out] -Integral(l/(sec(e + f*x)**5 - sec(e + f*x)**x4 - 2xsec(e + f*x)**3 + 2xsec(
e + fxx)**x2 + sec(e + f*xx) - 1), x)/(ax*x2*xc**3)

Giac [A] time = 1.4785, size = 157, normalized size = 1.6

1 1\ 1 1\? 1 1\3 1 1
240( x+e) 3(80 tan(z fxts e) -10 tan(i fxts e) +1) 5(u4c6 tan(i fxts e) ~18 ac® tan(z fx+s e))
+

a?c3 a6¢?

2c3 Ll
a4c tan(ifx+§ e)

240 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ataxsec(f*x+e))~2/(c-cxsec(f*x+e))~3,x, algorithm="giac")

[Out] 1/240%(240x(fxx + e)/(a"2xc”3) + 3*(80*xtan(1l/2xf*x + 1/2%e)”4 - 10xtan(1/2x*
fxx + 1/2%e)”2 + 1)/(a"2%c” 3*tan(1/2xf*x + 1/2%e)”5) + bx(a~4*xc 6xtan(1/2*f
*x + 1/2%e)”~3 - 18%a~4xc 6xtan(1/2*f*xx + 1/2%e))/(a~6%c~9))/f
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320 : dx

(a+asec(e+fx))%(c—csec(e+fx))*

Optimal. Leaf size=166

2 cot’(e+ fx) cot’(e+ fx) cotdle+ fx) cot(e+ fx) 2csc’(e+ fx)  6cscd(e+ fx) ~ 2csc3(e + fx)

7a%ct f 5a2cif  3a2ctf a?ctf 7a%ctf 5a2ctf a?ctf

[Out] x/(a"2*c”4) + Cotle + fx*x]/(a"2*c”4*f) - Cotle + fxx]~3/(3*a"2*c”4x*f) + Cot
[e + £*xx]75/(5*a"2xc~4xf) - (2+Cotl[e + f*x]77)/(7*a~2xc~4*f) + (2+Cscle + f
*x])/(a"2%c”4*xf) - (2xCscle + f*x]73)/(a"2*c”4*xf) + (6*xCscle + f*x]~5)/(5*a
~2xc~4xf) - (2%Cscle + f*x]77)/(7*a~2%c~4xf)

Rubi [A] time = 0.211247, antiderivative size = 166, normalized size of antiderivative =

1., number of steps used = 13, number of rules used = 8, integrand size = 26, number of rules

= 0.308, Rules used = {3904, 3886, 3473, 8, 2606, 194, 2607, 30}

integrand size

2 cot’(e+ fx) cot’(e+ fx) cot’e+ fx) cot(e+ fx) 2csc’(e+ fx) 6cscd(e+ fx) ~ 2csc3(e + fx)

7a%ctf 5a%ctf 3a’ctf actf 7a%ctf 5a%ctf a’ctf

Antiderivative was successfully verified.

[In] Int[1/((a + a*Secle + f*x]) 2x(c - c*xSecl[e + fx*xx])~4),x]

[Out] x/(a"2%c”4) + Cotle + fxx]/(a"2xc”4*f) - Cotle + f*xx]~3/(3*xa"2*xc~4xf) + Cot
[e + £xx]75/(5*a~2xc 4*f) - (2*Cotl[e + f*x]77)/(7*a"~2xc 4xf) + (2*Cscle + f
xx])/(a"2*%c74*xf) - (2xCscle + fxx]~3)/(a"2xc”4xf) + (6*Cscle + f*x]~5)/(5*a
~2xc”4xf) - (2xCscle + fxx]77)/(7T*a~2xc”4x*f)

Rule 3904

Int[(cscl(e_.) + (£_)*(x_)]*(b_.) + (a_))"(m_.)*(cscl(e_.) + (£f_.)*x(x_)]1x*(
d_.) + (c_))"(n_.), x_Symbol] :> Dist[(-(a*c))"m, Int[Cot[e + f*xx]~(2*m)=*(c
+ d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, ¢, 4, e, £, n}, x] && Eq
Qlbxc + axd, 0] && EqQ[a"2 - b72, 0] && IntegerQ[m] && RationalQ[n] && !(I
ntegerQ[n] &% GtQ[m - n, 0])

Rule 3886

Int[(cot[(c_.) + (d_.)*(x_)]*(e_.)) " (m_)*(cscl(c_.) + (d_.)*x(x_)]*x(b_.) + (
a_)) " (n_), x_Symbol] :> Int[ExpandIntegrand[(exCot[c + d*x])"m, (a + b*Cscl[
c + d*x])°n, x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O]

Rule 3473

Int[((b_.)*tan[(c_.) + (d_)*(x_)1)"(n_), x_Symbol] :> Simp[(b*(bxTan[c + d
*x])"(n - 1))/(d*x(n - 1)), x] - Dist[b"2, Int[(b*Tan[c + d*x])"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 2606

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_.)*x((b_.)*tan[(e_.) + (£_.)*x(x_)]1)"(
n_.), x_Symbol] :> Dist[a/f, Subst[Int[(a*x)~(m - 1D)*(-1 + x72)"((n - 1)/2)
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, x], x, Secle + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2]
&& !(IntegerQ[m/2] && LtQ[0, m, n + 1])

Rule 194

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + b*
x"n)7p, xJ, x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && IGtQ[p, O]

Rule 2607

Int[sec[(e_.) + (f_)*x )] (m )*((b_.)*tan[(e_.) + (f_D)*x )])"(n_.), xS
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*(1 + x72)"(m/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[O, n, m - 1])

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rubi steps
1 _ Jeot®e+ fx)(a+asec(e + fx))*dx
f (a + asec(e + fx))?(c — csec(e + fx))* *= atct
i (a2 cot®(e + fx) + 2a% cot’ (e + fx) csc(e + fx) + a® cot®(e + fx) csc?
- atct
fcot8(6+fx) dx fcot6(e+fx) csc?(e + fx)dx 2fcot7(e+fx)(
- a2ct " a2c* " a2

_cot’(e+fx) [ cot®(e + fx)dx . Subst ( [ x° dx, x, - cot(e + fx)) |

Ta2ctf a?ct a?ctf

cot’(e + fx) 2cot’(e+ fx) fcot4(e + fx)dx 2Subst (f (—1 +.

- 52d f 7Rt " a?ct -
B cot3(e + fx) cot5(e +fx) 2 cot’ (e + fx) 2cscle+ fx) 2csc
32t 5a2ctf  7a2cAf 2Af  a
_ cot(e+ fx) cot3(e + fx) cot®(e + fx) 2 cot” (e + fx) 2csc(e+
R2cAf 3a2ctf 5a2ctf  7a2cAf act
X cot(e + fx) cot(e + fx) cot’(e + fx) 2 cot” (e + fx) 2
a2t R2cAf 32t 5a2c*f  7a2ctf _

Mathematica [A] time = 1.2566, size = 315, normalized size = 1.9

csc (2) sec (2) csc’ (%(e + fx)) sec3 (%(e + fx)) (16002 sin(e + fx) + 9144 sin(2(e + fx)) + 3429 sin(3(e + fx)) — 457:

Antiderivative was successfully verified.

[In] Integratel[1l/((a + a*Sec[e + f*x])~2x(c - c*Secl[e + f*x])~4),x]

[Out] (Cscle/2]*Csc[(e + fxx)/2] 7*Sec[e/2]*Sec[(e + fx*xx)/2] 3% (5880*f*x*Cos [f*x]
- B5880*f*x*Cos[2*xe + fxx] - 3360*f*x*Cosl[e + 2xf*x] + 3360*f*x*Cos[3*e + 2
*f*xx] - 1260*f*x*Cos[2*xe + 3xf*x] + 1260*f*x*Cos[4*e + 3xf*xx] + 1680*f*x*Co
s[3*xe + 4x*xf*xx] - 1680*xf*x*xCos[b5*e + 4*f*x] - 420%xf*x*Cos[4*xe + 5+xf*x] + 420
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*fxx*xCos [6*xe + B5xfxx] + 4032*Sin[e] - 9632*Sin[f*x] - 16002%Sin[e + f*x] +

9144*Sin[2*x(e + f*x)] + 3429*Sin[3*(e + f*x)] - 4572%Sin[4*(e + f*x)] + 114
3xSin[bx(e + f*xx)] - 11760*Sin[2*e + fx*xx] + 8864*Sin[e + 2*f*xx] + 3360*Sin[
3ke + 2xf*xx] + 2064xSin[2%e + 3*f*x] + 2520*Sin[4*e + 3*xf*x] - 4432*Sin[3*e
+ 4xfxx] - 1680%Sin[5%e + 4xfxx] + 1528%Sin[4*e + 5*fxx]))/(860160*a~2%c"4
*f)

Maple [A] time = 0.071, size = 153, normalized size = 0.9

fx e 3 7 fx e arctan (tan (1/2 fx + 6/2)) 1 fx e 7
(tan (_ " _)) 32 fa2ct tan (? " E) +2 fa?ct 224 fa2ct (tan (7 " 5))

96 fa?ct
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(at+ax*sec(f*x+e)) "2/ (c-c*xsec(f*xx+e))~4,x)

[Out] 1/96/f/a"2/c 4xtan(1/2*xf*x+1/2%e) " 3-7/32/f/a"2/c " dxtan(1/2xf*x+1/2*e)+2/f/a
~2/c 4*arctan(tan(1/2xf*x+1/2%e))-1/224/f/a"2/c"4/tan(1/2xf*xx+1/2%e) "7+7/16
0/f/a~2/c”4/tan(1/2xf*xx+1/2xe) ~5-11/48/f/a"2/c"4/tan(1/2*xfxx+1/2%e) " 3+21/16
/f/a"2/c”4/tan(1/2*xf*x+1/2xe)

Maxima [A] time = 1.52891, size = 225, normalized size = 1.36

21 sin(fx+e) sin(fx+e)3 sin(fx+e) 147 sin( x+e)2 770 sin(fx+e)4 +4410 sin(fx+e)6
cos(fx+e)+1 (cos(fx+e)+l)3 6720 arCtan(cos(fx+e)+1) (COS(fX+(’)+1)2 (cos(fx+c)+1)4 (COS(fX+€)+1)6
act azct a2ct sin( fx+e)7

3360 f

-15 (cos(fx+e)+1)7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ataxsec(f*x+e)) 2/ (c-c*sec(f*x+e)) 4,x, algorithm="maxima"

[Out] -1/3360*%(35*(21*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)"3/(cos(f*x +
e) + 1)73)/(a"2%c”4) - 6720*xarctan(sin(f*x + e)/(cos(f*x + e) + 1))/(a"2xc

“4) - (147*sin(f*x + e)"2/(cos(f*x + e) + 1)72 - 770*sin(f*x + e)~4/(cos(f*

X +e) + 1)74 + 4410*sin(f*x + e)”6/(cos(f*x + e) + 1)76 - 15)*(cos(f*x + e

) + 1)°7/(a"2*%c”4*xsin(f*x + e)77))/f

Fricas [A] time = 1.08481, size = 424, normalized size = 2.55

191 cos (fx+e)5 -172 cos (fx+e)4 — 253 cos (fx+e)3 + 258 cos (fx+e)2 +105 (fxcos (fx+e)4 -2 fxcos (f

z 3
105 (a2c4fcos (fx+e) —2a2c*f cos (fx+e) +2a%c*f cos (fx +ej

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ataxsec(f*x+e))~2/(c-cxsec(f*x+e)) 4,x, algorithm="fricas")

[Out] 1/105%(191*%cos(f*x + e)”5 - 172%cos(f*x + e)”4 - 2b63*cos(f*x + e)~3 + 258%c
os(f*x + e)72 + 105x(fxx*xcos(f*x + e)~4 - 2kf*xx*kcos(f*x + e)~3 + 2xf*x*cos(
fxx + e) - fxx)*sin(f*x + e) + 87*xcos(f*x + e) - 96)/((a~2*xc 4*xf*xcos(f*x +
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e)"4 - 2xa"2kxc 4xfxcos(f*xx + e)73 + 2*%a"2xc 4xfxcos(fxx + e) - a"2%c"4xf)*s
in(fxx + e))

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f sec® (e+fx)—2 sec® (e+fx)—sec4 (e+fx)+4 sec3 (e+fx)—sec2 (B+fx)—2 sec (B+fx)+1
a?ct

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ata*sec(fxx+e))**2/(c-c*xsec(f*x+e))**4,x)

[Out] Integral(l/(sec(e + f*xx)**6 - 2xsec(e + f*x)**5 - sec(e + f*x)**4 + 4xsec(e
+ f*x)**3 - sec(e + f*xx)**2 — 2*sec(e + f*xx) + 1), x)/(a*x*2*xc*xx4)

Giac [A] time = 1.43285, size = 174, normalized size = 1.05

6 4 2 1 1\3 1 1
3360 (fx+e) 4410 tan(% fx+% e) 770 tan(% fx+% e) +147 tan(% fx+% e) -15 35 (ﬂ4C8 tan(z fx+s 3) -21a*c® tan(i fx+s "))
+

a?ct a6c12

1,1
a2ct tan(i fx+s e)

3360 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ataxsec(f*x+e))~2/(c-cxsec(f*x+e)) 4,x, algorithm="giac")

[Out] 1/3360%(3360%(f*x + e)/(a"2%c™4) + (4410xtan(1/2xf*xx + 1/2%e)~6 - 770xtan(1
/o2xf*xx + 1/2%e)~4 + 147*xtan(1/2xf*x + 1/2*%e)”2 - 15)/(a"~2%c 4*tan(1/2*fxx +
1/2%e)”7) + 35%x(a~4*xc™8*tan(1/2*f*xx + 1/2%e)”3 - 21%a”~4xc 8xtan(1l/2xf*x +
1/2xe))/(a~6%c~12))/f
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330 [ : dx

(a+asec(e+fx))%(c—csec(e+fx))°

Optimal. Leaf size=210

4cot’(e + fx) cot” (e + fx) cot™(e + fx) cot3(e + fx) cot(e+ fx) 4cscP(e+ fx)  15csc’(e + fx)
9a2c> f 7a%c> f 5a2c5 f 3a2c5 f a’cdf 9a2c5 f 7a%c> f

[Out] x/(a"2*c”5) + Cotl[e + f*x]/(a"2*c”b*f) - Cotle + fxx]~3/(3*a"2*c”5*f) + Cot
[e + £*x]75/(5*a"2*xc"5*f) - Cotle + f*x]77/(7*a”~2xc"5*xf) + (4*Cot[e + f*x]~
9)/(9*a"2*xc”b*xf) + (3*Cscle + f*x])/(a"2*%c”5*xf) - (13*Cscle + f*x]~3)/(3*a”
2xc~b*xf) + (21*Cscle + f*x]75)/(5*xa~2xc™5*f) - (15%Cscle + f*x]~7)/(7T*a"2x*c

~5xf) + (4xCscle + f*xx]79)/(9%a"~2xc 5*f)

Rubi [A] time = 0.286163, antiderivative size = 210, normalized size of antiderivative =

1., number of steps used = 17, number of rules used = 9, integrand size = 26, number of rules

= 0.346, Rules used = {3904, 3886, 3473, 8, 2606, 194, 2607, 30, 270}

integrand size

4cot’(e + fx) cot” (e + fx) cot’(e + fx) cot>(e +fx) cot(e+ fx) 4cscd(e+ fx) 15 csc (e + fx)

92Sf  7a25f 525 3a25f a?cS f 9a2c5 f 7a%c> f

Antiderivative was successfully verified.

[In] Int[1/((a + a*Secle + f*x]) 2x(c - c*xSecl[e + f*x])~5),x]

[Out] x/(a"2*c”5) + Cotl[e + f*x]/(a"2*c”5*xf) - Cotl[e + fxx]~3/(3*a"2*c”5*xf) + Cot
[e + f£xx]~5/(5*%a~2%c 5xf) - Cotl[e + fxx] 7/(7*a~2%c 5*xf) + (4%Cotl[e + fx*x]~
9)/(9*a~2xc"5%f) + (3*Cscle + f*x])/(a"2%c”5%xf) - (13*%Cscle + f*x]~3)/(3*a”
2%c”bxf) + (21%Cscle + f*xx]~5)/(5*xa"2xc”5*f) - (15%Cscle + f*x]77)/(7*xa~2x*c

~5xf) + (4*Cscle + f*x]79)/(9*a~2*c~5%f)

Rule 3904

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (f_.)*x(x_)]*(
d_.) + (c))"(n_.), x_Symbol] :> Dist[(-(a*c))"m, Int[Cot[e + fxx]~(2+*m)=*(c
+ d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && Eq
Qlbxc + axd, 0] && EqQ[a"2 - 72, 0] && IntegerQ[m] && RationalQ[n] && !(I
ntegerQ[n] &% GtQ[m - n, 0])

Rule 3886

Int[(cot[(c_.) + (d_.)*(x_)]*(e_.)) " (m_)*(cscl(c_.) + (d_.)*(x_)I*x(b_.) + (
a_)) (n_), x_Symbol]l :> Int[ExpandIntegrand[(exCot[c + d*x])"m, (a + b*Csc[
c + d*x])°n, x], x] /; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[n, O]

Rule 3473

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(b*(b*Tan[c + d
x¥x])"(n - 1))/(dx(n - 1)), x] - Dist[b”2, Int[(bx*Tanl[c + d*x])"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 2606

2]

2]
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Int[((a_.)*sec[(e_.) + (f£_)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(
n_.), x_Symbol] :> Dist[a/f, Subst[Int[(a*xx)"(m - 1)*(-1 + x"2)"((n - 1)/2)
, x], x, Secle + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2]
&& !(IntegerQ[m/2] && LtQ[0, m, n + 1])

Rule 194

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + b*
x"n)"p, x], x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && IGtQ[p, O]

Rule 2607

Int[sec[(e_.) + (£_)*(x_ )] (m_)*((b_.)*tan[(e_.) + (f_)*(x_)1)"(n_.), x_S
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*x(1 + x~2)"(m/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[O0, n, m - 1])

Rule 30

Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 270

Int[((c_.)*(x_))"(m_.)*x((a_) + (b_.)*(x_ )" (n_))"(p_.), x_Symbol] :> Int[Exp
andIntegrand[(c*x) "m*x(a + b*x"n) p, x], x] /; FreeQ[{a, b, c, m, n}, x] &&
IGtQ[p, O]

Rubi steps

1 ~ [ cot™(e + fx)(a + asec(e + fx))*dx
f (a + asec(e + fx))?(c — csec(e + fx))° e adcd

Mathematica [A]

[ (a% cot™(e + fx) + 3a% cot’(e + fx) csc(e + fx) +3a° cot®(e + fx)
505
fcotw(e + fx)dx fcot7(e + fx)csc3(e + fx)dx 3fcot9(e + fx
- acd - a2cd - a2
cot®(e + f) fcots(e t fx)dx X Subst (fxz (—1 + x2)3 dx, x, csc(e
9a2c5 f a2cd a?c> f

:_cmﬁe+f@ ‘yD€@+f@_ﬁﬂm?@+f@dx+SMﬁtUX—%+

702 f 9a2c> f a?c®

3 cot’(e + fx) B cot’ (e + fx) 4cot’(e + fx) N 3csce + fx) 13 csc?
5a2c5 f 7a%c> f 9a2c5 f a?c> f 3a
_ _cota(e + fx) cot®(e + fx) B cot” (e + fx) 4 cot’(e + fx) N 3 esc(
3a2c5 f 5a2c5 f 7a%c> f 9a2c5 f a2
cot(e + fx) cot3(e + fx) cot’(e + fx) cot’ (e + fx) 4 cot’ (e +
S f 3a2Sf 5a25f  7a2c5f 9a2¢>
X cot(e + fx) cot(e + fx) cot’(e + fx) cot” (e + fx) 4c

a?cd a’c> f 3a2c>f 5a2c> f 7a%c>f

time = 1.23536, size = 383, normalized size = 1.82

cse (g) sec (g) tan(e + fx)sec®(e + fx)(—675036 sin(e + fx) + 506277 sin(2(e + fx)) + 37502 sin(3(e + fx)) — 225012
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Antiderivative was successfully verified.

[In] Integrate[1l/((a + a*Sec[e + f*x]) 2x(c - c*Secl[e + f*x])75),x]

[Out] (Cscle/2]*Secle/2]*Secl[e + f*xx] 6%(181440*f*xx*Cos[f*x] - 181440xfxx*Cos[2*e
+ f*x] - 136080*f*x*Cos[e + 2*f*x] + 136080*f*x*Cos[3xe + 2*f*x] - 10080*f
*x*%Cos [2*%e + 3*xf*xx] + 10080xf*x*Cos[4*e + 3*f*x] + 60480*f*x*xCos[3*e + 4*f*
x] - 60480xfxx*Cos[b*e + 4*xf*x] - 30240*f*x*Cos[4*e + 5*xf*x] + 30240*xf*x*Co
s[6*xe + B*xf*xx] + 5040*xf*x*xCos[5*e + 6*f*x] - 5040*f*x*Cos[7*e + 6*xf*x] + 16
9344*Sin[e] - 338112*Sin[f*x] - 675036*Sin[e + f*x] + 506277+Sin[2*(e + fx*x
)] + 37502*%Sin[3*(e + f*x)] - 225012*Sin[4*(e + f*x)] + 112506*Sin[5*(e + f
*x)] - 18751%Sin[6*(e + f*x)] - 431424xSin[2*e + f*xx] + 375552*Sin[e + 2%f*
x] + 201600%Sin[3*e + 2*f*x] - 41248*Sin[2xe + 3*f*x] + 84000*Sin[4*e + 3*f
*x] - 155712*Sin[3*e + 4xfxx] - 100800*Sin[5*e + 4*xf*x] + 98016*Sin[4*e + 5
xf*xx] + 30240%Sin[6*e + 5*fxx] - 21376%Sin[5*e + 6*fxx])*Tanl[e + f*x])/ (645
120*a~2xc 5*xf* (-1 + Secl[e + f*x])"5*x(1 + Secle + f*x])"2)

Maple [A] time = 0.074, size = 175, normalized size = 0.8

E e 3 ) 1 E e arctan (tan (1/2fx + e/Z)) 1 JZ e -9
192 fa2c5 (tan( 2 " 2)) 8 fa2c® tan( 2 " 2) t2 F ey Gl e

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(ataxsec(f*x+e)) 2/ (c-c*sec(f*x+e))”5,x)

[Out] 1/192/f/a"2/c 5xtan(1/2*xf*x+1/2%e) " 3-1/8/f/a~2/c " 5xtan(1/2*xf*x+1/2*e)+2/f/a
~2/c”"5*xarctan(tan(1/2*xf*x+1/2%e))+1/576/f/a"2/c~5/tan(1/2*xf*x+1/2*e) ~"9-1/56
/f/a"2/c”5/tan(1/2xf*x+1/2%e) " 7+29/320/f/a"2/c"5/tan(1/2xf*x+1/2%e) "5-1/3/f
/a~2/c”5/tan(1/2*xfxx+1/2xe)~3+99/64/f/a"2/c”5/tan(1/2xf*xx+1/2%*e)

Maxima [A] time = 1.55535, size = 251, normalized size = 1.2

3
24 sin(fx+e) sin(fx+e)
10 - 7| 020 arctan(

cos(fx+e)+1 (cos(fx+e)+1 cos(fx+e)+1

a2c5 a2cd

-35 (cos( X+

. 2 . 4 . 6 X 8
sin(fx+e) 360 sm(fx+e) B 1827 sm(fx+e) + 6720 sm(fx+e) B 31185 sm(fx+e)
) " (cos(fx+e)+1)2 (cos(fx+e)+1)4 (COS( x+e)+1)6 (COS( x+e)+1)8

a2cd sin(fx+e)9

20160 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ataxsec(f*x+e)) 2/ (c-c*sec(f*x+e))”5,x, algorithm="maxima"

[Out] -1/20160*(105*(24*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)~3/(cos(f*x
+ e) + 1)73)/(a"2*c”5) - 40320*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/(a”
2%c”5) + (360*sin(f*x + e)~2/(cos(f*x + e) + 1)72 - 1827xsin(f*x + e)~4/(co

s(f*x + e) + 1)74 + 6720*sin(f*x + e)”6/(cos(f*x + e) + 1)76 - 31185*sin(f*

X + e)78/(cos(f*x + e) + 1)78 - 35)*(cos(f*x + e) + 1)79/(a"2*c " 5*xsin(f*x +
e)”9))/f
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Fricas [A] time = 1.1041, size = 598, normalized size = 2.85

668 cos (fx + 6)6 —-1059 cos (fx + 6)5 - 573 cos (fx + 6)4 + 1813 cos (fx + 6)3 - 393 cos (fx + 6)2 + 315 (fx cos (fx

315 (a2c5f cos (fx + e)5 —34a2c5f cos ( X+ 6)4 +2a%c>f cos (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atax*sec(f*x+e))~2/(c-cxsec(f*x+e))~5,x, algorithm="fricas")

[Out] 1/315%(668*cos(f*xx + e)”6 - 1059*cos(f*x + e)~5 - 573*cos(f*x + e)”4 + 1813
xcos(f*x + e)”3 - 393*cos(f*xx + e)72 + 315k (f*x*kcos(f*x + e)~5 - 3*f*x*cos(

f*x + e)74 + 2xfxxxcos(f*x + e)73 + 2*xf*xx*kcos(f*x + e)72 - 3*xf*x*kcos(f*x +

e) + f*x)*sin(f*x + e) — 789*cos(f*x + e) + 368)/((a"2xc 5xfxcos(f*x + e)”5

- 3*%a”2xc " bxfxcos(f*xx + e)”4 + 2*xa"2*c bkf*xcos(f*x + e)”3 + 2*¥a"2*c 5*xf*co
s(f*x + e)72 - 3*a"2xc bxfxcos(f*x + e) + a~2xc™bxf)*xsin(f*x + e))

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f sec” (e+fx)—3 sect (e+fx)+sec5 (e+fx)+5 sect (e+fx)—5 sec3 (e+fx)—sec2 (e+fx)+3 sec (e+fx)—1 dx

a2cd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atax*sec(fxx+e))**2/(c-c*xsec(f*x+e))**5,x)

[Out] -Integral(l/(sec(e + f*x)**7 - 3%sec(e + f*x)**6 + sec(e + f*xx)**5 + bxsec(
e + f*x)**4 - bksec(e + f*x)**3 - sec(e + f*x)**2 + 3xsec(e + fxx) - 1), x)

/ (a**x2%xcx*5)

Giac [A] time = 1.40587, size = 193, normalized size = 0.92

8 6 4 2 1 1 3
1 1 1 1 1 1 1 1 4.10 = = _ 4.10
20160 (fx+e) 31185 tan(E fx+§e) -6720 tam(E fx+§€) +1827 tan(E fx+§e) -360 tan(E frts e) +35 .\ 105 (ﬂ c tan(z fx+3 6) 24a%" tan
26015

2.5 9
a’c 1,1
a2cd tan(i fr+s e)

20160 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ata*sec(f*x+e)) 2/ (c-cxsec(f*x+e))”5,x, algorithm="giac")

[Out] 1/20160%(20160*%(f*x + e)/(a"2*c”5) + (31185*xtan(1/2xf*x + 1/2%e)~8 - 6720%*t
an(1/2*f*x + 1/2*%e)”6 + 1827+tan(1/2+f*x + 1/2*e)”4 - 360xtan(1/2*f*x + 1/2

xe) "2 + 35)/(a"2xc 5*xtan(1/2xf*x + 1/2*%e)”9) + 105%x(a~4*c”10*xtan(1/2*f*x +
1/2%e) "3 - 24%xa~4*xc”10xtan(1/2*xf*xx + 1/2*xe))/(a"6%c~15))/f
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(c—csec@%hfx»S
(a+asec(e+fx))3

3.31 f

Optimal. Leaf size=162

Stan(e + fx) 128 cot’(e + fx) 128c°cot(e + fx)  32c% cot(e + fx) 128c%csc®(e + fx)  64c5 csci(e +
- + + + — +
asf 5a3f 3a3f asf 5a3f 3a3f

[Out] (c7b*x)/a~3 + (8*c~bxArcTanh([Sin[e + f*x]])/(a”3*f) + (32xc"5*Cot[e + f*x])
/(a~3xf) + (128*%c”5*Cotl[e + f*x]~3)/(3*a"3*f) + (128*c”5*Cot[e + f*x]~5)/(5
*a"3*f) - (16xc"5*Cscle + fx*x])/(a"3*f) + (64*xc"5*Cscle + f*x]~3)/(3*a"3*f)

- (128%c”5*Cscle + fxx]~5)/(5*a~3*f) - (c~5*Tanl[e + fxx])/(a~3*f)

Rubi [A] time = 0.443483, antiderivative size = 162, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 29, number of rules used = 15, integrand size = 26, e o e
integrand size

= 0.577, Rules used = {3904, 3886, 3473, 8, 2606, 194, 2607, 30, 14, 3767, 2621, 302, 207,
92620, 270}

Stan(e+ fx) 128 cot’(e + fx) 128c%cot®(e + fx)  32c% cot(e + fx) 128c%csc®(e + fx)  64c5 csci(e +
- + -~ +
asf 5a3f 3a3f asf 5a3f 3a3f

Antiderivative was successfully verified.

[In] Int[(c - c*Secle + f*x])"5/(a + a*xSecl[e + f*x])~3,x]

[Out] (c”5*x)/a"3 + (8*c~5*ArcTanh([Sin[e + f*x]])/(a~3*f) + (32*%c”5*xCotl[e + f*x])
/(a~3*f) + (128*c~5*Cot[e + f*x]7~3)/(3*a"~3*f) + (128*c~5xCot[e + f*x]~5)/(5
*a"3*f) - (16xc™5*Cscle + fxx])/(a"3*f) + (64*xc™5*Cscle + f#*x]~3)/(3*a"3*f)

- (128*%c"5*Cscle + f*x]~5)/(5*%a~3*f) - (c"5*Tanl[e + fxx])/(a”3*f)

Rule 3904

Int[(cscl(e_.) + (f_.)x(x_)]*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (f_.)*(x_)]1*(
d_.) + (c_))"(n_.), x_Symbol] :> Dist[(-(a*c))"m, Int[Cot[e + f*xx]~(2*m)=*(c
+ d*Cscle + f*x])"(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && Eq
Qlbxc + axd, 0] && EqQ[a"2 - b"2, 0] && IntegerQ[m] && RationalQ[n] && !(I
ntegerQ[n] && GtQ[m - n, 0])

Rule 3886

Int[(cot[(c_.) + (d_.)*(x_)]1*(e_.)) " (m_)*(cscl(c_.) + (d_.)*(x_)]1*(b_.) + (
a_)) " (n_), x_Symbol] :> Int[ExpandIntegrand[(exCot[c + d*x])"m, (a + b*Csc[
c + d*x])°n, x], x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, O]

Rule 3473

Int[((b_.)*tan[(c_.) + (d_)*(x_)1)"(n_), x_Symbol] :> Simp[(b*(bxTan[c + d
*x])"(n - 1))/(d*x(n - 1)), x] - Dist[b"2, Int[(b*Tan[c + d*x])"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2606
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Int[((a_.)*sec[(e_.) + (f£_)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(
n_.), x_Symbol] :> Dist[a/f, Subst[Int[(a*xx)"(m - 1)*(-1 + x"2)"((n - 1)/2)
, x], x, Secle + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n - 1)/2]
&& !(IntegerQ[m/2] && LtQ[0, m, n + 1])

Rule 194

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + b*
x"n)"p, x], x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && IGtQ[p, O]

Rule 2607

Int[sec[(e_.) + (£_)*(x_ )] (m_)*((b_.)*tan[(e_.) + (f_)*(x_)1)"(n_.), x_S
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*x(1 + x~2)"(m/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[O0, n, m - 1])

Rule 30

Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 3767

Int[csc[(c_.) + (d_)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 2621

Int[(cscl(e_.) + (£_)*(x_)I*x(a_.)) " (m_)*sec[(e_.) + (£_D)*x )] (n_.), x_S
ymbol] :> -Dist[(f*a™n)~(-1), Subst[Int[x"(m + n - 1)/(-1 + x72/a"2)"((n +
1)/2), x1, x, axCscle + f*x]], x] /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n
+ 1)/2] && !(IntegerQ[(m + 1)/2] && LtQ[0, m, n])

Rule 302

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, O] && IGtQ[n, 0] && Gt
Qlm, 2*n - 1]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt([b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 0] |l GtQ[b, 01)

Rule 2620

Int[cscl(e_.) + (f_)*(x_ )] (m_.)*sec[(e_.) + (f_)*(x_)]"(n_.), x_Symbol]
:> Dist[1/f, Subst[Int[(1 + x"2)"((m + n)/2 - 1)/x"m, x], x, Tan[e + f*x]],
x] /; FreeQ[{e, £}, x] && IntegersQ[m, n, (m + n)/2]
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Rule 270

Int[((c_.)*(x_)) " (m_.)*x((a_) + (b_.)*x(x_)"(n_))"(p_.), x_Symbol] :> Int[Exp
andIntegrand[(c*x) "m*x(a + b*x"n) p, x], x] /; FreeQ[{a, b, c, m, n}, x] &&
I1GtQ[p, 0]

Rubi steps

(c — csec(e + fx))° e [ cot®(e + fx)(c - csec(e + fx))8dx
(a+ asec(e + fx))3 e a3c3
il (c8 cot®(e + fx) — 8c® cot®(e + fx) csce + fx) + 28¢® cot*(e + fx) csc?(e + fx) — 5¢

~ ¢ [cot®(e+ fx)dx ¢ [csch(e + fx)sec?(e + fx)dx .\ (805)f00t5(6+fx) csc(e -
T a3 - a3 a3

(1+x2)3
c® Subst f — dx, x, tan(e + fx) (8c5)

X

_ Pcot’(e + fx) s ¢® [ cot*(e + fx)dx

5a3f a3 af
28¢5 cot(e + fx) 55 cotd(e + fx)  57cP cotP(e+ fx)  56¢° cscP(e + fx) ¢ [ e
= —+ + — —
asf 3a3f 5a3f 5a3f
32c% cot(e + fx)  128c%cot’(e + fx) 128c¢° cot’(e+ fx) 16c°cscle + fx)  64c®
= + + - +
asf 3adf 5a3 f asf
Sx 8 tanh T (sin(e + fx)) 325 cot(e + fx)  128c5 cot(e + fx)  128¢5 cotd(e
a3 asf af 3adf 5a3f

Mathematica [B] time = 5.6226, size = 557, normalized size = 3.44

c®sec (g) (cos(e + fx) —1)° cot (%(e + fx)) csct (%(e + fx)) (1016 sin (fz—x) cot® (%(e + fx)) cse (%(e + fx)) + sec?

Antiderivative was successfully verified.

[In] Integrate[(c - c*Secl[e + f*x])~5/(a + axSecl[e + f*x])~3,x]

[Out] -(c”5*(-1 + Cosl[e + f*x]) 5*Cot[(e + f*x)/2]*Csc[(e + f*x)/2] 4*Secle/2]*(-
60xCos [e] *Cot [(e + f*xx)/2] 7*(f*x - 8*Log[Cos[(e + f*x)/2] - Sin[(e + f*x)/
2]] + 8xLogl[Cos[(e + f*x)/2] + Sin[(e + fx*x)/2]])*Sec[e/2] + 48*Cot[(e + fx
x)/2]1*Csc[(e + f*x)/2] " 4*Sec[e/2]"2*(Sin[e/2] - Sin[(3*e)/2]) + 8x(-7 + Cos
[e + f*xx])*Cot[(e + fxx)/2] 3*Csc[(e + f*x)/2] 4*Secl[e/2] "2*(Sin[e/2] - Sin
[(Bxe)/2]) + 1016*Cot[(e + f*x)/2]"6%Csc[(e + f*x)/2]*Sin[(f*x)/2] + (-140
+ 76*Cos[e] + 131*Cos[f*x] - 210*Cos[e + f*x] - 84*Cos[2*(e + f*x)] - 14*Co
s[3*%(e + fxx)] + 131*Cos[2xe + f*x] + 66*Cos[e + 2*f*x] + 66*Cos[3*xe + 2xf*
x] + 21xCos[2*e + 3xf*x] + 21*Cos[4*e + 3*fxx])*Csc[(e + f*x)/2] 7*Secle/2]
~2%Sin[(f*x) /2] + 2*Cot[(e + f*x)/2] b5*Sec[e/2]*(30*Cos[e]*(f*x - 8*Log[Cos
[(e + £xx)/2] - Sin[(e + f*x)/2]] + 8xLogl[Cos[(e + f*x)/2] + Sin[(e + f*x)/
2]11) - (Cos[e] + 15%x(-1 + Cos[f*x] + Cosl[e + f*x]))*Csc[(e + f*x)/2] 2*Tan|[
e/2])))/(240%a~3xf*(1 + Cosl[e + f*x])"3*(-1 + Cot[(e + f*x)/2])*(1 + Cot[(e
+ f£xx)/2])*(-1 + Tan[e/2])*(1 + Tan[e/2]))
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Maple [A] time = 0.099, size = 179, normalized size = 1.1

8cd fx e\’ 8¢ froe\\ cStan (12 fx+e2)  carctan (tan (1/2 fx+e2)) ]
_5fa3 (tan (7 + E)) - 3fg3 (tan (7 + E)) -16 fa3 +2 fa3 +8

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c-c*sec(f*x+e)) 5/ (at+a*sec(fxx+e))”3,x)

[Out] -8/5/f*c”~5/a"3*tan(1/2*xf*x+1/2%e) "5-8/3/f*c"5/a"3*xtan(1/2*xf*x+1/2%e) "3-16/f
*c~5/a"3*%tan(1/2*xf*x+1/2xe)+2/f*c”5/a"3*arctan(tan(1/2xf*xx+1/2%e))+8/f*c”5/
a~3*1n(tan(1/2xf*x+1/2%e)+1)+1/f*c~5/a~3/(tan(1/2xf*x+1/2%e)+1)+1/f*c~5/a"3
/(tan(1/2*xf*xx+1/2*e)-1)-8/f*c~5/a"~3*1In(tan(1/2xf*x+1/2xe)-1)

Maxima [B] time = 1.58554, size = 759, normalized size = 4.69

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(fx*x+e)) 5/ (ataxsec(f*x+e))”3,x, algorithm="maxima")

[Out] -1/60*(3*c"5*(40*sin(f*x + e)/((a"3 - a"3*sin(f*x + e)72/(cos(f*x + e) + 1)
“2)*x(cos(f*x + e) + 1)) + (85*sin(f*x + e)/(cos(f*x + e) + 1) + 10*sin(f*x
+ e)”3/(cos(f*x + e) + 1)73 + sin(f*x + e)~5/(cos(f*x + e) + 1)75)/a"3 - 60
*log(sin(f*x + e)/(cos(f*x + e) + 1) + 1)/a"3 + 60*log(sin(f*x + e)/(cos(f*
X +e)+ 1) - 1)/a"3) + 5xc™5x((105*sin(f*x + e)/(cos(f*x + e) + 1) + 20%*si
n(f*x + e)~3/(cos(f*x + e) + 1)73 + 3*sin(f*x + e)~5/(cos(f*x + e) + 1)75)/
a”3 - 60*log(sin(f*x + e)/(cos(f*x + e) + 1) + 1)/a”3 + 60*log(sin(f*x + e)
/(cos(f*x + e) + 1) - 1)/a"3) + c”5x((105*sin(f*x + e)/(cos(f*x + e) + 1) -
20*sin(f*x + e)~3/(cos(f*x + e) + 1)73 + 3*xsin(f*x + e)~5/(cos(f*x + e) +
1)7°5)/a~3 - 120*arctan(sin(f*x + e)/(cos(f*x + e) + 1))/a"3) + 10*xc~5x(15%s
in(f*x + e)/(cos(f*x + e) + 1) + 10*sin(f*x + e)"3/(cos(f*x + e) + 1)°3 + 3
*sin(f*x + e)75/(cos(f*x + e) + 1)75)/a"3 + 5xc”bx(15*xsin(f*x + e)/(cos(f*x
+ e) + 1) - 10*sin(f*x + e)”3/(cos(f*x + e) + 1)73 + 3*sin(f*x + e)~5/(cos
(fxx + e) + 1)75)/a"3 - 30*c”5*(5*sin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x
+ e)75/(cos(f*x + e) + 1)75)/a"3)/f

Fricas [A] time = 1.18968, size = 721, normalized size = 4.45

15¢°fx cos (fx+e)4 +45c5fxcos(fx+e)3 +4505fxcos(fx+e)2 +15c5fxcos(fx+e) +60(c5cos (fx+e)4 +3c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e)) 5/ (ata*sec(f*x+e))”~3,x, algorithm="fricas")

[Out] 1/15*%(15xc”bxf*x*cos(f*x + e)~4 + 4bxc b*xf*xxcos(f*x + e)~3 + 45*xc™bxf*x*co
s(f*x + e)72 + 15xc bxf*x*xcos(f*xx + e) + 60*(c b*xcos(f*x + e)~4 + 3*xc~b*cos
(f*x + e)73 + 3*c”bxcos(f*x + e)72 + c”b*xcos(f*x + e))*log(sin(f*x + e) + 1
) — 60%(c”b*cos(f*x + e)74 + 3*xc"bxcos(f*x + e)”3 + 3*c bxcos(f*x + e)”2 +
c"b*xcos(fxx + e))*log(-sin(f*x + e) + 1) - (239%c”bxcos(f*x + e)~3 + 477*c”
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5xcos(f*x + e)”2 + 349%xc 5xcos(f*x + e) + 15%c”B)*sin(f*xx + e))/(a~3*f*cos(
fxx + e)”4 + 3*%a~3xfxcos(f*xx + e)”3 + 3*a"3xfxcos(f*xx + e)”2 + a~3xfxcos(fx*
X + e))

Sympy [F] time = 0., size = 0, normalized size = 0.

5 5sec (e+fx) 10sec? (e+fx) 10sec® (e+fx)
S| [ — x+ [- x+
sec (e+fx)+3 sec? (e+fx)+3 sec (e+fx)+1 sec3 (e+fx)+3 sec? (e+fx)+3 sec (e+fx)+1 sec? (e+fx)+3 sec? (e+fx)+3 sex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e))**5/(atakxsec(f*x+e))**3,x)

[Out] -c*x*5x(Integral(b*sec(e + fx*x)/(sec(e + f*x)**3 + 3*xsec(e + f*x)**2 + 3*sec
(e + f*x) + 1), x) + Integral(-10*sec(e + f*x)**2/(sec(e + f*x)**3 + 3x*sec(
e + fxx)**2 + 3*xsec(e + f*xx) + 1), x) + Integral(10*sec(e + fxx)**3/(sec(e
+ f*x)*x3 + 3xsec(e + f*x)**2 + 3xsec(e + f*x) + 1), x) + Integral(-5*sec(e
+ fxx)**4/(sec(e + f*x)**3 + 3xsec(e + f*xx)**x2 + 3*xsec(e + f*xx) + 1), x) +
Integral(sec(e + f*x)*x5/(sec(e + f*x)**3 + 3xsec(e + fxx)**2 + 3xsec(e +
fxx) + 1), x) + Integral(-1/(sec(e + f*xx)*x3 + 3*sec(e + f*x)*x2 + 3*sec(e
+ f*xx) + 1), x))/ax*3

Giac [A] time = 1.54874, size = 219, normalized size = 1.35

5
1 1
15 (fx+e)c5 N 120¢° log(|tan(% fx+% e)+1|) 120¢° log(|tan(% fx+% e)—1|) N 30¢° tan(% fx+% e) 8 (3 a'2c® tan(z fx+s 3) +5a12¢> tan(

(tan(% fx+% 6)2—1)a3
15f

23 3 o it

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e)) 5/ (ataxsec(f*x+e))”3,x, algorithm="giac")

[Out] 1/156%(15x(f*xx + e)*c”5/a”3 + 120*c~5*log(abs(tan(1/2*xfxx + 1/2%e) + 1))/a"3
- 120*c~5*log(abs(tan(1/2*xfxx + 1/2%e) - 1))/a"3 + 30*c”b*xtan(1/2*f*x + 1/
2xe)/((tan(1/2xf*xx + 1/2%e)”2 - 1)*a”3) - 8*(3*a~12*c b*tan(1/2xf*x + 1/2%e

)75 + Bxa~12xc7bxtan(1/2xfxx + 1/2%e)”3 + 30%a~12%c bxtan(1/2xf*x + 1/2%e))
/a~15)/f
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(c—csec(e+f x))

(a+asec(e+fx))3

332 |

Optimal. Leaf size=148

cttanh " (sin(e + fx)) c*tan(e + fx)sec?(e + fx) 23c* tan(e + fx) 14c* tan(e + fx) 3cttan(e
asf - 5a3f(sec(e + fx) +1)3 - 5a3f(sec(e + fx) +1)  5adf(sec(e + fx) +1)? - a3 f(sec(e + |

[Out] (c"4*x)/a"3 + (c"4xArcTanh[Sin[e + f*x]])/(a"3*f) - (3*c"4«Tan[e + f*x])/(a

~3%f*(1 + Secl[e + f*x])~3) - (c"4*Secl[e + f*xx] 2*Tanl[e + fx*xx])/(5*a~3*fx(1

+ Secle + fxx])~3) + (14*c~4*Tanl[e + f*x])/(6*a~3*f*(1 + Secle + f*x])72) -
(23*c”4xTan[e + f*x])/(5*xa~3*f*(1 + Sec[e + f*x]))

Rubi [A] time = 0.606057, antiderivative size = 148, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 20, number of rules used = 13, integrand size = 26, ==
integrand size

= 0.5, Rules used = {3903, 3777, 3922, 3919, 3794, 3796, 3797, 3799, 4000, 3816, 4008, 3998,
3770}

cttanh ' (sin(e + fx)) c*tan(e + fx)sec?(e + fx) 23c* tan(e + fx) 14c* tan(e + fx) 3c* tan(e
Bf ~ BaBf(sece+ fx) +1)®  Badf(sec(e+ fx) +1)  5adf(sec(e + fx) +1)2  a®f(sec(e +

Antiderivative was successfully verified.

[In] Int[(c - cxSecl[e + f*x])~4/(a + axSecl[e + f*x])~3,x]

[Out] (c"4*x)/a"3 + (c"4xArcTanh[Sin[e + f*x]])/(a"3*f) - (3*c"4«*Tan[e + f*x])/(a
~3%f*(1 + Secl[e + f*x])~3) - (c"4*Secl[e + f*xx] 2*Tanl[e + fx*xx])/(5*xa~3*fx(1

+ Secle + fxx])~3) + (14*c”4*xTan[e + f*x])/(6*a~3*f*x(1 + Secle + f*x])72) -
(23*c”4xTan[e + f*x])/(5xa~3*f*(1 + Sec[e + f*x]))

Rule 3903

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.) + (a_)) " (m_.)*(cscl(e_.) + (f_.)*x(x_)1*(
d_.) + (c_))"(n_), x_Symbol] :> Dist[c”n, Int[ExpandTrig[(1 + (dxcscle + fx
x])/c)"n, (a + b*cscle + f*x])™m, x], x], x] /; FreeQ[{a, b, c, d, e, f, n}
, x] &% EqQ[bxc + axd, 0] && EqQ[a”2 - b~2, 0] && IGtQ[m, 0] && ILtQ[n, O]
&% LtQ[m + n, 2]

Rule 3777

Int[(cscl(c_.) + (d_)*(x_)I*(b_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ dxx]*(a + b*Csclc + d*x])"n)/(d*x(2*xn + 1)), x] + Dist[1/(a"2x(2*n + 1)),
Int[(a + b*Csclc + d*x])"(n + 1)*(a*x(2*n + 1) - bx(n + 1)*Cscl[c + d*x]), x]
, x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b72, 0] && LeQ[n, -1] && Intege
rQ[2x*n]

Rule 3922

Int[(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_)) " (m_)*(cscl(e_.) + (f_.)*(x_)]x*(d
_.) + (c.)), x_Symbol]l :> -Simp[((b*c - axd)*Cot[e + f*x]*(a + b*Cscle + f*
x])"m)/(b*xfx(2xm + 1)), x] + Dist[1/(a"2*x(2xm + 1)), Int[(a + b*Cscle + fx*xx
1)"(m + 1)*Simp[axc*(2*m + 1) - (bxc - axd)*(m + 1)*Cscle + f*xx], x], x], x
1 /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c - a*xd, 0] && LtQ[m, -1] && EqQ
[a”2 - b™2, 0] && IntegerQ[2*m]

Rule 3919
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Int[(cscl(e_.) + (£f_.)*(x_)]*(d_.) + (c_))/(cscl(e_.) + (f_)*x(x)]1*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*xx]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc -
axd, 0]

Rule 3794

Int[csc[(e_.) + (£_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> -Simp[Cotl[e + f*x]/(fx(b + a*Csc[e + f*x])), x] /; FreeQ[{a, b, e, f}
, x] &% EqQ[a”2 - b2, 0]

Rule 3796

Int[cscl(e_.) + (f_.)x(x_)I*(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (m_ ), x_
Symbol] :> Simp[(b*Cot[e + f*x]*(a + b*Cscle + f*x])"m)/(axfx(2*m + 1)), x]
+ Dist[(m + 1)/(a*x(2*m + 1)), Int[Cscl[e + f*x]*(a + b*Cscle + f*x]) " (m + 1
), x], x] /; FreeQ[{a, b, e, f}, x] && EqQ[a~2 - b~2, 0] && LtQ[m, -27(-1)]
&& IntegerQ[2+*m]

Rule 3797

Int[cscl(e_.) + (£f_.)*(x_)]1"2x(cscl(e_.) + (£_)*x)DI*M_.) + (a_)) " (m_),
x_Symbol] :> -Simp[(Cot[e + f*x]*(a + b*Cscle + f*x])™m)/(£x(2*m + 1)), x]
+ Dist[m/(b*(2*m + 1)), Int[Cscle + f*x]*(a + b*Cscle + f*x]) " (m + 1), x],
x] /; FreeQ[{a, b, e, £}, x] && EqQ[a”™2 - b"2, 0] && LtQ[m, -27(-1)]

Rule 3799

Int[csc[(e_.) + (f_.)*(x_)]1"3*(cscl[(e_.) + (f_.)*(x)I*x(b_.) + (a )" (m),

x_Symbol] :> Simp[(b*Cot[e + f*x]*(a + b*Cscle + f*x])"m)/(axf*(2*m + 1)),

x] - Dist[1/(a"2+%(2*m + 1)), Int[Cscl[e + fxx]*(a + b*Cscle + f*x])"(m + 1)*
(a*m - b*(2*m + 1)*Cscl[e + f*x]), x], x] /; FreeQ[{a, b, e, f}, x] && EqQ[a
“2 - b"2, 0] && LtQ[m, -2-(-1)]

Rule 4000

Int[cscl(e_.) + (f_.)x(x_)I*(cscl(e_.) + (£_.)*(x_)]*(b_.) + (a_)) " (m_)*(cs
clCe_.) + (£_)*x(x_)I*(B_.) + (A))), x_Symbol] :> Simp[((A*b - a*B)*Cot[e +
f*x]*(a + b*Cscle + fxx])"m)/(a*f*(2*m + 1)), x] + Dist[(a*B*m + Axbx(m +
1))/ (axbx(2*m + 1)), Int[Cscle + f*xx]*(a + b*Cscle + f*x])"(m + 1), x], x]
/; FreeQ[{a, b, A, B, e, f}, x] && NeQ[A*b - a*B, 0] && EqQ[a"2 - b~2, 0] &

& NeQ[a*B*m + Axb*(m + 1), 0] && LtQ[m, -27(-1)]

Rule 3816

Int[(cscl(e_.) + (£_.)*(x_)]1*(d_.))"(n_)*(cscl(e_.) + (£_)*x(x_)I*x(b_.) + (
a_)) (m_), x_Symbol] :> -Simp[(d~2*Cot[e + f*x]*(a + b*Cscle + f*x]) m*(d*C
scle + f*x])"(n - 2))/(fx(2*m + 1)), x] + Dist[d~2/(a*xbx(2*m + 1)), Int[(a
+ bxCscle + f*x]) " (m + 1)*(d*Cscle + fxx])"(n - 2)*(b*x(n - 2) + ax(m - n +

2)*Cscle + fxx]), x], x] /; FreeQ[{a, b, d, e, £}, x] & EqQ[a"2 - b~2, 0]

&& LtQ[m, -1] && GtQ[n, 2] && (IntegersQ[2*m, 2#n] || IntegerQ[m])

Rule 4008

Int[cscl(e_.) + (f_.)x(x_)]1"2x(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) (m_)*(
cscl(e_.) + (f_.)*(x )]1*(B_.) + (A_)), x_Symbol] :> -Simp[((A*b - ax*B)*Cot[
e + fxx]*(a + b*Cscle + f*x])"m)/(bxf*x(2*m + 1)), x] + Dist[1/(b"2%(2*m + 1
)), Int[Cscle + f*x]*(a + b*Cscle + f*x])~(m + 1)*Simp[A*b*m - a*B*m + b*Bx
(2*xm + 1)*Cscle + fx*x], x], x], x] /; FreeQ[{a, b, e, f, A, B}, x] && NeQ[A
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xb - axB, 0] &% EqQ[a"2 - 72, 0] && LtQ[m, -27(-1)]

Rule 3998

Int[(cscl(e_.) + (f_.)*(x_)]*(cscl(e_.) + (£_.)*x(x_)I*(B_.) + (A_)))/(cscl(
e_.) + (£_)*(x_)1*(b_.) + (a_)), x_Symbol] :> Dist[B/b, Int[Cscle + fx*x],
x], x] + Dist[(A*¥b - ax*B)/b, Int[Cscle + f*x]/(a + b*Cscle + f*x]), x], x]
/; FreeQ[{a, b, e, f, A, B}, x] && NeQ[A*xb - axB, 0]

Rule 3770

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Rubi steps
c _ 4ct sec(e+fx) " 6c* secZ(e+fx) _ 4ct sec3(e+fx) + c sec4(e+fx) d
(c — csec(e + fX))4 f (I+sec(e+fx))®  (1+sec(e+fx))®  (1+sec(e+fx))®  (1+sec(e+fx))®  (1+sec(e+fx))3
(a+asece+ fx)) a3
4 1 A sect(e+fx) 4 sec(e+fx) 4 sec3(e+fx)
_ ¢ f (1+sec(e+fx))3 dx f (1+sec(e+fx))3 dx (4C )f (1+sec(e+fx))3 dx (4C )f (1+sec(e+£x))
B a3 a3 a3 - a3
4 [ (2-5sec(e+fx)) secz(e+fx) dx 4
3ct tan(e + fx) ctsec?(e + fx) tan(e + fx) f (1+sec(e+fx))? e
a3 f(1 + sec(e + fx))3 5a3f(1 + sec(e + fx))3 5a3
4 157
3ct tan(e + fx) ctsec?(e + fx) tan(e + fx) 14c* tan(e + fx) 1
a3 f(1 + sec(e + fx))3 5a3f(1 + sec(e + fx))3 5a3f(1 + sec(e + fx))? 1
_ 3cttan(e + fx) ctsec?(e + fx) tan(e + fx) 14c* tan(e + fx) ¢
a3 a3f(1 +secle + fx))? 5a3f(1 + sec(e + fx))? 5a3f(1 + sec(e + fx))?> 5a3
_ . c*tanh™ (sin(e + fx)) 3ct tan(e + fx) ctsec?(e + fx) tan(e + fx) ]
s asf a3 f(1 + sec(e + fx))3 5a3f(1 + sec(e + fx))3 5a3

Mathematica [A] time = 1.17546, size = 231, normalized size = 1.56

c*(cos(e + fx) - 1)* cot (%(e + fx)) csc? (%(e + fx)) (8 tan( ) cot® ( (e + fx)) csc? (%(e + fx)) —4tan (g) cot (%(e +

Antiderivative was successfully verified.

[In] Integratel[(c - c*Secl[e + f*x])~4/(a + a*Secl[e + f*x])~3,x]

[Out] (c”4*x(-1 + Cosl[e + f*x]) 4*Cot[(e + f*x)/2]*Csc[(e + f*x)/2] 2% (5*xCot[(e +
f*xx) /2] "6 (f*x - Logl[Cos[(e + f*x)/2] - Sin[(e + f*x)/2]] + Logl[Cos[(e + fx
x)/2] + Sin[(e + fxx)/2]]1) - (9 + 8*Cos[e + f*x] + 3*Cos[2*(e + f*x)])*Csc[

(e + f£*x)/2] 5*Sec[e/2]*Sin[(f*x)/2] + 8*Cot[(e + f*x)/2] 3*Csc[(e + f*xx)/2
1"2*Tanle/2] - 4*Cot[(e + fx*x)/2]*Csc[(e + f*x)/2] 4xTan[e/2]))/(10*a”3*fx*(

1 + Cos[e + f*x])~3)

Maple [A] time = 0.103, size = 110, normalized size = 0.7

4ct (tan (fx e))5 . cttan (1/2fx + e/2) o c*arctan (tan (1/2fx + e/2)) A (tan (fx e) N 1) c

5 fad 272 fad fa3 +fu3
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((c-cxsec(f*xx+e)) 4/ (at+a*sec(f*x+e))”3,x)

[Out] -4/5/f*c”4/a " 3*xtan(1/2xf*xx+1/2%e) " 5-4/fxc”4/a"3*xtan(1/2*xf*x+1/2%e)+2/f*xc"4/
a~3xarctan(tan(1/2xf*xx+1/2*%e))+1/f*c"4/a"3x1ln(tan(1/2*f*x+1/2%e)+1)-1/f*xc"4
/a~3x1n(tan(1/2*xf*x+1/2%e)-1)

Maxima [B] time = 1.59596, size = 535, normalized size = 3.61

. . 3 . 5 . . 3 .
105 sm(fx+e) 20 sm(fx+e) 3 sm(fx+e) sin(fx+c) sin(fx+e) 105 sm(fx+e) _ 20 sm( x+e) 3 sin|
(Frre)l + 3t 5 60 log + 60 1 -1 (rve)1 3t
cos| frre (cos(fx+e)+1) (cos(fx+e)+1) cos(fx+e)+1 cos( x+e)+1 cos| fate (cos( x+e)+1) (cos(f:
€ a3 B a3 a3 a3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e)) 4/ (ata*sec(f*x+e))”3,x, algorithm="maxima")

[Out] -1/60*%(c"4*x((105*sin(f*x + e)/(cos(f*x + e) + 1) + 20*sin(f*x + e)~3/(cos(f
*x + e) + 1)73 + 3*sin(f*x + e)75/(cos(f*x + e) + 1)75)/a"3 - 60*log(sin(fx
x + e)/(cos(f*x + e) + 1) + 1)/a"3 + 60*log(sin(f*x + e)/(cos(f*x + e) + 1)
- 1)/a"3) + c74x((105*sin(f*x + e)/(cos(f*x + e) + 1) - 20*sin(f*x + e)~3/
(cos(f*x + e) + 1)73 + 3*sin(f*x + e)~5/(cos(f*x + e) + 1)7°5)/a"3 - 120*arc
tan(sin(f*x + e)/(cos(f*x + e) + 1))/a"3) + 4*c™4*(15*sin(f*x + e)/(cos(f*x
+ e) + 1) + 10xsin(f*x + e)~3/(cos(f*x + e) + 1)73 + 3*sin(f*x + e)~5/(cos
(f*x + e) + 1)75)/a"3 + 4*xc”4x(15*sin(f*x + e)/(cos(f*x + e) + 1) - 10*sin(
f*x + e)73/(cos(f*x + e) + 1)73 + 3*sin(f*x + e)~5/(cos(f*x + e) + 1)75)/a~
3 - 18*c”4*x(bxsin(f*x + e)/(cos(f*x + e) + 1) - sin(f*x + e)75/(cos(f*x + e
) + 1)75)/a"3)/f

Fricas [A] time = 1.1315, size = 601, normalized size = 4.06

10 ¢ fx cos (fx+e)3 +30c4fxcos(fx+e)2 +30c4fxcos(fx+e) +10c4fx+S(C‘L(:os(fx+e)3 +3ctcos (fx+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e)) 4/ (ata*xsec(f*x+e))”~3,x, algorithm="fricas")

[Out] 1/10%(10*xc”4*xf*x*cos(f*x + e)~3 + 30*xc 4*f*xxcos(f*x + e)~2 + 30*c™4xf*x*co
s(f*x + e) + 10xc™4*fxx + bx(c 4*xcos(f*x + e)73 + 3xc 4xcos(f*xx + e)72 + 3%
c"4xcos(f*xx + e) + c"4)*xlog(sin(f*x + e) + 1) - 5x(c"4*cos(f*x + e)”3 + 3x*c
“4xcos(f*x + e)72 + 3*kc"4*cos(f*x + e) + c”4)*log(-sin(f*x + e) + 1) - 16%(

3kc 4*xcos(f*x + e)”2 + 4*c”4*cos(f*x + e) + 3*xc”4)*xsin(f*x + e))/(a"3*f*cos

(fxx + )73 + 3*a~3*fxcos(f*x + e)72 + 3*a~3*xfxcos(f*x + e) + a~3xf)

Sympy [F] time = 0., size = 0, normalized size = 0.

4 4sec (e+fx) J 6 sec? (e+fx) 4sec? (e+fx)
¢ f " secd (e+fx)+3 sec? (e+fx)+3 sec (e+fx)+1 X+ f sec3 (e+fx)+3 sec? (e+fx)+3 sec (e+fx)+1 X+ f " sec3 (e+fx)+3 sec? (e+fx)+3 sex

a3
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sec(f*x+e))**4/(ata*sec(f*x+e))**3,x)

[Out] c**4x(Integral(-4*xsec(e + f*xx)/(sec(e + fxx)**3 + 3xsec(e + f*x)**2 + 3*sec
(e + fxx) + 1), x) + Integral(6x*sec(e + fxx)*x2/(sec(e + f*x)**3 + 3*sec(e

+ f*x)*%2 + 3xsec(e + f*x) + 1), x) + Integral(-4x*sec(e + f*x)**3/(sec(e +
fxx)**3 + 3*xsec(e + f*xx)**2 + 3*xsec(e + f*x) + 1), x) + Integral(sec(e + fx
x)**x4/(sec(e + f*x)**x3 + 3*xsec(e + f*x)**x2 + 3*xsec(e + f*x) + 1), x) + Inte
gral(1/(sec(e + f*x)*x3 + 3xsec(e + f*x)*x2 + 3xsec(e + f*x) + 1), x))/a*x*3

Giac [A] time = 1.45611, size = 144, normalized size = 0.97

5
1 1 1 1
5( x+e)c4 5c4 log(|tan(%fx+%e)+1|) 5¢4 log(|tan(%fx+%e)—1|) 4(”12C4 tan(z fx+s 3) +5a12ct tan(i fr+s ‘3))

3 215

5f

a3 a3

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c-c*sec(f*x+e)) 4/ (ata*xsec(f*x+e))”~3,x, algorithm="giac")
[Out] 1/5%(6x(f*x + e)*c”4/a”3 + bxc"4xlog(abs(tan(1/2*xf*x + 1/2%e) + 1))/a"3 - 5

*xc"4xlog(abs(tan(1/2xf*x + 1/2%e) - 1))/a”3 - 4*x(a”12xc”4*xtan(1/2*xf*x + 1/2
xe)”5 + b*a~12xc"4xtan(1/2xf*x + 1/2%xe))/a~15)/f
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(c—csec(e+f x))3
(a+asec(e+fx))3

333

Optimal. Leaf size=96

26¢3 tan(e + fx) 4¢3 tan(e + fx) 8c3 tan(e + fx) c3x
_15a3f(sec(e + fx)+1)  15a%f(sec(e + fx) +1)? - 5a3f(sec(e + fx) +1)3 - a

[Out] (c™3*x)/a"3 - (8%c~3*Tanl[e + f*x])/(5xa~3*f*x(1 + Secl[e + f*x])73) + (4*xc~3*
Tanle + f*x])/(15%a”3xf*x(1 + Secle + f*x])~2) - (26*%c”3*Tanl[e + fx*xx])/(15%a
~3*%f*(1 + Secl[e + f*x]))

Rubi [A] time = 0.420562, antiderivative size = 96, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 15, number of rules used = 9, integrand size = 26, e o e

= 0.346, Rules used = {3903, 3777, 3922, 3919, 3794, 3796, 3797, 3799, 4000}

integrand size

26¢3 tan(e + fx) 4¢3 tan(e + fx) 8c3 tan(e + fx) c3x
158 f(sec(e + fx) +1) | 1583 f(secle + fx) + 12 5df(sec(e + fx) + 17 | @

Antiderivative was successfully verified.

[In] Int[(c - c*Secle + f*x])~"3/(a + a*xSecl[e + f*x])~3,x]

[Out] (c™3%x)/a"3 - (8%c~3*Tanl[e + fx*x])/(6xa~3*xfx(1 + Sec[e + f*x])~3) + (4*xc~3%
Tan[e + f*x])/(15%a~3*f*(1 + Secl[e + f*xx])~2) - (26%c~3*Tanl[e + f*xx])/(15*a
~3xf*x(1 + Secl[e + fx*xx]))

Rule 3903

Int[(cscl(e_.) + (£_)*(x_)]*(b_.) + (a_))"(m_.)*(cscl(e_.) + (f_.)*x(x_)]1x*(
d_.) + (c))"(n_), x_Symbol] :> Dist[c™n, Int[ExpandTrig[(1 + (d*cscle + f*
x])/c)"n, (a + b*cscle + f*x])™m, x], x], x] /; FreeQl{a, b, ¢, d, e, f, n}
, x] &% EqQ[bxc + axd, 0] && EqQ[a~2 - b~2, 0] && IGtQ[m, 0] && ILtQ[n, O]
& LtQ[m + n, 2]

Rule 3777

Int[(cscl(c_.) + (d_)*x_)I*(b_.) + (a_))"(n_), x_Symbol] :> -Simp[(Cotl[c
+ d*x]*(a + b*Cscl[c + d*x])™n)/(d*(2*n + 1)), x] + Dist[1/(a"2%(2*n + 1)),
Int[(a + b*Csclc + d*x])"(n + 1)*x(a*x(2*n + 1) - bx(n + 1)*Csclc + d*x]), x]
, x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b72, 0] && LeQ[n, -1] && Intege
rQ[2+n]

Rule 3922

Int[(cscl(e_.) + (£_)*(x)I*(b_.) + (a_))"(m_)*(cscl[(e_.) + (f_.)*x(x_)]*(d
_.) + (c.)), x_Sym